F THE ASME 


ournal of 


HEAT TRANOFER 


November I9G6l 





owmal of 


! TRANSACTIONS 


OF THE ASME 
VOL. 83 * SERIES C «+ NO.4 


Series C November 1961 


Temperature Distribution in a Slab Moving From a Chamber at One Temperature to 
a Chamber at Another Temperature (60—WA-197) 


G. Horvay 


Thermal Conductivity of Some Commercial lron-Nickel Alloys (60—WA-47) 
T. W. Watson and H. E. Robinson 


Transient Temperature in a Melting Solid (60—WA-277) 
J. E. Sunderland and R. J. Grosh 


Heat Transfer to Longitudinal Laminar Flow Between Cylinders (60—WA-40) 
E. M. Sparrow, A. L. Loeffler, Jr.,and H. A. Hubbard 
Axial Temperature Distribution for a Nuclear Reactor With Sinusoidal Space and 


Exponential Time-Varying Power Generation (60—WA-194) 
W.O. Doggett and E. L. Arnold 


Unsteady Laminar Flow in a Duct With Unsteady Heat Addition (60—WA-174) 
Vor ris Pe rlmutter and Robe rt Si¢ ge { 


Fully Developed Pressure Drop in Triangular Shaped Ducts (60—WA-100) 
L. W. ( ‘arlson and 7. F. Tr rine, Jr. 


The Effect of a Longitudinal Magnetic Field on Pipe Flow of Mercury (60—WA-192) 


Sam l€ Globe 


An Exact Solution of the Compressible-Flow Characteristics in Constant-Area 
Passages With Simultaneous Friction and Constant Heat Flux (60—WA-177) 
4 N. Vow s 


Experimental Ablation Rates in a Turbulent Boundary Layer (60—WA-208) 
E. P. Bartle tt and V. R. De nison 


On Some Laminar Forced-Convection Problems (60—WA-188) 
L.N.Tao 
Unsteady Laminar Free Convection (60—WA-211) 
P.M. Chung and A. D. Anderson 
Buoyancy Effects in Forced Laminar Convection Flow Over a Horizontal Fiat Plate 
(60—WA-220) 
Yasuo Mori 


Local Mass Transfer From Circular Cylindersin Cross Flow (60—WA-193) 
H.H. Soginand V.S. Subramanian 


Radiant Interchange Between Circular Disks Having Arbitrarily Different Tempera- 
tures (60—WA-75) 
E. M. Sparrow and J. L. Gregg 
TECHNICAL BRIEFS 


503 Two-Phase Frictional Pressure Drop Prediction From Levy’s Momentum Model 
J. F. Marchaterre 


505 Transient Temperature Measurement Errors in Heated Slabs for Thermocouples 
Located at the Insulated Surface 


D.R. Burnett 


Heat Conduction in a Series Composite Wall 
J.J. Brogan and P.. J. Schneider 


Heat Conduction Through Walls During Fire 
Lie Tiam Tjoan 


Heat Conduction in an Eccentrically Hollow, Infinitely Long Cylinder With Internal 
Heat Generation 


M.R. El-Saden 


Contents continued on inside of back cover 





Temperature Distribution in a Slab Moving 
From a Chamber at One Temperature to a 
Chamber at Another Temperature 


When an infinitely long slab travels from a chamber at one temperaiure to a chamber 
isolated from the first, at a higher temperature, heat will leak out along the slab from the 
second chamber to the first, whose amount decreases as the speed of the slab increases. 
An estimate of the heat lost is of interest in hot-rolling, in some nuclear processes, and 
in some continuous casting processes. The problem of determining the temperature 
distribuiion and the heat flow in the two chambers is formulated in the form of dual 
integral equations, and the solution is obtained by the method of Wiener-Hopf. 


G. HORVAY 


Metallurgy and Ceramics 

Research Department, 

General Electric Research Laboratory, 
General Electric Company, 
Schenectady, N. Y. 

Mem. ASME 


We nondimensionalize the problem by introducing the nondi- 
mensional axial co-ordinate 


Introduction 


HE HEAT lost by backward conduction along a 
moving slab, which travels from a chamber at one temperature z= 2Z/X (3a) 
(the ambient 3) to a chamber at a higher temperature (say, #,), 
is of interest in a number of processes, such as hot-rolling, con- 
tinuous casting [1].' Its determination requires solution of the 
equation of heat conduction 


the nondimensional temperature 


Vw oa a: ore 
Kk OZ X*0¢2 OZ? 


(1) the nondimensional time (Fourier number) 


tr = xt/X* = 2/p (= 
subject to the boundary conditions: 


Z <0: h-(8(i, Z) — 3.) = — howl, Z)/dé 
(2a) 
Z>0: h+[b, — B(1, Z)] = kOW(1, Z)/dE 
—2 <Z< @: dd(0, Z)/dt = 0 (2b) Sad, 
In the foregoing, X is the half width of the slab, £ and Z are co- 08/040 | 43/8t=0 
ordinates in a stationary co-ordinate system; the £-axis coincides : 
with the edge of the plane separating the two chambers, and Z — t+» EX 
is the axis of symmetry, Fig. 1. (The slab is infinitely deep 
into the plane of the paper.) A_, h+ are surface heat-transfer co- 
efficients in the lower and upper regions, respectively, 3? is tem- 
perature, k conductivity, y density, c specific heat, k = k/yc 
diffusivity. V is the speed of slab travel. 








1 Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at the 
Winter Annual Meeting, New York, N. Y., November 27—December 
2, 1960, of Tae American Society or MECHANICAL ENGINEERS. Fig. 1 Two-region heat-flow problem of a moving slab when its surface 
Manuscript received at ASME Headquarters, August 22, 1960. in space Z > 0, is maintained at temperature 0;, and in the space Z < 
Paper No. 60—WA-197. O—{a) is maintained at temperature 0.; (b) is insulated 





Nomenclature 


titi heat-transfer coefficient, 





= half width of slab 
transverse and axial co- 
ordinates, Fig. 1 
time 
velocity of slab motion 
temperature 
= conductivity, specific 
weight, specific heat 


Kk = k/ye diffusivity 
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slab to surroundings 
heat flux, equation (7) 


<«d sisi 





transverse and axial co-ordi- 
nates, equation (3) 

time (Fourier number) 

velocity of slab motion (Peclet 
number) 


= temperature 


function defined by (34) 


= heat-transfer coefficient (Biot 


number) 
flux function, equation (8) 
eigenvalue parameters, equa- 
tions (13c), (17c) 


= function defined by (18a) 
= see (20), (21) 


see (23) 
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the nondimensional velocity parameter (Peclet number) 


p= XV/« (3d) 


and the nondimensional heat-transfer coefficient (Biot number) 


B, =h, X/k (3e) 


‘ 


Problem (1), (2) may now be stated in the form. Solve 


OU . oeU 
dé? dz? 


subject to the conditions 


z2< 0: 


—B-U(1, z) = dU (I, z)/d€é 


(5a) 
> 0: B+ [1 — UCI, z)] = UCI, z)/dé 


e: OU(0,z)/d—é = 0 (5b) 
We define mean temperature and mean downward conducted 
flux at any cross section z by 


l a0 | ou cé, z) 
U(é, z)dt : dt (6 
f, g, 1é, . f, ~ 1g (6) 


Since £ ranges from 0 to 1, mean flux is also total flux. The di- 
mensionless OU’ /dz is converted into dimensional flow kd’ /dZ 
per unit cross-sectional area by the formula 


Uz 


oF «§=6—ke(, — 8.) OU 
qeonduct = k = & : — 
oZ x dz 


In addition to the downward conducted flux there is, of course, also 
the upward convected flux 


= ycV(d — 8.) = —1— — pv (7b) 


The total axial downward heat flow passing any cross section 


therefore is 


We call g(&, z) and ¢(z) the net flux function and the mean net 


fluz, respectively, and refer to 
>(0) a d0(0 
U,= —-— = 00) - 
Pp pdz 


, 


bd, = 3, + U,(8, — 8) 


(Se) 


as the apparent amlnent temperature of the slab 
entrance temperature to the upper chamber’’). This terminology 
is further explained and exploited in [1]. We note that in our 
applications ¢(0) (the heat lost from the upper chamber to the 
lower chamber) will turn out to be positive, i.e., U, will be nega- 
tive 


the “apparent 


Because of this heat loss, the apparent ambient #, is lower 

than the true ambient },. We use the symbol 

bv, —d 2(0 

; f A at 3 y } $d) 
v, — db, p 


to denote the ‘factor of apparent increase” in the temperature 
gap between the two chambers (the “‘effectiveness factor of the 
ambient temperature’’) 

The two most important special cases of the boundary condi- 
tions (2a), (5a) are 
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(9a) 


Z<0: &#Al, Z) d(1,Z) = 3, (10a) 


or, nondimensionally, 
(9b) 


(106) 


Z <0: OW(1, Z)/dE 


or, nondimensionally 


B- = 0, (115) 


z2<0: OU(1, z)/oE& = 0, > 0: UC, z) (12b) 


In the first case we assume that the temperatures J,, 0, of the 
atmospheres in the two chambers are directly impressed on the 
surface of the moving slab (without an intervening boundary 
layer). This is the “usual’’ first approximation one makes in a 
heat-conduction problem. In the present problem this assump- 
tion will lead to infinite heat loss from the second chamber to the 
first chamber. In the second case we assume that #, is directly 
imposed on the slab surface in the second chamber, but the slab 
heat 
can now escape the upper chamber only by being axially con- 
ducted to the heat sink at z = In the present problem this 
assumption will be seen to lead to zero heat loss 


is insulated in the first chamber so as to minimize heat loss; 


Evidently, therefore, the method of insulation vitally affects 
the amount of heat that leaks out along the slab, from the hot 
chamber to the cold chamber, and the loss may range between 
and 0, depending on whether there is no insulation or perfect in- 
sulation in the lower chamber. 

In this paper the author shall work out the details of the solu- 
tion for the two boundary conditions (9) (isothermal-isothermal, 
I-1) and (11) (adiabatic-isothermal, A-1), reserving the treatment 
of the general case for a later paper |2 

In the next section we present and discuss the results. In the 
following section we derive the solution (13) for the I-I boundary 
conditions, and in the final section we derive the solution (17) for 
the A-I boundary conditions 


Discussion of Results 


(28) that 
boundary condition (105) is 


It is shown in solution of (4) subject to the I-I 


(13a, b) 

(2n + l)r . 
n e' Pp Onjz/e 

g,\p — @,) 
<x cos (n +! owt 

2+ (2n + 1)*? (13¢e) 
In Fig. 2 we plot level lines of the temperature in the slab for 
p = 0, 0.1, 1, 10, >1. The case p > 1 (i.e., p™ ©) is plotted 
for the values r = 0, 0.1, 1, 10, © of the dimensionless time (3c). 
The case p = © corresponds to sudden immersion of a slab of 
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original temperature U = (0 into a medium at temperature U = 1. if we disregard the vicinity of the singular point (£, z) = (1, 0)]. 
Thus one solves For p > 10 it is therefore justified to analyze the temperature flow 
= a in the upper chamber as if the slab were suddenly immersed into 
ou (§ f - orU (&, 7 the warmer medium and only inward flow existed. 
og? In Figs. 3(a, b) we plot the temperature distribution U and the 
axial conductive flux 0U/dz in the cross section z = 0 for various 
p. In Figs. 4(a, b, c), we plot the variation, with z and p, of the 
(14b mean temperature U/(z), of the mean conductive flux dU/dz, 
: and of the mean net flux 0(z) = dU0/dz — pU. We note that the 
U(1l,r) = 1, 0U(,7)/o9E =0 (r > 0) (I4e, d mean temperature decreases at any given location as the speed of 


subject to 


travel is increased. 

From Fig. 3(b) it is seen that the axial conductive flux is + 
at (€,z) = (1,0). This is caused by the short circuit which exists 
e~ (nt'/s)*x*r cog (n + (1 between the hot chamber and the cold chamber in the vicinity of 

the point (1, 0). The infinity is so strong [it has the form 1/(1 
£)| that, as seen from Fig. 4(b), even the mean flux over cross 


We quote the well-known solution :? 


(—1)* 
In + 
9” (2n + 1)r 
One obtains this also from (13b) by 
placements 


pP—o, = p-— pil 
+ 1)*4?/2p 
(16) 





The case p = 0 illustrates the final equilibrium temperature 
established in a nonmoving slab on which the surface tempera- 
tures U = QO and U = 1 are impressed in the two half spaces z < 0, 
z>0. 


When there is no motion then, of course, the temperature dis- 
tribution is symmetric about z = 0, but when there is motion 
then, as the velocity is increased, more and more cold temperature 
is carried by the slab into the z > O region. It is seen that in the 
range p > 10 the approximation (14) holds, and axial temperature 
variations along slab sections of unit length are insignificant 


? Reference [3], p. 100. 
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Fig. 2 Isothermals in moving stab for isothermal-isothermal boundary 
condition, at various speeds of travel as represented by value of Peciet Fig. 3 Profiles of (a) temperature U; (b) conducted heat flux OU/Oz at 
number p = VX/« cross section z = O for various speeds (I-I b.c.) 
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(b) 


section z = 0 is infinite (this becomes infinite as In 1/(1 — §)]. 
As shown in (48), (51), solution of (4) subject to the A-I 
boundary condition (115) is 


~ ) > 


1961 


(- 1)"e(P + e0')a/2 
o,'Q(e,'/2) 


X cosnmE— (17a) 
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Fig.4 Variation of (a) mean temperature U(z); (b) mean conducted flux 
dU/dz; (c) mean net flux A(z) = dU/dz — pU with z and p (I+ b.c.) 
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Fig. 5 Isothermals in moving slab for adiabatic-iscothermal b 
condition, at various speeds of travel as represented by value of Peciet 
number p = VX/« 





2p >! i= 1)"&2(o,,/2) rows 
Q(p/2) (n + */2)4o, 


x cos (n + 1/3)rE— (176) 


+ 4n%r?}'/2, [p? + (2n + 1)%*]'/* 
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(17c) 





P 
-+]1 
= (k — 1/2)" | 


2 4 /2 
+ — | 
Il _({k as */2)*4* 
y, 
k=1 f my 14+ PM “ 
kr kr? 


k c + Oy-/2 


(18a) 


K 
=lim f] 


Te: — (18b) 
K—>@ 22; * — /2 § + ,'/2 


In Fig. 5 we plot the level lines of the temperature in the slab 
for p = 0, 0.1, 1, 10, and >1. On using (16) and noting that, 


as p-> ©, 
Q(a,,/2) (19) 


the case p > 1 is seen to lead to (15). 


1.0) 
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Some details of the determination in Fig. 5 are shown in Fig. 
6(a), for p = 1. We determined the variation of U with & at 
given axial locations z = 0, +0.1, +0.25, . . ., from formulas 
(17a, b); then obtained from the figure the cross plots of U versus 
z for various £ as shown in Fig. 6(b); from the latter we finally 
determined the level curves shown in Fig. 5. In Fig. 6(c) we 
plot the slopes 0U/dz of the afore-mentioned cross plots. This 
figure explains the behavior of the conducted flux dU /dz near the 
cross section z = 0. For = 1 and z > 0 the flux is evidently 
zero; see equation 17(b). At the point (—, z) = (1, 0) the flux 
jumps to infinity, see Appendix, but as seen from Fig. 9, the 
total flux through the cross section remains finite. 

In Fig. 7 we plot the variation of the surface temperature U(1, 


+ 





8} 





Fig. 6 Profiles of temperature U (ac) at various cross sections z; (b) at 
various abscissas £; (c) conducted flux OU/Oz, at various cross sections z 
all for p = 1, (A-I b.c.) 
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Fig. 7 Surface temperature U(1, z) in lower chamber (A-I b.c.) 
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z) in the lower chamber for various values of p. The infinite slope 
of U for & = latz = Ois again noted 

In Figs. 8(a, 6) we plot the temperature distribution U and 
axial conductive flux OU /dz in the cross section z = 0 for various 
p; in Figs. 9(a, b, c) we plot the variation, with z and p, of U(z), 
dU/dz, 2(z) = dU/dz — pU. Figs. 5, 8, 9 are the counterparts 
of Figs. 2, 3, 4 for the new boundary conditions. 


In Fig. 10 we plot the mean temperature at the entrance cross 
section to the upper chamber, 0(0), versus p (on a logarithmic 
scale), for the two cases 8 = ©, 8 = 0 treated in this paper.’ 
The calculated points p = 0.1, 1, 10 are indicated by circles. The 
calculated two-cycle plot was extended to the indicated four-cycle 
plot by interpolating, in the Cartesian plot of 0(0) versus p'/* 
and versus p~ ‘*, for p = 0.1, 100 


+ Curves of 0(0), d0 (0) /dz, U4 versus p will be given for 8 = 0, 0.1, 
1, 10, in [2] 











3} 


auléO)/az 


tT 


























Fig. 8 Profiles of (a) temperature U; (b) conducted heat flux OU/dz at 
cross section z = 0 for various speeds p (A-i b.c.) 
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Fig. 9a) 











4 dU/42 é 


Fig. 9(b) 
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Fig.9 Variation of (a) mean temperature U(2); (b) mean conducted flux 
dU/dz; (c) mean net flux Az) = dU/dz — pU (A-1b.c.) 


Solution of Two-Region Problem for Moving Siab When 
Isothermal-Isothermal Boundary Conditions Are Prescribed‘ 

In equation (13) we gave the solution of equation (4) subject 
to the boundary conditions (9b). 
follows: 


We arrive at this solution as 


We write 
yp = e~P/2y 
Then (4) becomes 


o€? dz? 4 

subject, in case (9b), to the boundary conditions 
z<0: ¥(1,z) =0, z>0: W(l,z) = e7?/? 

—2 <z< ow: dv(0, z)/dé = 0 


Introducing the Fourier transform of y, 


WE -f- eM (E, z)dz 


and placing this into the transforms of (20b), (21), we are led to 
the differential equation 

dy 

rer Ss. 


and the boundary conditions 


@ 
Vil) = f, eta—P/2)2 dz 


d¥(0)/dé = 0 


(24a) 


Solution of (23) subject to (24) gives 


1 1 cosh pt 
i a + ip/2 coshyu 
hence, by the inversion theorem 


* The method of Rosenthal [4] is also suitable for dealing with this 
case, 
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i f e~** cosh pé 
4 - ( 
2mi J —-@ a + ip/2 cosh yu 


la 


The integrand has the pole 
a= —ip/2 (27a) 

and has simple poles also at the roots 
(a? + p?/4)'/? = (n + 1/2)mi (27b) 
—(u? — p?/4)'* = (27¢) 
+(u? — p?/4)'/* = io,/2 


= [p? + Qn + 1)*47], 


(27d) 
n=0,1,2,... (27) 


(in lower and upper half planes) of cosh u = 0. By closing the 
integration path by a semicircle II below the axis for z > 0, 
and by a semicircle I above the axis for z < 0 (the path should 
cross the imaginary axis between poles as in Fig. lla), we assure 


@ CALCULATED POINT 
x INTEPOLATED POINT 





P 


7 l iO 100 ~+~«*1000 


Fig. 10 Dependence of mean temperature U(0), at entrance cross section 
on speed of travel p for I-1 (8 = ~©), and A-I1(8 = 0) b dary diti 








SCALE FOR 
CASE OF p=! 





-- 
(b) x '"/2 
= 





—> Rea 


Fig. 11 Path of integration (a) for evaluating U(t, z), equation (25); 
(b) for evaluating OU/Oz when p = 0, equation (28) 
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that the semicircles do not contribute to the integral as their radii 
tend to infinity. Equation (26) then reduces to 
“* iaz 


cosh ws 


z>0: ¥ Res 


enti to... a + ip/2 cosh wu 
wye~*** cosh u,f 


a, (a, + tp/2) sinh pu, 


a 
@, @,... 


(2n + 1)r 
+2 p> (—1)" - 
g,(p — @,) 


—- 7 Res - 


Gh Gio occ a + ip/2 cosh u 


> (—1) 
0 


By (20a) we may rewrite (28) in the form stated in (13). 

Equal in importance to the temperature expression is the ex- 
pression of the conducted flux dU//dz. The series which we ob- 
tain on term-by-term differentiation of (13) diverges for z = 0. 
However, by adding the left-hand side and the negative of the 
right-hand side of the identity 


ow 
= >> (-1)% 


0 


ont/2 cos (n + 1/3)rt 


(28) 


—taz ~ 
e cosh wt 


(2n + 1)r 
rte € 
o,(p + ¢,) 


ona/2 


cos (n + '/:)w& 


l cos £' cosh 2’ 


- 2n+1)\2'l eog (2n 1 1)e’ 
2 cos* £’ + sinh? z’ 


(29a) 
(29b) 


&’ = wrt/2, z wz/2 


to the formal series of dU//dz, it is converted into the rapidly 
converging expansion 


ou l o ’ cosh 2’ - 
, os £ — — | > (-p 
2 2 cos? £’ + sinh* z 


0 


(2n + 1)r . : ~ 
x I . e(PF ens - o- et (2a+1)2 cos (2n + 1)E’ (30) 
Co. 


The upper sign holds for z > 0, the lower for z < 0 
We arrive at the expression (29a) by considering the integral 
(23) for the special case p = 0. In this case 


a(eP2/2 yp) ; I z cosh af 
v F(é, z)= f ea > da 
oz 2n ~ cosh a 


may be evaluated in closed form by integration over the alternate 
contour shown in Fig 11(6). One shows that 


f 2 e™@ da Tv 
-~ © cosh a cos mmr /2 


(31) 


(32a) 


and hence 
l 
Re (32b) 
cos (& — i\z|)r/2 

from which the left side of (29a) follows at once. The right side 
is obtained by differentiation of (13), after placing p = 0. By 
integration of (20), one now also obtains the excellently converg- 
ing series for the temperature 


2<0: UV =U+2 p> (—1)* 


, ‘ 
+ ])qe'Ptonde/2 e(2nt be 


(2n , 
x - — - cos (2n + 1)&' 
o,(p + @,) (2n + 1) 


(33) 


398 / NOVEMBER 1961 


z>0: U=U+2 > (<p 
0 


e(2n+1)2’ 


—| cos (2n + 1)£’ 


| + 1)me(P—20)2/2 
(2n + 1) 


o,(p — @,) 


1 + l ‘ 2 cos £’ sinh 2’ 
= — — arctan - 
2 2r cos? £’ — sinh? z’ 





(34) 


where we use that branch of the arctangent function which is zero 
when z’ = 0. 


We also note the expression of the mean conducted flux 
d0 1 , 
= o = 
dz 24 


cosh 2’ + 1 


cosh 2’ — 1 


= (p> on)2/2 = (2n+1)2’ 
e e 
+2 — — — ] (35) 
>| Cn (2n + 1) | 
(use upper sign for z > 0, lower for z << 0). The mean temperature 


at an arbitrary cross section z is best obtained by term-by-term 
integration of series (13), since 


£ _, In (cosh 2  I)d2 


cannot be evaluated in closed form. 


Solution of Two-Region Problem for Moving Slab When 
Adiabatic-Isothermal Boundary Conditions Are Prescribed 


In contrast to the “pure’’ boundary-value problem of the pre- 
ceding section (where the temperature was prescribed along the 
entire boundary & = 1), solution of the “mixed’’ boundary-value 
problem (where temperature is prescribed for z > 0, temperature 
gradient for z < 0) is intrinsically more difficult. However, the 
“‘Wiener-Hopf technique” is available for treating the latter prob- 
lem, and we now proceed to its use.® 

The expression 


™ A fe vosh 
e~ Pt/*U) = ¥(E, z) = : f A(a)je~*™ = a we da (36) 
2r J-@ cosh pu 


is the starting point. We have seen, in establishing (26), that this 
expression satisfies the differential equation (20b) and the bound- 
ary condition (5b). The problem thus reduces to so determine 
the function A(a@) that also the boundary conditions (12b); i.e., 


1 @ . ye 
z>0: ¥(1,2z) = = f A(a)e~* da = e~ #/2 
ar J-@ 
(37a, b) 
ov (1, z) 1 bad 
vil — = om f A(aje~*™ u tanh uda = 0 


z2< 0: 
o& 2r 


be satisfied. Equations (37a, b) constitute dual integral equations 
for the unknown function A(a). Completing the integration 
path to a closed contour by adding an upper half circle for z < 0, a 
lower half circle for z > 0, as in Fig. 11(a), assuming that A(a) 
grows more slowly than exponentially as the radii of the half 
circles expand (this will be verified in (44) and the Appendix), so 
that the factor exp{ —|zJm(a)|} in the integrand of (37a, b) in- 
sures the vanishing of the integrals on the half circles, we con- 
clude from (376) that* 


’ The method was first used by J. Schwinger and by E. T. Copson 
around 1945. For excellent exposition of the method (as well as 
brief history) see Noble [5], and the résumés in [6, 7, 8]. 

* In our derivation we follow, as model, P. C. Clemmow’s presenta- 
tion [9], of the Sommerfeld diffraction problem. FS UH F = free 
of singularities in upper half plane; F S L H F = free of singularities 
in lower half plane. 
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A(q@) ptanh uw = FSUHF 
Next we conclude from (37a) that 


1 x(@) 1 
1 x(—ip/ 2) a+ ip/2 


A(a) = - 


(38b) 


where the analytic function 


x(a) = FSLHF 


For, in this case (37a) becomes 


l « x(a) e~ a4 | vee 
, f ae —— da = Res - 
2mi J — ~ x(—ip/2) a + ip/2 —ip/2 a + tp/2 
=e¢—Pe/2 (39) 
The problem thus reduces to determining A(a@) from (38a, }, c). 
Let 


” 


Bia) = A(a) wtanh wp, pw? = a® + p?/4 (40) 


then by (385, c) 


(a) 
Bla) =% Sn —=— = 
x(—ip/2) 


FSLHF 


2)A(a) = mv coth lu 


(a + ip; 
a — 1p/2 


(41a) 
Bia) = FSUHF (416) 
If we may write u coth pu in the form’ 

weoth uw = K+(a)K-(a) (42 


where K+ 
plane, K-— is free 


is free of singularities and zeros in the finite upper half 


of singularities and zeros in the finite lower 


half plane, then we may conclude that 
a-—ip/2_ ix(a) P 
K+ (a)Bla) = = u ox . (43 
K-(a@) x(—1tp/2) 


where the left side is free of singularities in the finite upper half 
plane, the 


half plane.* 
axis,’? they 


finite lower 
analytic on the common Re a- 
are each other’s analytic continuation, and define a 


regular function, say, J (a), in the entire finite a-plane. 
1 


of singularities in the 
Since the two sides are 


right is free 


For large 
values of |@| in the lower half plane K- grows as a@|/*, hence the 
right side of (43 This is 
demonstrated in Noble.” By the extended Liouville theorem it 
follows that the right side of 


not exceeding 1/2, i.e., we obtain 


cannot increase faster than |a!'/*. 


(43) must be a polynomial of degree 
that J is a constant. By 
we find that this 


placing a = ip/2 into the right side of (4 


constant is 


and hence 


(44b, « 


7 The factors K,, K- are given in (46). 

§ Finite half plane = inside of a semicircle (with the center 
origin), having arbitrarily large, but finite, radius R. In other words, 
we do not place restrictions on K,, K- at R = ©, except that they 
must be there of at most algebraic (rather than exponential) growth 
ef. Noble [5]. 

* In fact, they are analytic in the common strip between a = 0 and 
the larger of —ip/2, ao. 

” Reference [5], p. 130. For convenience we 
in the first part of the Appendix. 
of dU/dz at (—, z) = (1,0), 


at the 


repeat the argument 
This will help explain the behavior 
in the last section of the Appendix 
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pK-(a) 
(a? + p?/ /4)K-(—ip/2) 


Thus we obtain the result that solution of our problem is 


pr pu coth be 
7 wk ( _ ip/2) K+ -_ 


pe? @ K-_(a)e—** cosh 3 
bg ag dd 
2rK-(—ip/2) J-@ a? + p?/4 cosh u 
(45a) 


The factorization (42) of u coth u may be found in [5]!! and in 
[10]. One obtains 


K+(—a) = K-(a) = aia 


: Bas 
— 1/2) ~ - “rr 


pays ¢ 
k*r? £ 


OQ(ia)e~*** cosh ue 


a? + p?/4 


(46a) 


and consequently 


ne f , 
~ 2n0(p/2) J-@ 


In order to evaluate the integral (45b) we complete the contour 
by a lower semicircle for z > 0, and by an upper semicircle for 


z<0. 


(456) 
cosh be 


In the former case we have poles at 


a = —tp/2 (47a) 


and at the lower half plane roots 


L= (a? 4 p?/4)' 2=— (mn + 1/s)mri 


(47b) 


of cosh w= 0, i.e., at 


= (yu? — p?/4) 


p? + (2n + 1)? (47c) 
hus, for z > 0 


Site. af - Qi) — cosh pt 
“2m © 7. | (a* ry p? 4) Q(p 2) cosh 


b & Res [ ] 


»/2, ao, a, 


iQ 


(1a) ; cane COSH pp 


- 48) 
M,0r,22(p/2) sinh p, 
which yields the result stated in (175). 


For z < 0 we rewrite (45) on the basis of (42) as 


taz 


e pw cosh pé 


a da 
p?/4) K+ (a) 


sinh uw 


ww cosh we 
: da 
sinh pu 


(49a) 


(49b) 


where 


, ; . on! 
a, ic, /2, = (p’ tn?) 


ire the nonzero upper half-plane roots of 


sinh wp = 0, 


See footnote 10 
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ie *eh2 §=cosh p,£ 51) 
- Pan \o 
Q(p/2) a:’,a,”... &%’Q2(—ia,') cosh p, 
and the expression stated in (17a) follows at once. 
Exquating, at z = 0, the expressions (17a), (17b), their £-inte- 
| £ ’ } . , s 
grals (0 to 1), and their z-derivatives, we obtain some interesting 


nontrivial identities involving the Q-functions. 
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APPENDIX 
Calculation of 2(¢) 


Noting the identity (Noble [5] p. 128 


{/ak 
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C = Euler’s constant = 0.5772.... 
we may write (2(¢) of equation (18) in the form 


QE) = M(H w(t) 
+ $ ea t/ke 
(k = 1/3)4 


kr 


r(l + ¢/x) 
T+ f/m 


=~ /rT (53d) 


w(t) = lim we (¢) 


K—>« 


(53e) 


1 1 


, 2kr + 2¢ _ 
2¢ [p? + 4k%?}' ‘4 2¢ 


(53d) 


+ (2k — 1) 


(2k — 


+ 2¢ 


l)r 


Thus 


We also note 


Since 


the asymptotic behavior of (2(¢) for large |¢ 


is governed by the 
behavior of ((¢). Using Stirling’s formula 


we obtain 


4) 


L(C) + Vr 


provided 
-wr<argi<f (58) 


the be- 
arg ¢ — w/2 < O. 


This proves the statement, after equation (43), about 


havior of (ia) for large |a ,—7 arg a = 


The factors (2, w of 2 were calculated by formulas (53), (54), 
on a souped-up model IBM 650, using, in the case of wx, K = 
10, 15, 30 for p = 107, 10°, 10", respectively’; 
tained were extrapolated to K = 


the values ob- 
by Saltzer’s method [11], as 
discussed in the next section of the Appendix. In Table 1 we 
tabulate co, ay Qiao,’ /2 
10~', 10°, 10! 


, w(o,/2), w(o,'/2), Qio,/2), for p = 


Saltzer’s Extrapolation Formula 
Let Si, Ss, ° 
Then 


. « Sg be partial sums of a converging sequence 


Se ~ > (BxSx + BuaSnm + Bu-+Sxom + Bu-sSx-nl 


(59a) 
12 Direct use of formula (18) is unsuitable for calculation of 2 be- 


cause of poor convergence. 
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Table! Values of o,, 01’, w(on/2), wlan /2), Uon/2), Aon’ /2) 
(The last digit shown in w, & is uncertain) 
p= 0.1 
on on,’ iw on/2) wl 
14318 0. 10000 1.00020 l 
.42531 6.28398 1.00009 l 
70828 12.56677 1.00006 1 .QO0007 
99138 18. 84982 1.00004 - 1.00005 
27451 25 . 13294 1.00004 1.00004 
] l 
] l 
l l 
l l 
1 l 


an'/2) 
00040 
00013 


a, /2) 
(223 
0003 
6670 
2003 
6571 
0635 
4329 
7739 
0921 
3917 


55767 31.41609 00003 00003 
84083 37 .69924 00002 00003 
7.12400 43 .98241 00002 00003 
40717 50 . 26559 00002 00002 
69035 56. 54876 00002 00002 


6066 
9356 
2441 
5354 


CONOUr ON 


-_ 
e . 2. £5 do we ‘ 
oot ee OW -& 


not PRO Wht 
ce a 


1.0 
01842 
00900 
00591 
00440 
00350 
00290 
00248 
00217 
00192 
00173 
00157 
.00144 
00132 
.00123 
OO11L5 


29691 00000 
47768 ). 36227 
5.73976 2.60610 
2.01387 87606 
29201 25. 15263 
.57199 31.43184 
85295 37 .71237 
7.13450 3.99367 
41644 50. 27543 
69864 55751 
98103 83981 
26355 12228 
54619 40486 
82890 31 68753 
11168 87 .97028 


02973 
01215 
00714 
00504 
00390 
00317 
00268 
00231 
00204 
00182 
00165 
00150 
00138 
00128 
00119 


6238 
3830 
9653 
4529 
8803 
2653 
6187 
9470 
2545 
5452 
8218 
0851 
). 3380 
5811 
8162 


2411 
0340 
6893 
2180 
6728 
.0774 
4457 
7855 
1028 
4018 
6849 
9550 
2132 
4610 
6996 


Soruran S & OOO 


-~ 
aos 
LOOuUurnak®reWwWWwWNNe 


>a 


mh et et et fet el fet et tt feet et fet tet ft et 


~ 


= 10 
. 2982 
2419 
1887 
1511 
1249 
1060 
O919 
O81 1 
0724 


48187 00000 
74141 81010 
62096 05969 
15804 21 .33790 
99063 27 .04912 
97530 96908 
04716 00286 
17324 5.10480 
33522 51. 25055 
52213 57 . 42606 0655 
72703 i3 . 62266 0597 


l 3088 
l 
l 
l 
l 
l 
l 
] 
l 
l 
] 
94533 9. 83473 1.0548 
l 
l 
| 
] 
l 
l 
l 
l 
l 
l 
l 


2723 
2133 
1681 
1368 
1147 
O9O85 
0862 
0765 
O6SS 
0624 
0572 
0527 
0489 
0456 
0427 
0401 
0379 758 
0358 958 
0340 §. 152 
0324 342 
0309 528 
0295 709 
0283 887 799 
0271 9 062 975 
0261 9 234 9.148 
0251 9 401 9 318 
0242 9 566 9 485 
0233 9.729 9 648 
0225 9 890 9 809 


200 
445 
783 
132 
471 
794 
101 
393 
67) 
938 
1935 
439 
677 
907 
129 
345 


000 


162 
302 
609 
958 
304 
635 
950 
249 
534 
806 
067 
318 
559 
793 
O19 
238 
450 
657 
858 
055 
248 
435 
619 


0 
l 
2 
3 
4 
5 
6 
sS 


oe © 


17388 ).05848 0507 
41043 82 .29127 0472 
65336 88 .53118 0441 
90143 94.77682 0414 
15374 101.02711 0390 
40954 107 .28124 0368 
66829 113.53858 0349 
92954 119. 79862 0332 
19290 126 .06097 0316 
45811 132 .32529 0302 
72491 138. 59133 O28Y 
993 10 144. 85884 1.0277 
26251 151. 12766 1.0266 
53300 157. 39763 1.0256 
80444 163 . 66860 1.0246 
07673 169. 94049 1.0237 
34978 176.21317 1.0229 
62353 182. 48658 1.0222 


=LOOoQuorouuk & WwW 
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125, Bx >= -192, Bx := 81, Bx 3; = -—8 


(59d) 
In preparing the entries for Table 1 we have used m = 2, and 
checked the calculated extrapolations by graphical extrapolation, 


plotting S, versus 1/K, and determining the value of S at the 
origin 1/K = 0 


The Heat Flux at (1, 0) 


From (49a) we obtain 


ol p © e\ —ta+p/2)s cosh pé 
= , f : . ~ 3 da (60a) 
dz 2ril(p/2 —* (ia + p/2)Q(—ia) sinhy 


For z 


= () this reduces to 


“Ol pw cosh pt 
= . —— ; : da 
oz j2=0 2 ‘ /2)Q¢ ) sinh pw 


(606) 


From (58), (60) it is seen that when z = 


OU /dz| —> « (61) 


because for large a the integrand behaves as a~‘/?, and 


a>>l 
a 'da~a’? 62) 
a 


On the other hand, on integrating with respect to — we obtain a 
finite value for the total flux through the cross section z = 0: 


| i = 1é f (63 
ad& = finite . 
0 OZ izg=0 . , 


because the £ integration brings about an a~*/* variation of the 
a-integrand at large a. The same conclusions are reached also 
by means of (45b). Nevertheless, from (175) it follows that 

[OU /Oz\ewt, 20+. = 0 (€ > 0 64) 


Thus we conclude that the temperature gradient OU’ /0z jumps 


from 0 to as we pass along — = 1 from the positive z to the 


negative z-region However, the total flux through z = 0 re- 
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mains finite, in contrast to the 8 = 
creased, 0U /dz drops off rapidly. 


co case.) As zis further de- 
This is illustrated in Fig. 6. 


DISCUSSION 
G. M. Dusinberre** 


This paper is an interesting exercise in applied mathematics; 
unfortunately, it is also an example of a vast structure built on 
a less-than-vast foundation. 

The boundary conditions, which the author states without 
any explanation or justification, are perfectly tenable—mathe- 
matically. But physically, what shall we think about two 
chambers separated by a wall of zero thickness but of infinite 
thermal resistance? In view of this, any question of accuracy 
of the results is largely academic. 

Probably there are engineers concerned with this type of 
problem who would prefer physical accuracy to mathematical 
elegance. To these the writer would suggest finite-difference 
by methods available in the literature. Realistic 
boundary conditions can be introduced and the third dimension 
ean be handled if necessary. It may be that a few dozen nodes 
will be needed to define the temperature field with sufficient 
precision. 


solutions, 


Then for the steady state one will need a computer 
program which will solve that number of simultaneous linear 
algebraic equations. Such programs exist for many computers. 

The author might discuss the nature and magnitude of the 
errors involved in applying his results to any real situation with 
the physically necessary finite separation of the chambers. He 
might also, in his forthcoming papers, introduce more realistic 
boundary conditions. 


Author's Closure 


With the passing of Professor Dusinberre the heat-transfer 
field has lost one of its colorful, dedicated, and warmhearted 
champions, who strongly believed in calling a spade a spade (if to 
him, it looked like a spade). The author hoped to answer the 
criticism (of which he was forewarned) in kind, but in the light of 
the events, he shall forego such answer. 

13 Department of Mechanical Engineering, 


University, University Park, Pa. Fellow ASME. 
ber 30, 1960. 
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Thermal Conductivity of Some Commercial 
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parative purposes 


lron-Nickel Alloys 


Results of laboratory determinations of thermal conductivities in the temperature 
range —150 to 540 deg C are presented for 12 iron-nickel alloys. 
low nickel content, in the range from 1 to 9 per cent, and six others have nickel contents 
in the range from 35 to 80 per cent. A sample of AISI 1015 steel is included for com- 


Six samples are of 


The determinations were made on bar specimens about 2.54 cm in diameter and 37 
cm long, by an absolute steady-state method with heat flowing longitudinally in the bar. 
Computation of results from observed data was effected by means of a digital com- 


puter 


introduction 


P estsiisiincinis DATA concerning the thermal conduc- 
tivity of iron-nickel alloys containing various percentages of 
nickel have not been comprehensively available in published 
literature. The information available on iron-nickel alloys is 
grouped generally in temperature ranges either above or below 
room temperature. Van Dusen and Shelton [1, 2]! determined 
thermal conductivities using a comparative method over the 
range 100 to 600 deg C on alloys, including some nickels. Powell 
3] published some results on nickel and other materials at tem- 
peratures from about 50 to 800 deg C. Others [4] have compiled 
results on many metals and a few nickel alloys for temperatures 
from a few degrees above absolute zero to about room tempera- 
ture. 

tecognizing the need for values of thermal conductivity em- 
bracing a wide band of temperature above and below room tem- 
perature, the National Bureau of Standards, in co-operation with 
the International Nickel Company, made determinations of the 
thermal conductivity of a number of commercial iron-nickel alloys 

In previous publications, thermal conductivity determinations 
were made either above or below room temperature with different 
specimens and by different methods. The measurements by 
which the data for this paper were obtained cover the entire tem- 
perature range from — 150 to 540 deg C with the same specimen, 
using the same method. 

This paper presents results of thermal conductivity determina- 
tions for 12 iron-nickel alloys in the temperature range —150 to 
540 deg C. Six iron-base alloys had nickel contents ranging from 
1 to 9 per cent, and six other alloys had nickel contents ranging 
from 35 to 80 per cent. Results for a sample of AISI 1015 steel 
are included for comparative purposes. 


Samples 


Thirteen samples were furnished by the International Nickel 
Company in the form of bars, from which the cylindrical speci- 
mens were machined to a diameter of about 2.54 cm and to the 
other dimensions given for the specimen in Fig. 1. The materials 
on which the thermal conductivity determinations were made, 
together with their principal chemical compositions and heat- 


' Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at the 
Winter Annual Meeting, New York, N. Y., November 27—December 
2, 1960, of Tae American Soctety OF MECHAN:ICAL ENGINEERS. 
Manuscript received at ASME Headquarters, July 5, 1960. 


Paper 
No. 60—WA-47. 
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treatments, are listed in Table 1. The chemical compositions of 
the specimens and heat-treatment histories were provided by the 
International Nickel Company. 


Apparatus and Test Method 

The test apparatus is shown schematically in Fig. 1. The 
specimen, a bar 37 cm long and of uniform external dimensions, is 
supported at the top end concentrically within a stainless-steel 
guard cylinder, which in turn is held concentrically within a 
cylindrical outer container. The space between the specimen and 
the guard cylinder is filled with diatomaceous earth powder in- 
sulation, which is also used to insulate the space surrounding the 
guard. An electrical heater is secured in the hole at the bottom 
hot) end, and the supporting trivet at the top (coolant) end pro- 
vides a liquid-tight connection for circulating a coolant in the top 
drill-hole. 

Temperatures along the specimen were measured by eight 
thermocouples, as indicated. Thermocouples were similarly lo- 
cated in almost exactly corresponding positions on the guard 
cylinder. The thermocouples were made from 26-gage calibrated 
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Fig. 1 Apparatus for measuring the thermal conductivity of 
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Table 1 Principal chemical 





r 


Principal chemical composition (% by weight) 


Fe Ni C 
Material % w// % 
AISI 1015 
1 per cent Ni 
alst 2315 
AISI 4340(QT)* 
AISI 4340( NT) 
AISI 2515 
9 per cent Ni 
High-perm-49 
Hy Mu-80° 


Specimen 


c © 
15 
1.04 26 
3.46 
1.87 
1 
4 
s 


< 
99.1 
97 . 984 
95.483 
95.747 
95.747 
94.076 
90.29 
49.503 
15.283 


16 
40 
40 
i4 
10 


87 
91 
56 
15 


24 049 


Low-exp-42 56.303 ll .085 


97 


233 


Invar 
Free cut invar 


41 


06 
4 08 


NI-Span-C* . 332 


Mo 025. * Mo4.20. * Al 0.38, Ti 2.51. 
chrome! and alumel wires, with welded junctions peened into holes 
0.11 em in diameter and 0.17 cm deep. 

For a given steady-state longitudinal flow of heat in the speci- 
men, the mean temperatures of the six successive 3.5l-cm spans 
between thermocouples on the specimen decrease from the hotter 
to the cooler end. The average conductivity of the specimen over 
each 3.51-cm span was determined from the observed data of a 
test, which thus yielded six values of thermal conductivity cor- 
responding to six different mean temperatures. The temperature 
drop across a span ranged from 20 to 90 deg C in different tests. 

In principle, if there were no heat exchange between the speci- 
men and its surrounding guard and powder insulation, the six 
values of conductivity could be determined from the measured 
electrical power input to the bar heater and the average tempera- 
ture gradient in each of the six spans along the specimen. In 
actuality, because of the outward heat losses from the guard and 
differences in the variation with temperature of the thermal con- 
ductivities of the guard and the specimen, exact matching of tem- 
peratures of the bar and guard at all corresponding longitudinal 
positions was not feasible. At best, the specimen was subject to 
small heat losses or gains at various parts of its convex surface. 

In practice, to enable corrections for heat exchanges between 
bar and guard, a pair of steady-state tests was conducted, in both 
of which the specimen temperatures were kept closely the same by 
uijusting the power input to the bar heater. In one of the tests 
the guard thermocouple just above the heater was kept a few de- 
grees warmer than the corresponding thermocouple on the bar, 
und in the second test of the pair, it was kept a few degrees cooler 
than the specimen thermocouple. 

In each test of the pair, and at the mid-point of a given span 


of 


the bar, the sum of the heat flow in the bar at that point and of 
the total net heat loss from the bottom of the bar up to that point 
must equal the measured power input to the bar heater. This 


relation can be written as 


kAAt/Ar + fS =Q 


the bar conductivity at the mean temperature of the 
span, 

the cross-sectional area of the bar; 

the temperature drop from end to end of the 

the length of the span; 


span, 


represents the total net heat loss from the bar, from its 
bottom end to the mid-point of the given span, ex- 
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* 


oC 


and heat-treatment of materials (supplied by the International Nickel Company) 


Heat-treatment 
Oil 
quenched Tempered 
deg F deg F 
1100 
1100 
1100 
1100 
1100 
1600 1100 
1650 + 1450 1050 
Packed in powder and annealed in 
hydrogen 5 hr at 1200 deg F, 5 hr 
at 2150 deg F, furnace cooled to 
800 deg F, cooled in hydrogen 
Annealed for '/: hr at 1500 deg F, 
furnace cool 
: br at 1525 deg F, water 
quenched, | hr at 600 deg F, air 
cooled, 48 hr at 205 deg F, air 
cooled 
After machining at NBS, age hard- 
ened for 6 hr in vacuum furnace 
at 1260 deg F, furnace cooled 


Si 
% 
0.15 
0.27 
0.32 
0.28 
0.28 
0.33 
0.28 
0.54 

0 


Mn Normalized 

q deg F 
1750 
1700 
1650 
1600 
1600 


C 

55 
56 
54 


0 
0 
0 


1 


pressed as the product of S, which is a close approxi- 
mation of the integral |3(ftoar — tguara)dz, and an 
average heat-transfer coefficient f for the thermal 
path from bar to guard; 


Q 


The two tests of a pair differ moderately in the resulting values 
of At, S, and Q, and therefore two equations (1) can be written for 
each of the six spans of the bar, which can be solved simultane- 
ously to determine k and f. For this to be strictly valid, k and f 
must have equal values in the two equations. Since the mean 
temperatures of the span in the two tests will in general differ 
slightly, and the conductivity of the bar may vary with tempera- 
ture, a slight adjustment is made to the observed values of At so 
that k corresponds to the mean of the span mean temperatures 
in the two tests. The equality of f in the two tests is not so 
readily assured, but because the magnitude of fS in these tests 
was generally on the order of 5 per cent of Q, a moderate dif- 
ference in the values of f in the two equations would affect the 
solved value of Ak/Az only slightly. 

The computation of results directly from the observed data was 
effected by an IBM 704 digital computer suitably programmed to 
compute the thermal conductivity and the corresponding mean 
temperature for each of the six spans. The computer was used to 
fit a third-power equation to the thermal conductivity and tem- 
perature results, by the method of least squares. 


the measured power input to the bar heater. 


Discussion of Results 


The results of the thermal conductivity determinations are 
shown in Figs. 2 to 6, inclusive, and Table 2. 

A typical example of data obtained in the complete testing of a 
specimen is shown in Fig. 2. The 30 individual values of ther- 
mal conductivity plotted represent five sets of tests, each with 
values for the six consecutive spans, as indicated by the different 
symbols. The solid line represents the trinomial fitting the data 
as determined by the computer. The triangles and circles repre- 
sent the results from two sets of tests in the range — 150 to 210 deg 
C, with different heat inputs to the specimen and using liquid 
nitrogen as the coolant. The squares (one light and one dark) 
and inverted triangles likewise show results from 100 to 540 deg C 
for three sets of tests, using different heat inputs with 40 deg C 
water as coolant. The five sets of tests overlap, with agreement 
of results within the limits of the scattering shown. The extreme 
departure of the data from the smooth curve is less than 1.5 per 
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Table 2 Results of thermal conductivity determinations of some commercial iron-nickel alloys 


Material Thermal conductivity w/em deg C* 
—150 degC —100degC OdegC 100 degC 200degC 300 degC 400degC 500degC 540 deg C 

AISI 1015 0.467 0.493 0.520 0.519 0.499 0.466 0.430 0.396 .386 
1 per cent Ni 0.375 0.408 0.452 0.468 0.461 0.441 0.412 0.382 .371 
AISI 4340 NT 0.262 0.296 0.344 0.369 0.377 0.372 0.359 0.345 .340 
AISI 4340 QT 0.275 0.307 0.354 0.379 0.386 0.380 0.366 0.348 341 
AISI 2315 0.271 0.307 0.360 0.388 0.397 0.392 0.378 0.359 .351 
AISI 2515 0.244 0.281 0.335 0.367 0.379 0.378 0.367 0.350 343 
9 per cent Ni 0.196 0.231 0.284 0.319 0.336 0.341 0.336 0.324 .318 
Invar 0.093 0.109 0.134 0.154 0.171 0.186 0.201 0.216 223 
Free cut invar 0.089 0.104 0.129 0.150 0.167 0.182 0.197 0.211 217 
Low-exp-42 0.120 0.136 0.159 0.175 0.184 0.191 0.199 0.212 218 


High-perm-49 0.158 0.173 0.194 0.205 0.210 0.211 0.213 0.218 222 
NI-Span-C 0.076 0.091 0.116 0.137 0.154 0.170 0.184 0. 204 
Hy Mu-80 0.153 0. 167 0.189 0. 208 0.222 0.234 0.245 0 260 


aicrny) watt Btu — in cal — cm 
*i- — = 693.3 — = 0.2390 — ~~ 
: em deg C ; hr ft? deg I sec cm? deg C 
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Fig. 2 A typical example of thermal conductivity determinations made on one bar specimen 
(AISI 2515). Symbols represent five sets of test, each with values for six consecutive spans. 





Fig. 3 Thermal conductivity of 
iron-nickel alloys and one steel 
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Fig. 4 Thermal conductivity of high-nickel 
alloys with nickel contents ranging from about 
35 to 80 per cent 
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Fig. 5 Correlation of thermal conductivity data at 100 deg C, including 
some previews National Bureayv of Standards results. (a) Does not con- 
tain Cr or Fe, but is included for information ( inal positi Ni 95 
per cent, Al 2 per cent, Mn 2 per cent, Si 1 per cent). 





cent. The magnitude of 1 per cent departure at 0.38 w/cm deg C 
is indicated by arrows near the top left of the graph. 

Fig. 3 shows the results of thermal conductivity determinations 
for seven specimens, as follows: One 1015 steel and six iron-nickel 
illoys with varying percentages of nickel up to approximately 9 
per cent. In this range of nickel content, the thermal conduc- 
tivity tends to decrease with the increase in nickel content. In 
this respect, the 4340 (QT) and (NT) specimens (1.87 per cent Ni) 
were exceptions. These specimens had 0.4 per cent carbon, 0.74 
per cent chromium, and 0.25 per cent molybdenum, which in- 
In addition, the effect on 
thermal conductivity of oil-quenching the 4340 (QT) bar speci- 
men is shown by its approximately 2.4 per cent greater conduc- 
tivity than that of the 4340 (NT) specimen. 

In general, the differences in thermal conductivity values of the 
seven bar specimens are greatest at low temperatures, with dif- 
ferences gradually becoming smaller as the temperature in- 
creases, and there is a trend that suggests possible convergence of 


406 


fluenced the thermal conductivity. 
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Fig. 6 Correlation of thermal conductivity data at 500 deg C, including 
some previous National Bureav of Standards results. (a) Does not con- 
tain Cr or Fe, but is included for information ( inal iti: Ni 
95 per cent, Al 2 per cent, Mn 2 per cent, Si 1 per cent). 





the values within a small region at some higher temperature 
The seven curves have positive slopes from —150 deg C up to a 
temperature at which a maximum value of thermal conductivity 
occurs and negative slopes from the point of maximum conduc- 
tivity to 540 deg C. These trends were also indicated in work re- 
ported by other investigators [2, 3, 4]. The dotted line drawn 
across the curves shows that the maximum conductivities of these 
alloys are nearly linear with the temperatures at which they 
occur, except for the two 4340 specimens. 

The thermal conductivities of the six high-nickel alloys in Fig. 4 
differ from those of the iron-nickel alloys in that the conductivi- 
ties increase with temperature over the entire range -- 150 to 540 
deg C. The conductivities of the high-nickel alloys are markedly 
lower than those of the iron-nickel alloys shown in Fig. 3, but the 
trend suggests that they approach values similar to those for the 
iron-nickel alloys at a higher temperature, about 1000 deg C. 

Figs. 5 and 6 show at 100 and 500 deg C, respectively, a correla- 
tion of these data determined by an absolute method with the 
results of Van Dusen and Shelton [1, 2] obtained by a compara- 
tive method. The scatter of some of the points is probably due 
to unknown minor elements present (Van Dusen and Shelton 
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for the most part reported only nominal compositions) and/or to 
the effects of heat-treatment on the lattice structure. 
trends are evident. 


Certain 
The thermal conductivities decrease as the 
atomic per cents of the base metals (iron or nickel) decrease to 
an atomic per cent of about 70. At this point, the thermal con- 
ductivity becomes relatively constant with a further decrease in 
atomic per cent. The minimum values of thermal conductivity 
at 100 and 500 deg C are approximately the same as those obtained 
recently on 316 and 347 stainless steels at the National Bureau of 
Standards with the same apparatus. The minimum value of 
thermal conductivity of the iron-base alloys at 100 deg C is about 
one fourth and at 500 deg C is about one half of the value for iron. 
In the case of the nickel-base alloys, the minimum value of ther- 
mal conductivity at 100 deg C is about one sixth and at 500 deg 
C is about one third of the value for nickel. 

The results presented indicate that further research may be de- 
sirable, using specimens of known compositions with known and 
varied heat-treatment histories, and it is particularly desirable to 
extend the temperature range to 1000 deg C or higher. For more 
complete correlation, as predicted by the Wiedemann-Franz- 
Lorenz ratio, the electrical resistivity of the same specimens 
should also be measured over a wide temperature range. 
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DISCUSSION 
D. L. McElroy” 


Accurate experimental thermal 
tivity over an extended temperature range by an absolute method 
are elusive to obtain, but are sorely needed in current heat-trans- 


fer engineering. 


measurements of conduc- 


This paper presents useful and precise informa- 
tion on practical engineering materials and has revealed a number 
of interesting trends among the alloys studied. This method 
shows promise as being simple and does yield high precision 
values. This reader believes that it is important that a state- 
ment regarding the accuracy of this equipment be made by the 


authors. The following four points should be expanded. 


lL Itis not too surprising that this absolute method, as do most 
other absolute methods, though seldom recognized by nonexperi- 
mentalists in thermal conductivity measurements, requires a 
correction for heat losses. The authors’ attention to this appears 
to be quite acceptable in view of the resulting precision obtained 
However, inclusion of examples of the moderate differences in the 
values of f obtained would aid in substantiating their analysis 

2 The difference in thermal conductivities for two heat- 
treatments of AISI 4340 certainly warrants inclusion of the 
microstructures of these two specimens. This would be worth 
while for all of the specimens since the variations in thermal his- 
tory can change their microstructures, the phases present, and 
their distribution, all of which could affect the thermal conduc- 
tivity values obtained. Because of the precision obtained in this 
work, it certainly will be referenced by future workers; and this 


inclusion would greatly assist meaningful intercomparisons. 


?Oak Ridge National Laboratory, Oak Ridge, Tenn 
by Union Carbide Nuclear Company for the U 
Commission.) 


(Operated 
. 8S. Atomic Energy 
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3 The inclusion of the tabulated temperature dependence of 
the thermal conductivity of the specimens is helpful. It would 
seem of equal importance to complete this table with the tri- 
nomial equations used in the figures. 

4 It may be beyond the scope of the present paper, but 
further research is certainly desirable to obtain the cause-effect 
relations observed among these specimens, although such 
diagnostic studies might be more suited to simpler alloys. Some 
of the trends observed in these alloys are certainly more complex 
than simple compositional effects. For example, this reader 
fails to obtain a “nearly linear” relation between the maximum 
thermal conductivity values and nickel content for the iron-rich 
alloys, indicating that this is not a simple relation. 


J. W. Sands? 


The thermal conductivity data which Watson and Robinson 
have developed in such an exemplary manner will be most helpful 
in plugging some of the numerous voids in our information. This 
is particularly true with respect to what the authors call high 
nickel alloys, but which we refer to as iron-nickel alloys. We 
have been depending on values published by Ingersoll in 1920. 
For some time we have felt that these values were much too low, 
and here our suspicions are confirmed. 
now in possession of reliable data. 

The anomalous behavior of the 42 per cent and 49 per cent 
nickel alloys as indicated in the authors’ Fig. 4 is undoubtedly 
associated with the magnetic transformation, or Curie point. 
In pure nickel the effect is so pronounced that the slope of the 
curve reverses sign at the Curie temperature. In the authors’ 
Fig. 6, based on 500 C, the 42 per cent nickel alloy is back in line 
as this temperature is well above its Curie point. The 49 per 
cent nickel alloy is almost lined up, as its Curie temperature is 
just about 500 C. 

Much thermal conductivity work has been carried out at the 
National Physical Laboratory in England. In Fig. 7 the writer 
has compared their results on two steels with those the authors 
have obtained on similar compositions. Considering that the 
steels were manufactured in two different countries, it would 
appear that the correlation is amazingly good. This should 
serve to impart confidence in the conductivity data of both the 
great national laboratories. 

The authors suggest that the values for the two groups of alloys 
studied are tending to merge at a temperature estimated to be 
about 1000 C. The NPL work indicates that this is a fact. 
Their tests were made on eight carbon steels, eight low alloy 
steels, and six high alloy steels, including 18-8 stainless, straight 
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Fig. 7 Thermal conductivity determinations of steels at the National 
Bureau of Standards, and at the National Physical Laboratory, England 
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chromium stainless, 28 per cent nickel, Hadfield manganese, and 
even high-speed tool steel. At 1000 C they had all merged at a 
value of about 0.265 watt/em deg C. 

The authors have shown a 2.4 per cent greater conductivity 
for the quenched 4340 over the normalized 4340, both being tem- 
pered at 1100 F. R. W. Powell of the NPL has shown in two 
papers in the Journal of the Iron and Steel Institute that conduc- 
tivity in the as-quenched condition is 20 to 50 per cent less than 
the value in the unhardened state. 
creases with tempering temperature. 


However, conductivity in- 
Maximum conductivity 
is achieved by tempering about 100 deg C below the critical. 
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Authors’ Closure 


The discussions by Messrs. McElroy and Sands are appreciated 


In regard to the accuracy of the results, the use of successive 
spans on the specimen largely compensated for random inaccura- 
cies in specimen thermocouple position and calibration, since the 
data were reduced to a smoothed curve. Specimen heater power 
measurements were made with considerable exactness; agree- 
ment of results using different heaters indicated that the heater 
The effect. of 
heat conduction in thermocouple and other wires connected to the 
specimen was made as small as feasible by taking the wires 
radially from the specimen to near the guard and thence longi- 
to the top of the apparatus in close proximity to the 
inner diameter of the guard. 


potential-drop connections were properly placed. 


tudinall 


The observed test data were ac- 
cepted only for test periods in which no significant temperature 
in the system changed more than 0.1 deg C in an hour. 

The method of simultaneous solution appears to compensate 
quite closely for radial interchanges of heat between the bar and 
the guard, as indicated by agreement of results for the cooler 
spans in one test with those for the hotter spans in other tests 
It is less certain that the 


method of simultaneous solution accounts for that fraction of the 


where the mean temperatures overlap 


longitudinal flow of heat in the powder insulation surrounding the 
bar which originates from, or goes to, the specimen. 

k-fforts have been made to evaluate this effect, both experimen- 
tally and by mathematical analysis, which we plan to describe in 
a more detailed publication on the method. The evaluations in- 
dicated that this effect may cause the conductivities obtained to 
be high by from zero to 0.003 watt/em deg C; our judgment is 
that they are probably not high by more than about 0.0015 
watt/cem deg C 

Some confirmation of this estimate has been obtained by com- 
parison of resulte with those obtained in a quite different appara- 
tus of the (absolute) cut-bar type designed for measurements on 
small cylindrical specimens. Measurements had been made in 
the present apparatus on a metal of conductivity similar to that of 
Ni-Span-C; a sample from the same piece from which the bar 
specimen was taken was measured in the cut-bar apparatus over 
the common temperature range 120 to 600 deg C. The six con- 
ductivities obtained in the cut-bar apparatus departed by less 
than 0.0025 watt /em deg C from the values of the smoothed curve 
obtained in this apparatus; the root-mean-square of the six de- 
partures was 0.001 watt/em deg C. 
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The close agreement of the 
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Table 3 Coefficients of the equations” for thermal conductivity 


{ ts (5005) + 42 (i000) + 4* (i000) 
ae “ om) “* \ 1000 


Specimen Ao Ay As 

AISI 1015 0.5202 1174 3796 
1 per cent Ni 0.4524 2827 3958 
AISI 2315 0.3597 3973 2130 
AISI 4340(QT 0.3542 3572 —1.1459 
AISI 4340(NT 0.3441 3577 —1.1467 
AISI 2515 0.3353 4203 —1.1545 
9 per cent Ni 0. 2846 $345 —() 9880 
High-perm-49 0.1938 1543 —0. 4928 
Hy Mu-80 0. 1896 2044 —0.2412 
Low-exp-42 0.1598 1879 —0.4418 
Invar 0.1340 2256 —(. 2450 
Free cut invar 0.1288 2268 —(0. 2161 
Ni-Span-C 0.1156 227 —0.1979 


Dw 


*k, w/em deg C; 150 < t < 540, deg C, 


results of the two absolute methods of measurement does not 
render impossible approximately equal systematic errors in both, 
but does give support to the estimate made in the foregoing. 

In connection with the four points mentioned by Mr. McElroy 
in his discussion, the following may be of interest. 


1 The simultaneous solution of the equations (1) yields, of 
course, only one (average) value of f for each span considered. 
The value of f for a given span was found to depend on the aver- 
age insulation temperature up to that span, increasing with in- 
creasing temperature. For the whole series of tests (all spans 
and temperatures), the values of f obtained ranged between 
0.0009 and 0.0036 watt/em C. The effect of two moderately 
different values of f in the two tests of a pair, and their influence 
on the solved value of Ak/Ar, can be ascertained by trial solu- 
tions of the pair of equations (1). For two values of f, differing 
by 10 per cent from their average, the effect on Ak/Ar is less 
than 0.5 per cent, if f,vgS is not greater than about 5 per cent of Q, 
as was the case in these tests. 

2 Measurements were made of the Rockwell C hardness of the 
AISI 4340 specimens after the tests, at the centers of the hottest 
and coolest test spans. For the NT specimen, the values were 27 
and 28, respectively; for the QT specimen, 34 at both spans. 
Microstructure determinations have not yet been made, because 
the specimens are being kept intact for electrical conductivity 
measurements over the whole temperature range, which we are 
not in a position to make at this time. However, the electrical 
conductivity at 27 deg C was measured, with an accuracy esti- 
mated as within 0.5 per cent, vielding the values tabulated in the 
following 


Lorentz 
No. (k/aT') 
(volt/deg K)? 
34.0 K 10° 
33.4 x 107° 


Elee 
Cond (¢) 
w/em C 1/ohm em 
0.353 3.46 & 10° 
0.363 3.62 « 10 


Temp Th 
(T) Cond (k) 

deg K 
300 
300 


Specimen 
1340 NT 
1340 QT 


The hardness measurements indicate that there was no confusion 
of the specimens, while the electrical conductivity measurements 
support the finding of a greater thermal conductivity for the 
quenched specimen than for the normalized specimen at 27 C 

3 Table 3 gives the coefficients of the trinomial equations 
fitted to the test data points by the method of least squares, 
from which the smoothed values of conductivity in Table 2 were 
obtained 

4 Diagnostic examination of the thermal conductivity trends 
of these alloys is unquestionably of interest, as Mr. Sands has 
also pointed out in his discussion. It is hoped we will be able to 
pursue this matter further, for these and possibly other and sim- 
pler compositions. It is encouraging that these limited data may 
be useful also for possibly fruitful diagnostic inquiries. 
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Transient Temperature in a Melting Solid 
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formation. 


A method of analysis is given for determining the temperature distribution in a semi- 
infinite, homogeneous solid initially at a constant temperature and then suddenly 
heated by convection so that a phase change occurs and the new phase is removed upon 
The method appears applicable to problems involving melting, freezing, 
or sublimation and to situations where the environment temperature and heat-transfer 
coefficient vary with time. 
change occurs, during the transient process of phase change, and after steady-state con- 
ditions are obtained if such is possible. 


I]t consists of calculating the temperature before the phase 


During the transient process, a numerical or 


graphical method of solution may be used which is an extension of the Binder {1}? 


method. 


Numerical results obtained with a digital computer are given for the case where 


the environment temperature and coefficient of heat transfer are constant and provide a 
method for determining the velocity and position of the moving phase front. 


Introduction 


problems involving 
phase changes are of considerable importance. They occur during 
the aerodynamic heating of high-speed vehicles, nuclear-reactor 


RANSIENT heat-conduction 


operation, welding, food processing, and boiling, to mention a few 
specific instances. Unfortunately, the problems are nonlinear and 
therefore are of considerable difficulty. General solutions, such 
as are known for problems without latent heat effects [2], are 
unknown. 

Few investigations have been carried out concerning the prob- 
lem of transient temperature distribution in a melting solid where 
the melt is removed upon formation. The temperature during 
the initial stages of heat transfer when no phase change occurs 
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can be readily calculated, by comparison, from results of a fairly 
general nature [1], 2}. Landau [3] and Masters [4] have con- 
sidered the problem after this initial stage when very large heat 
transfer occurs at the exposed surface. That is, for instance, when 
the environment temperature is much different from the surface 
temperature and the coefficient of heat transfer is nearly con- 
stant so that the surface heat flux is constant. The results of 
both Landau and Masters were obtained by the numerical solu- 
tion of partial differential equations. Citron [5] developed a 
numerical solution for an infinitely wide slab insulated on one side 
Murray 
and Landis [6] made a study of numerical and machine solu- 
Sutton [7] and Roberts [8] studied the effect of the 
viscous melt, continuously removed, on the melting rate of a solid. 
Otis [9] and Neel and Von Glahn [10, 11] have developed 
analog circuits for studying such problems, and Goodman [12] 
has developed an approximate technique, which is analogous to 
that used in boundary-layer theory, for determining the position 


and exposed to a varying heat input on the other side. 


tions. 


of the melting front. A survey of other results can be found 


elsewhere [13]. 





Nomenclature 


specific heat, Btu/lb deg F 
Oo a) re) ° ; <= 
+ u + + w—, sub- MT, - 
ol or oy oz . Lp 
stantial derivative 


9 z 
erf(zx) x : [ edt, Gauss’s error a( fe ) 
#0 kpe 
integral 
erfe(z) 1 — erf(x), complement of er 
ror integral 
exp(z) = e? 
h = film coefficient of heat transfer, heat 
Btu/hr sq ft deg F 
1, 2, 3, 
position 
1, 2, 3, 
time 


integer representing time, hr 


integer representing 


thermal conductivity, Btu/hr 
ft deg F 
T.-T. . F 
—, dimensionless tem- = Ss 
mT i initial 


perature excess deg F 
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latent heat, Btu/lb 


sionless boundary condition 
, dimensionless melt- zy, 


ing initiation time 


heat input per unit area, Btu 
hr 8q ft 


generation per unit 
ume, Btu/hr cu ft 


time for surface to reach melt- 
ing temperature, hr 


temperature, deg F 


environment temperature, deg 


temperature 


melting temperature of solid, 


T.) ’ deg F 
. ( -) , dimen- velocity in z-direction, fph 


a . ° . ° 
velocity in y-direction, fph 


velocity z-direction, fph 
Cartesian co-ordinates, ft 
thermal diffusivity, sq ft/hr 
increment of 
variable 
T-T, 
T_=«7,” 
perature 
uLp 
AT, —T 
locity 


independent 


dimensionless tem- 
vol- 


, dimensionless ve- 


m 


dimensionless steady-state ve- 
locity 
;7,, dimensionless distance 
(af, ** 
density, lb pef 
of solid = (/t,, dimensionless time after 
melting begins 
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In this paper, methods are described for calculating the tem- 
perature distribution in a semi-infinite, homogeneous solid initially 
it constant temperature. It was assumed that the solid was 
suddenly heated by convection so that eventually a phase change 
occurred and the new phase was removed upon formation. 
Thermal properties were assumed constant and, for the major 
part of the analysis, the environment temperature and heat- 
transfer coefficient were also considered constant; however, a 
method of solution is described for the case where the latter 
quantities vary with time. Only phase changes of the first order 
Second-order phase changes and changes that 
occur over a range of temperature, such as for instance in the case 
of alloys, were not considered. 


were considered. 


Fundamental Equations 


The partial differential equation for heat conduction in a mov- 
ing isotropic solid with heat generation and variable thermal 
properties can be written as 


DI 


kVT ] 
Dt v . 


y, 2, 0 


rhe co-ordinate system for this problem was assumed to be ar- 
ranged so that the origin of the z-axis coincided with the phase 
front and the semi-infinite solid filled the positive half of the z-axis 
as shown in Fig. 1. It was further assumed in order to simplify 
the equation that: (a) The transient heat conduction was one 
dimensional b) the heat generation per unit volume was 
negligible; (c) the thermal properties were constant; (d) a first- 
order phase change occurred at the temperature T,,, (e) the solid 
was at a uniform initial temperature; and (f) convective heating 
or cooling) with constant environment temperature and co- 
Thus 


efficient of heat transfer took plece at the accessible face. 


equation (1) could be written as 


o7 oT a oT 


ol or oz? 


initial and boundary conditions were 


T(z, 0 


(0, ae > 6) 


where ¢,. was the time required for initiation of the phase change 
ifter the start of heating. An additional condition was required 
to obtain the speed with which the phase front moved; this was 
furnished by an energy balance at the phase front 
re) 
- - T(0. ¢ 


T pLu t) = Af - _ oa 
Or 


fori > t,. After the phase change took place, equation (7) was 
ised instead of the boundary condition expressed by equation (5 
Che speed with which the phase front moved when viewed from 
the solid was u(/); for problems involving melting, u(‘) and the 
latent heat of transformation were negative. 

A general solution of equations (2) through (7) could not be 
obtained and therefore numerical methods were used for part of 
the analysis. To facilitate the solution, the calculation of tem- 
perature was divided into three parts to obtain: 

The temperature distribution before the phase change 
oecurred 


change occurred 
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2 The transient temperature distribution while the phase 
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Fig. 1 Co-ordinate system 


3 The steady-state temperature distribution with 


change if such were possible. 


phase 


Temperature Before the Phase Change Occurs 

This problem was one of finding the temperature distribution 
in a semi-infinite solid due to a sudden change in environment 
temperature. The solution is well known [14] and has been put 
into graphical form for easy reference [15]. The analytical solu- 
tion is 


T —T; z 
= eric ; 
T,-— 7; 2(at) “? 
hz h? z 
— exp + — at | erfe 7 
k k? 2(at)’* 


h (ext)'/ 8 
8 ) 
k (Of ( 


The temperature distribution at the instant the phase change 
first occurred was nondimensionalized as 


6=(1+k) | ere ( e) — exp (NE + N® erfe (; + N 


(9) 


where K, &, and N were thought of as a dimensionless tempera- 
ture excess, distance, and melting initiation time, respectively. 
Since 6 was one for £ equal to zero, the following relationship be- 
tween K and N 
— - = exp N* erfe N 
K+ 1 


as determined 
Equation (10) has been tabulated in reference [16] for values of 
the argument ranging from 0.00 to 3.00 in increments of 0.05 or 
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0.10. The values were reported with four significant figures. 
Radau [17] tabulated (2/2)'/* exp z? erfe z to twelve significant 
figures for integral values of x? from 3 to 16. The function (2/2)'/* 
exp (x?/2) erfe (z/+/2) has been tabulated by Sheppard [18] to 
24 places for values of z ranging from 0.00 to 10.0 in increments 
of 0.10 and to 12 places for values of z ranging from 0.00 to 10.0 in 
increments of 0.01, and by Mills [19] to five places for values of 
z ranging from 0.00 to 4.00 in increments of 0.01, 4.00 to 5.00 in 
increments of 0.05, and 5.00 to 10.0 in increments 0.10. The 
function exp x? erfe x was tabulated in reference [13] for values 
of the argument z running from 0.10 to 7.00 in increments of 0.01 
The values reported were given to four, five, or six significant 
figures with an error of plus or minus one in the last figure. For 
the values of the argument less than 0.10 or greater than 7.00, 
convenient expressions were given for the function. 


Transient Temperature During Phase Change 


The solution during transient phase change was obtained by 
numerical methods. It was convenient to nondimensionalize the 
equations and translate the time scale by letting time equal zero 
at the first instant of phase change. Thus equations (2), (3), 
(4), (6), and (7) became 


06 I 6 020 
+ u(r)M —. 
o& oe? 


— exp VE + N®) exte ( 


0, r) 


Wo, Tr) =0 


1 06 


=1+ 
KN dé 


(0, 7) 


It should be noted that M is negative for melting. 
In order to determine numerical solutions to equations (11 
through (15), the derivatives in these equations were replaced by 
. ° . 
forward and central differences with 
& = idt (16) 
rt = jAr 


Then equation (11) became 


|= ue Mee | 6 “4 
Af 


2AE 
Ar 
Af 


M w(j) Ar 
2Aé 
This equation related the temperature at a time corresponding to 
j + 1) to that at the time 7. 
mine the temperature 


] a —1,/)) — 0i,j+1) =0 (18 


Therefore it was possible to deter- 
at any time from knowledge of the initial 
temperature distribution 

Since the problem at hand was nonlinear, some concern was 
For 
nonlinear equations there were no complete answers to the con 
vergence of difference equations. 


expressed in regard to round-off errors and convergence 


By use of the digital computer 
and hand computations, it was shown, however, that the solution 
of equation (18) converged to the steady-state values of tempera- 
ture with suitable choices for Ar and AE. 
tions, it was not possible to test the results. 


For transient condi- 
However, in the case 
of large K, greater than 50, it can be assumed that the heat input 
is constant and the numerical results thereby obtained agreed with 
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those of Landau [3]. If round-off errors decrease as successive 
calculations are carried out, the difference equation is said to be 
stable. However, if the difference equation is unstable, the 
errors may oscillate with increasing amplitude as the solution is 
carried out. By using an analysis outlined in reference [20], it 
was found that the stability requirements are satisfied if AE < 2 
and Ar/AE < 4 


The numerical integration of equation (18) 


was simplified if Ar/AE = Under this condition equation 


18) became 


M w(j) 
9 
and the stability was assured if AE < 2. 
Before solving equation (19), u(j7) was determined from the 
boundary condition equation (15). To find 06/d£ in equation 
15), the following three-term forward difference was used: 


06 11 3 
po te (0, j) + 30(1, 7) — (2, 
) 


1 
p+ 43,7) (20) 
o& 3 


Since 6(0, 7) = 1, equations (15) and (20) were combined to show 
that 


. . | - = + 30(1, j) 
Aé 6 
3 é 1 . 
~ 2, 7) + 3 43, | (21) 
Hence by using equation (21), u(j) was determined from the 
temperature at the first three positions and then used in equation 
19) to calculate (i, 7 + 1 
With the problem arranged in the nondimensional form, it was 
of interest to determine the range of the parameters M, N, and K 
that are encountered. A conservative estimate for the range of M 
based on an approximation for t,, taken from |3) along with data 
for 18 metals and a few nonmetals indicated that —4.5 << M <0. 
For values of K > 50, the initial heat input was found to be at 
most 2 per cent greater than the heat input when melting takes 
place, and it would be reasonable to assume that the heat input is 
The temperature distribution in the semi-infinite solid 
with constant heat input has been worked out in detail by Landau 
The 
at this value, the dif- 


constant. 


[3], henee values of K greater than 50 were not of interest. 
minimum value of K studied was 0.1; 
and (7',, — 7,) was only 10 per cent. 
It followed then that a suitable range for K was from 0.1 to 50. 


ference between (T, — T';) 


To summarize, the solution for the transient temperature dis- 
tribution was found by determining the imitial temperature 
distribution from equation (9). The velocity u(j) was calculated 
from equation (21), and for Ar/A&E = '/2, the temperature at a 
later time was calculated from equation (19). For problems in- 
volving other boundary conditions, equation (12) would be dif- 
The 
manner de- 
The re- 
sults have not been included in this paper because of the difficulty 


ferent, but all the remaining equations would be the same. 


temperature distribution was calculated in the 


scribed above with a Datatron 204 digital computer. 


of portraying a large amount of numerical data. 

Once the velocity of melting reached a constant value, the 
temperature distribution was independent of time. By solving 
equation (11) with the boundary conditions given in equations 

13) and (14), the steady-state temperature distribution was 
found to be 


al 
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HE) = exp (uoME) 


we = KN/(KN — M) 
1s was determined by combining equations (15) and (22). 


The Velocity of the Melting Front 


The velocity of the melting front is of importance in determin- 
ing the transient temperature distribution and the amount of 
material that has been melted. As a result, the system of equa- 
tions was solved on a digital computer and curves for the velocity 
were determined for values of M equal to —0.5, —1, and —2; 
and K equal to 0.1, 0.5, 1.0, 10, and 50. 

The ratio u/u,. is plotted as a function of the dimensionless 
time 7 in Figs. 2 to 4. For a given problem one can determine K, 
V, and M from the boundary conditions and properties; calcu- 
late u..; and then find the velocity at any given time. 

Generally, the curves served as an indication as to how close 
the temperature distribution was to the steady-state condition 
since both velocity and temperature should approach steady-state 
conditions together. The curves can also be used in an aid for 
finding the transient temperatures from equation (19); instead 
of using equation (21) to determine yu(j) the curves can be used, 
thus saving computation time 

It was observed that the nondimensiona! velocity could be 


losely approximated by the relation 
w/w. = 1 — exp (—8r’” 24) 


where 6 depended on NV, K, and M. 


This relation was examined 
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Fig. 2 Plot of velocity of melting versus time for M = —'/, 
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Fig. 3. Plot of velocity of melting versus time for M = — 1 


to see if it would satisfy the differential equation and boundary 


conditions; however, the results were negative. A careful study 
showed that it gives a good representation of the velocity for large 
K but for small values of K it did not produce good agreement 
with the computer results. Since Landau’s work for a constant 
heat input was comparable to boundary conditions using large K, 
his results were briefly checked and found in most cases to be in 
good agreement with the relation. Equation (24) was not, how- 


ever, verified as being a solution for Landau’s problem. 


Variable Environment Temperature and Heat-Transfer 
Coefficient 


For melting problems where the melt was removed upon forma- 
tion, and the environment temperature and coefficient of heat 
transfer varied with time, it was advantageous to write the dif- 
ference equations in the form of physical quantities. Thus equa- 
tions (19) and (21) became 

, I , 
Tii,j7 +1) = wp [T+ 1,7) — TU -1,)) 


l 
> (T+ 1,7) + TH - 1,5) 


ht) ’ K 1 11 
) = iT{) — T.] = : -—f. 
me Lp . Lp Az | 6 


3T : 
+ 37(1,7) — : 


1 
T(2, 7) + 3 r13, | (26) 
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Fig. 4 Plot of velocity of melting versus time for M 


Once melting started, both equations were used regardless of the 
initial temperature distribution; equation (25) was also used prior 
to the time melting started. 

Once the initial temperature distribution was determined, the 
subsequent temperatures were found by either a graphical or a 
numerical technique. The graphical techniques used for solving 
transient heat-conduction problems are clearly described by 
Hawkins and Agnew [21] and the numerical techniques are de- 
scribed in the foregoing. 

When the graphical technique was used, the initial tempera- 
ture distribution 7(i, 0) was first plotted. To find the tem- 
perature at the end of the first time increment, it was then noted 
that the velocity u is zero, and equation (25) reduces to 


[T(i + 1,0) + T(i — 1,0)] 


Hence the temperature at the end of the initial time increment 
was found by the simple graphical averaging process shown in 
Fig. 5. If ABCD... represented the initial distribution, then for 
j = 1, the temperatures were AEFG... To determine the 
transient distribution at time 7 = 2, points A and F were con- 
nected, thus giving position t = 1 an “average temperature 
(point H) which was corrected as follows. The velocity was de- 
termined from equation (26) from the previous values of the 
temperature, and an amount equal to 


Az 
oe (T(2, 1) — T(O, 1)) 
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was subtracted from the ‘average temperature,’’ thus giving point 
I as the final result. This last operation was conveniently carried 
out by using proportional dividers. The procedure was repeated, 
averaging, subtracting, and occasionally calculating wu until the 
temperature distribution desired was calculated. 


Summary 


A detailed analysis was made of the transient and steady-state 
temperature distribution in a semi-infinite solid. The solid, 
initially at a uniform temperature, was assumed to be heated by 
an environment at a temperature above the melting point and as 
the body melted, the melt was immediately removed. Expres- 
sions were obtained for the temperature distribution before melt- 
ing started and after steady-state conditions developed. Finite- 
difference techniques were employed for finding the transi: u- 
peratures and velocities. A digital computerewas used to solve 
the difference equations and obtain the transient temperature 
and the velocity of the melting front. A method was determined 
for solving problems with variable environment temperature and 
heat-transfer coefficient which is quite similar to the Binder 
technique often used in 


transient heat-conduction problems 


without melting. 
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DISCUSSION 
Robert J. Schoenhals* 


The authors are to be commended on their thorough treatment 
of this problem. As they correctly point out, the problem is 
nonlinear due to the variable velocity u(¢) in equation (2), al- 
though the nonlinearity arises not because u varies with time but 
because it depends on 7 as indicated in equation (7). It can be 
noted that the nonlinearity would be removed by taking a co- 
ordinate system fixed in the solid, in which case the convective 
term of equation (2) would not appear. An additional com- 
plexity is involved here, however, in that the conditions given 
by equations (6) and (7) would need to be applied to a moving 
melting front. This complexity indicates to this writer that the 
procedure used in this paper is the more appropriate for the 
problem investigated. 


Authors’ Closure 


The authors wish to thank Professor Schoenhals for his interest 
and comments on this paper. 

As Professor Schoenhals pointed out, the nonlinear term in 
equation (2) can be removed by using a co-ordinate system fixed 
in the solid; however, the problem remains complex because the 
boundary conditions given by equations (6) and (7) would apply 
to a moving surface. In solving this problem by numerical 
analysis, it is the opinion of the authors that the method de- 
scribed can be most easily employed. if thermal 
analog techniques are used, it is easier to consider the co-ordinate 


However, 


system to be fixed in the solid. 
in reference [13]. 
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E. M. SPARROW: 
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Flow Between Cylinders 


Consideration ts given to the fully developed heat-transfer characteristics for longitudinal 
laminar flow between cylinders arranged in an equilateral triangular array. 


The 


analysis is carried out for the condition of uniform heat transfer per unit length. Solu- 


H. A. HUBBARD 


Lewis Research Center NASA, 


Glevelend, Ole fer per unit length. 


tions are obtained for the temperature distribution, and from these, Nusselt numbers are 
derived for a wide range of spacing-to-diameter ratios. 
ratio increases, so also does the wall-to-bulk temperature difference for a fixed heat trans 
Corresponding to a uniform surface temperature around the cir- 


It is found that as the spacing 


cumference of a cylinder, the circumferential variation of the local heat flux is com- 
puted. For spacing ratios of 1.5 ~ 2.0 and greater, uniform peripheral wall tempera- 


ture and uniform peripheral heat flux are simultaneously achieved. 


A simplified 


analysis which neglects circumferential variations is also carried out, and the results 
are compared with those from the more exact formulation. 


Introduction 


N A PREVIOUS INVESTIGATION (reference [1] ),* con- 
sideration was given to the longitudinal laminar flow between 
cylinders arranged in regular array. Here, attention is directed 
to analyzing the heat-transfer characteristics of such a flow 
This configuration has potential application in compact heat ex 
changers and has been frequently considered in connection with 
the cores of nuclear reactors. 

A schematic diagram of the system under study is shown in 
Fig. 1. The cylindrical rods between which the fluid flows are 
arranged in equilateral triangular array, and the flow is laminar 
and fully developed. The thermal situation to be considered here 
is the condition of uniform heat transfer along the length of the 
passage. The goal of this analysis is to determine the fully de- 
veloped heat-transfer characteristics of the problem, taking into 


' At present, Professor of Mechanical Engineering, University of 
Minnesota, Minneapolis, Minn. 

* At present, Research Engineer, Grumman Aircraft Engineering 
Corp., Bethpage, N. Y. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of Tae AMERICAN 
Society oF MEcHANICAL ENGINEERS and presented at the Winter 
Annual Meeting, New York, N. Y., November 27—December 2, 1960. 
Manuscript received at ASME Headquarters, June 6, 1960. 


Paper 
No. 60—WA-40. 


Nomenclature 


account the circumferential variations of the temperature dis- 
tribution which inevitably arise in the cross section of a non- 
circular passage. The existence of such peripheral variations is 
what makes the problem both interesting and challenging. The 
starting point of the study is the basic law of energy conservation 
appropriate to the three-dimensional situation. Solutions are 
found for a wide range of spacing to diameter ratios, and cor- 
responding heat-transfer results are obtained. For large spac- 
ings, the flow about any given cylinder should be little influenced 


Flow configuration 





_ constants in the temperature Nu,, 
solution Nua, 

specific heat at constant pres- n 
sure 

cylinder diameter, 2ro 

equivalent 
(27) 

heat-transfer coefficient 


diameter, equation 
area 
summation index 
° -s /9 
thermal conductivity Q/2mro 


mass flow parameter, é 
radius; 
1 dp 
(w/12p)/s* | — - 


dz 
m == summation index 


N normal direction 
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Nusselt number, hd/k and hd,/k, 
respectively 
= summation index 
static pressure 
heat-transfer 
length from one cylinder 
local heat-transfer rate per unit 


circumferential 

radial co-ordinate; 
equivalent annulus 

half spacing between centers of 


cylinders 
temperature; 7',, wall 


perature; 7, bulk tempera- 
ture; 7 >, entering fluid tem- 
perature 
axial-velocity distribution 
mass rate of flow associated with 
one cylinder 
axial co-ordinate measuring dis- 
tance from the entrance of the 
passage 
dimensionless coefficients in ve- 
locity solution 
= angular co-ordinate 
absolute viscosity 
density 
= dimensionless coefficients in 
temperature solution 


rate per unit 


average of 4q, 


ro, cylinder 


* outer radius of 


tem- 
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by the presence of neighboring cylinders. With this in mind, a 
simplified analysis has also been carried out neglecting circumfer- 
ential variations, and the heat-transfer results thus obtained are 
compared with those from the more complete formulation. 


Analysis 


Math atical & tnth 


For To predict the heat-transfer charac- 
teristics from first principles, we must begin with the fundamental 
physical law of energy conservation. The mathematical repre- 
sentation of this law appropriate to a fully developed flow may be 
written in cylindrical co-ordinates as follows 





oT oT 1 oT 1 oT oT 

=k + + + (1) 
Oz or? r Or r? 962 Oz? 
where u, the axial velocity, depends on both cross section co-ordi- 
nates r and 8. 


2 | 
pc, 


To facilitate applying equation (1 
we refer to Fig. 2 


to the system under study, 
The ‘eft-hand sketch is a cross-sectional view. 
From the symmetry of the situation, it is easy to see that con- 
sideration need be given only to the typical 30 deg element which 
is blackened in the sketch. Once the solution is known within 
this element, then it is known everywhere throughout the cross 
section. An enlarged view of the typical element is shown at 
the right, along with the boundary conditions and dimensional 
nomenclature. The condition that the normal derivative be zero 
is an expression of symmetry. On the inner boundary, r = ro, the 
temperature is assigned a value 7’, which is independent of angle. 
Physically speaking, this means that the surface temperature is 
iniform around the circumference in a given cross section, al- 
though it will vary along the length. Such a boundary condition 
‘ould correspond, for example, to a situation of uniform internal 
heat generation in rods or tubes having high thermal conduc- 
tivity 


Of course, there still remains a circumferential tempera- 
ire variation within the fluid and this will be included in the 
analysis. Before leaving the boundary conditions, it is interest- 
ing to observe that the case of uniform peripheral surface tem- 
The 
other, uniform peripheral heat flux, still remains to be analyzed 

The first step in attacking equation (1 


perature is one of two interesting limiting conditions.‘ 


is to introduce the con- 
dition of fully developed heat transfer. For the case of uniform 
heat transfer per unit length, this condition is 
oT Q/12 
= const = = 
dz c /12)e, 
where w and Q respectively represent the mass flow and the 
heat transfer per unit length associated with a single cylinder in 
the array; while (w/12) and Q/12 are the quantities appropriate 
to the typical 30 deg element of Fig. 2 
Next, it is necessary to know the velocity distribution u. In 
reference [1], a very accurate, but approximate solution for the 
velocity has been derived in the form 


*A thorough discussion of thermal boundary conditions in non- 
ircular ducts is given in reference [2 


O 9.2 





23 -+ 


(a) Cross-sectional view 


416 


(b) Typical element 
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é., r 6n Toi?" 
+ - — —— |cos6n@ (3) 
p> 6n | (£) | — 


The coefficients 5, through 5; have been tabulated to four decimal 
places in the reference for a wide range of spacing ratios, and ad- 
ditional significant figures were available when needed in the heat- 
transfer analysis. Another piece of information which is needed 
from the velocity solution is the relation between the mass flow w 
and the pressure drop. For convenience, we define a dimension- 
less grouping M as* 


: (w/12p) 
; ( 1 <P) 
Ss = = 
um dz 
Numerical values of M may be obtained as a function of spacing 
ratio from Fig. 6 of reference [1]. 
Then the information contained in equations (2) through (4) 


may be introduced into the energy equation (1). After rearrange- 
ment, the governing equation for 7’ is found to be 


M = 


7 . sa .it Oe 
or? r Or a r2? 06? 
Q/12k jv 3 
= ‘ In 
Ms? } w re 


: r \o& i2n 
4 > b. ( ) [: - () exe onal (5 
Ly On 8 r 


Solution of the Governing Equation. In approaching equation (5), 
we look for particular and homogeneous solutions. Thus the 
solution for 7 is expressed as the sum of these separate solutions 
as follows 

T=T7T,+T, (6) 


For a particular solution, any function satisfying equation (5) 
will suffice. It is easily verified by direct substitution that the 
following expression is a satisfactory particular solution 


(Q/12ky? § V3 


. Ms? | 4 
1 To \? l ( r \? JV 3 r 
= l 
+2 (2) 64 “) a “thal 
6, (: od (r4/r)!™" \ 
: — 6 
. pa 24n “) E +1 r 6n — ~ | cos wa | (7) 


To find the homogeneous equation, we set the right side of equa- 
tion (5) equal to zero and get 


* In reference [1] the symbol Q is used to denote w/12p. 


Fig. 2. Diagram used in mathematical formulation 
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This is the well-known Laplace equation, the solution to which 
may be found in various books on advanced calculus as 


T,=A+Blinr 
+ } 3 (C,,.r”" + D,r-")(E,, cos m6 + F,, sin mO@) (8) 
m 


where m takes on integral values to insure that T is single valued, 
i.e., that 7(0) = 7(@ + 27). The constants A, B,..., F remain 
to be determined from the boundary conditions. 

So, the general solution of equation (5) is given by equation (6) 
in conjunction with 7’, and 7’, from (7) and (8). But, to com- 
plete the solution, there still remains the task of satisfying the 
boundary conditions. Starting with the most easily applied 
conditions, we first impose the symmetry requirement that 
07/00 = 0 at 6 = 0 deg and at 0 = 30 deg, see Fig. 2(b). After 
differentiating equation (6) and substituting from (7) and (8), 
it is found that the condition at 0 = 0 deg yields 


F,, =0 9) 
while from the condition at 0 = 30 deg, it follows that 


m = 6, 12, 18,... (10) 


to insure that sin m7r/6 = 0. With this information, it is con- 
venient to rephrase the temperature solution (6) as 


T=T,+At+Blnr+ z (Cyr + Dr) cos 678 (11 
3=1 
where 7’, is still given by equation (7) and EZ; has been set equal 
to unity without loss of generality. 
Next, it is required that at the surface of the cylinder, r = 1, 
the temperature take on the value 7’, independent of angle. 
Applying this condition to equation (11), it is found that 


(Q/12k)ro? 


A=T,—Binn— ~~, 


3 To 
T 64\s 


(Q/12k) 6. 
Ms? 


rit" +2 
eed 


dD, = - Cro” _ 


—_ (126) 
2(36n? — 1) s®™ 

Further, to make certain that energy conservation is satisfied on 
an over-all basis for the typical element of Fig. 2(b), we equate 
the heat transfer per unit length, Q/12, to the heat conducted at 
the surface of the cylinder, i.e., 


[ 2s (27) rel 
0 or re 


This insures that there is no net energy transport across the other 


Q/12 = 


x 


boundaries of the typical element. Of course, over-all energy 
would be automatically satisfied by an exact solution; but if an 
approximate solution is being contemplated, then it must be im- 
posed as a separate requirement. Inserting equation (11) into the 
over-all conservation condition (13) gives 


Q/12k 6Ms? V3. ~ | 
= —_ + gin 
” Ms? © 5 8? 


Before going ahead to the final boundary condition, it is useful 
to bring together the findings of the previous paragraph. Intro- 
ducing equations (12) and (14) into the temperature solution 
(11) and substituting for 7’, from equation (7) gives 
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7-7, = ei | 3 rot ue) 2 
4 j T To 


Ms? ) 
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64 3 +i- (rc? — %*) 
12) 
+ Cr E - (*) Jeo 670 
i=1 , 


Q/12k)r? (r/s) 
+" as aes 6,, cos 6nO ila | . 


; vale) 
Ms o— { 24n L6n+1  6n-1 


(ro/r)? n= (15) 
2(36n* — 1) rir f > 


temembering that 6, and M are known numerical constants 
whose values depend upon s/re, it is seen that the temperature 
distribution will be completely determined as soon as the C; are 
found. At our disposal is the condition that 07'/ON = 0 on the 
right-hand boundary of the typical element, see Fig. 2(b), on 
which r = s/cos 6. In applying this condition, it is convenient to 
use the identity 


oT oT oT sin 0 
cos 6 —_ ‘ 


ON oF 06 oU6rr (16) 


Then, introducing the temperature distribution (15) and setting 
oT/2N = 0 for r = s/cos 0, there is obtained after considerable 
rearrangement 


12) 
Zz. w, (cos 8)! | co (67 — 1)0 + (" _ *) cos (67 + 19] 
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j3=1 


3 m 12n +2 
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8 
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cos (6n — 1)0 + (1/3n) cos 6 cos 6nO 
4(6n + 1) (cos 6)" +1 


(ro/s)'2" (cos 6)" -1 


4(1 — 6n) 
6M /3 2 1 » \* 
. > (” ()"] cost 4 
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3 8 1 3 
. In ( ) + + Vv 
2r ro cos 8 16 cos? 0 


[cos (6n + 1)@ — (1/3n) cos 8 cos anol 


(17) 


where 


6js""M = 

; (17a) 
' (Q/12k) 

The only unknowns appearing in equation (17) are the coefficients 
w, (i.e., C;). In considering ways of solving for the w;, the first 
thought might be to use the Fourier series method. If workable, 
this procedure would provide an infinite number of w; values 
while satisfying equation (17) at all points along the boundary, 
0 deg < @ < 30 deg. However, Fourier methods cannot be 
applied in the present problem and some other approach must be 
used. The procedure employed here is as follows: First, the 
summation involving the w, is truncated after i terms. Next, the 
condition (17) is applied successively at i values of 6 in the range 
O deg < 6 < 30deg. This yields 7 linear equations, each of which 
As soon as the s/ro ratio is 
specified, the right-hand side of each equation can be reduced to 
a numerical constant since the values of 6, and M are available 
So, there are i linear, inhomogeneous alge- 
braic equations, the solution to which yields numerical values for 


contains i unknown values of w;. 


from reference [1]. 
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the w,. To check the accuracy of the results, the entire proce- 
dure may be reapplied using additional terms in the summation 
From this, it is found that the additional terms do not significantly 
affect the numerical values of the first few coefficients. Another 
important fact is that the magnitudes of the w; decrease quite 
rapidly with increasing j, so that only the first few w, are really 
important. These favorable circumstances somewhat ease the 
task of finding a sufficient number of accurate w,; values. The 
numerical results which have been obtained for the w, are listed 
in Table 1 as a function of the spacing ratio s/ro. 

With the w, values now known, then the coefficients C; are also 
known through equation (17a). With these, we may return to 
the temperature distribution (15). For convenience, the summa- 
tion involving the C,; may be rephrased as 


2) 
yd C, rt E - (=) Jo 68 
rs | r 


/\2k y 1% 
= ee > = (*) E - (=) cos 0 (18) 
M £{ & \s 8 


Since 6, and M are also known numerical constants (reference 
1]), then it is clear that once the geometrical parameters ro and 
s have been specified, the temperature distribution within the 
typical elements is determined. So, we are now in a position to 
proceed with the determination of the heat-transfer results. 


Heat-Transfer Characteristics 


Wall-to-Bulk Temperature Difference and Nusselt Number. The solu- 
tion which has just been presented gives the distribution of the 
temperature in a cross section relative to the wall temperature 7’, 
at that cross section. So, to complete the solution, there still re- 
mains the task of finding T,. Moreover, in practice, it is the 
wall temperature itself which is usually the quantity of greatest 
practical interest, for example, on a materials limit or a thermal 
stress basis. 

Now, in a situation where the wall heat flux is prescribed, the 
bulk temperature is immediately determined according to the 
following relation 

T, = T. + Q z 
UC, 


(19) 


where 7) is the temperature of the fluid at the entrance to the 
heated passage. Making use of this, the wall temperature may be 
written as ‘ 

T.=T, + (T. — T.) = Te + 


z2+(T,-—T7,) (20) 


we, 


From this, it is clear that the wall-to-bulk temperature difference 
(Tl. — T,) is the key to the determination of the wall tempera- 
ture. In addition, as soon as 7, — 7, is known, then Nusselt 
number results can be obtained. 

To compute the wall-to-bulk temperature difference, we start 
with the standard definition of the bulk temperature 


f T pur dr dé 


Area 


f pur dr dé 


Area 


Y= 


The denominator is simply the mass flow. Specializing to the 
typical element of Fig. 2(b) and subtracting away the wall tem- 
perature, there is obtained 


30° s/cos @ 
of, f (T.. — Tur dr dé 
T-™%= . re wee 


w/12 


(22) 
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In evaluating the integrand, the velocity distribution is intro- 
duced from equation (3), while the temperature distribution is 
taken from equation (15) as modified by (18). After making 
these substitutions and rephrasing in terms of dimensionless 
variables, the following functional relation is revealed 
T's a T, . on 

Q/iak ~ 18/7) - 
This is an interesting result in that the dependence on geometry 
enters only as the ratio s/ro, rather than as s and ro separately. 
It is easy to see that multiplying out the temperature and velocity 
distributions in the integrand of equation (22) leads to an ex- 
ceedingly lengthy expression which is made even longer when the 
double integration is carried out. To display only the end result 
of the integration would require considerable space. In the in- 
terest of a concise presentation, the details associated with the 
evaluation of equation (22) will be omitted and only a few general 
remarks will be made as follows: In organizing the computations, 
separate account was kept of the contribution due to the non- 
series portion of u and 7’ — T', and of the contribution due to 
the series terms. As expected, the relative importance of the 
series terms increased as the spacing decreased. The integrations 
which arose in connection with equation (22) were carried out 
analytically as far as possible; however, it was ultimately neces- 
sary to compute some specific integrals by numerical means and 
these are given in the Appendix with the hope that this informa- 
tion may be useful to others. 

From the evaluation of equation (22), numerical results for the 
wall-to-bulk temperature difference have been obtained as a func- 
tion of the spacing ratio s/ro. These results will be reported in 
terms of the customary Nusselt number representation. First, 
a heat-transfer coefficient is defined as 


W = Q/2 (24) 
wT, --7,) (wd/12(T. — 7) , 
Then, using the cylinder diameter as characteristic dimension, 
the Nusselt number becomes 


. hd ( ~) Q/12k 
Nu, = = a 
k zr/T,-T, 


It may be seen that the Nusselt number is essentially the recipro- 
cal of the dimensionless bulk temperature parameter which has 
been displayed in equation (23). From this it follows that the 
Nusselt number depends only on the spacing ratio s/ro. Utilizing 
the numerical values obtained from evaluating equation (22), a 
graph of Nu, as a function of s/ro has been prepared and is pre- 
sented as the solid curve of Fig. 3, left-hand ordinate. It is seen 
from the figure that Nu, monotonically increases as s/r) de- 
creases; and with this, it follows from equation (25) that the 
wall-to-bulk temperature difference is smaller at smaller spacings 
for a fixed heat input. This trend is in accord with physical 
reasoning. 

Now, with the relation between heat transfer and temperature 
difference established by Fig. 3, we may return to the computa- 
tion of the wall temperature variation as given by equation (20). 
Dividing through by Q/k and introducing equation (25), there 
is obtained 


2 ins l (26 
(w/p)Pr wNu, aay 
At a fixed flow, the value of (7, — 7)/(Q/k) at a particular z 
will diminish as the spacing diminishes. But, there will, of course, 
be a price in pressure drop to be paid to maintain the fixed flow. 
On the other hand, at a fixed pressure drop, w will diminish with 
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Fig. 3 Nusselt number results 


decreasing spacing; and so, under this condition, the two terms 
of equation (26) vary in opposite directions. The dependence 
of the flow rate on spacing ratio is more acute (see Fig. 6, reference 
[1]) than is that of the Nusselt number. So, for z values suffi- 
ciently large to establish fully developed conditions, it would be 
expected that (7, — 7')/(Q/k) would increase with decreas- 
ing spacing when the pressure drop is fixed. 

Before leaving this section, it may be worth while to discuss 
briefly two other aspects of the results. First, it may be of in- 
terest to compare the heat-transfer performance with that for 
laminar flow inside a circular tube (Nu, = 48/11). If we ask 
for the same wall-to-bulk temperature difference at a given heat 
flux per unit length, then this is achieved at a spacing ratio of 
2.03. The second topic relates to the equivalent diameter. It is 
reasonably well-accepted that for laminar flow, the use of the 
equivalent diameter as a characteristic dimension is not sufficient 
to remove the dependence of the heat-transfer results upon 
geometrical parameters. However, in the present problem, we 
are in a position to once again check on this point. From the 
defini ion 

4(cross-sectional area) 


d, = oes 


: (27a) 
heated perimeter 


it is easy to show that 


d, 6(8/ro)* 


d V3" 

Then, since Nua, = (Nu,)(d,/d), we may find the dependence of 
Nua, upon s/ro by using the results which have previously been 
presented. A curve derived in this way has been plotted as a solid 
line in Fig. 3, right-hand ordinate. It is seen that the geometrical 
factors involved in the equivalent diameter have given Nuz, a 
completely opposite trend to that of Nu,. However, the varia- 
tion in Nug, is not less than that experienced by Nuy. 

Peripheral Variation of Local Heat Transfer. In the previous sec- 
tion, attention has been focused on over-all quantities such as the 
heat transfer per unit length, the bulk temperature, and the Nus- 
selt number. Here, consideration is given to the local heat trans- 
fer at various positions around the periphery of a cylinder. Since 
the velocity distribution varies with angular position around a 
cylinder while the surface temperature is prescribed to be inde- 
pendent of angle, it is evident that there may be a circumferential 
variation of the local heat transfer. 

To compute the local heat transfer, we use Fourier’s law 
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Table 1 
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Listing of w; values 
w: X 103 ws X 10° 
0.39239 0.579 
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Fig. 4 Peripheral variation of wall heat transfer 
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where q represents the heat transfer per unit area. The tem- 


perature distribution is introduced from equation (15) as modi- 
fied by (18) and after some rearrangement, it is found that 


= us 9, To ae 
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where g, the mean local heat transfer, is related to the heat trans- 
fer per unit length Q by 


j = &. (29a) 
2r Tro 

Utilizing the tabulated values of w; from Table 1 with the 6; and 
M from reference [1], the circumferential variation of g has been 
evaluated. The results are plotted in Fig. 4 as a function of @ for 
parametric values of the spacing ratio s/ro. By the symmetry 
considerations already mentioned in connection with Figs. 2(a 
and b), the variation over the entire circumference is known once 
the results for a typical 30 deg section have been given. 

From Fig. 4, it is seen that for clese spacings (small s/ro), 
there is a significant circumferential heat-transfer variation; 
while for open spacings (large s/ro), the heat transfer is essen- 
tially uniform around the circumference. Clearly, for all spacing 
ratios of 2 or greater, there is essentially no distinction between 
the case of peripherally uniform wall temperature or peripherally 
uniform heat transfer. For many applications, this statement 
might be considered applicable even to spacing ratios as low as 
1.5. The trend of decreasing peripheral variations with increas- 
ing spacing may be explained on physical grounds. For close 
spacings, a given cylinder is much influenced by the presence of 
its neighbors, with the result that the velocity distribution is cir- 
cumferentially nonuniform and so is the heat transfer. As the 
spacing grows larger, the flow about a given cylinder is less dis- 
tributed by its neighbors. The resulting trend of the velocity 
toward axial symmetry is accompanied by a trend toward a more 
uniform surface heat transfer. 
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It is interesting to note that the largest heat transfer occurs at 
6 = 30 deg, the location of the largest open area for flow. On the 
other hand, the smallest heat transfer occurs at 0 = 0 deg, which 
is the location of the smallest open area for flow. From this, it 
may be inferred that if the heat transfer were prescribed to be 
circumferentially uniform while the surface temperature is per- 
mitted to vary, the hot spot would occur at @ = 0 deg. 


Simplified Analysis for Large Spacings 


Both from physical reasoning and from the results of the fore- 
going analysis, it has been demonstrated that circumferential 
variations become smaller and smaller as the spacing ratio s/ro 
With this in mind, it seems worth while to reanalyze 
the problem using a model which neglects circumferential varia- 
tions; and then, by comparing the results with those of the com- 
plete formulation already presented, to find for what conditions 
the simplified analysis is valid 

A flow model having the property of angular symmetry with 
respect to a cylinder is an annulus surrounding the cylinder. 
rhe inner radius of the annulus is r, while the outer radius r* is 
chosen so that the flow area is identical to that in the actual con- 
figuration. From Fig. 2(a), it is seen that the actual flow area 
associated with a given cylinder is composed of 12 of the black- 
ened typical elements 


increases 


So, equating areas as follows 


T To? 
mo -F¢ 
} 12 


(30a) 


rhe velocity problem for such an annulus is described by 


OF u Ll Ou 1 dp : 
- = (3la) 
or? r Or wu dz 


Ou 
ul Te) = (), . (r*) = 0 (316) 
It is easily verified by direct substitution that the solution for the 


velocity distribution is given by 


1 Op ) 
a OZ 
which is identical to the nonseries part of the more complete 


velocity solution (3). From this, the flow parameter M which has 
been defined in equation (4) can be evaluated to be 


‘ é 2 ‘ 
v _ 3 a 3 ( To ) ee ( =) (33) 
; Sar 12 8 96 8 


Next, by modifying the governing equation (5) to apply to the 
annulus, the temperature distribution problem may be formulated 
as 
077 1 oT 

or? r or 


Q/12k JV 3 
Ms? ' rT 


y- YT om 


(34b) 


oT 


(r*) = 0 


T(ro) = T., 


From this, the solution for the temperature is found to be ' 
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It may be seen by inspection that this result is identical to the 
nonseries portion of the more complete temperature solution 
(15). 

To compare the over-all heat-transfer characteristics with 
those previously obtained, we compute the wall-to-bulk tempera- 
ture difference. Applying the definition of the bulk temperature 
from equation (21) to the annulus, there is obtained, 


27p ia (T.. — T)ur dr 


T -™= (36) 
w 

By substituting from equations (32) and (35), the integrand can 
be evaluated and then the integration carried out. The same type 
of functional relation which has been noted in equation (23) has 
also been found here. The end result of the calculation is repro- 
duced in the Appendix to facilitate numerical calculations for 
s/ro values which lie outside the range reported here. 

With the wall-to-bulk temperature difference at our disposal, 
the Nusselt number Nu, can be evaluated from equation (25). 
The results thus obtained have been plotted as a dotted line on 
Fig. 3, left-hand ordinate. By comparing with the solid curve 
from the more exact calculation, it is seen that the neglect of 
circumferential variations leads to a smaller wall-to-bulk tem- 
perature difference at a fixed heat transfer per unit length. So, 
for a given bulk temperature at a cross section, the wall tempera- 
ture prediction from the simplified calculation is low. If errors up 
to 5 per cent in the Nusselt number prediction can be tolerated, 
then from Fig. 3 it is found that the results based on the neglect 
of circumferential variations may be used for spacing ratios as 
low as 1.5. As the spacing becomes progressively smaller, the 
deviations become increasingly larger. The same comments 
apply *o the Nuz, curves associated with the right-hand ordinate 

An analysis using the equivalent annulus approximation has 
been carried out in reference [3] for turbulent flow for spacings 
down to 1.375. If the flow is fully turbulent, then the effects of 
circumferential variations will likely be smaller than in a lami- 
nar flow. On this basis, we may conclude that the use of the 
equivalent annulus model appears justifiable in the turbulent 
case for the spacings considered in reference [3]. 


Concluding Remarks 


The analysis presented here is for the condition of fully de- 
veloped heat transfer. It is therefore of interest to inquire about 
the heated length required to achieve fully developed conditions 
Unfortunately, there appears to be no information available 
about the thermal entrance region for the specific geometry under 
consideration here; and, in general, there is very little known 
about the thermal entrance region in noncircular ducts. An in- 
dication of the complexity of the entrance region problem may 
be found from the experiments of Eckert and Irvine [4] who 
studied turbulent heat transfer in an electrically heated isosceles 
triangular duct having an apex angle of 11.5 deg. They found 
that the entrance length was markedly longer than in a circular 
tube and, further, that the fully developed condition was not 
achieved simultaneously at all points around the periphery of the 
cross section. These findings serve to generally discourage the 
application of circular tube results to noncircular ducts. 

The boundary conditions considered in this paper were a longi- 
tudinally uniform heat flux and a circumferentially uniform sur- 
face temperature. It may be useful to discuss qualitatively the 
heat-transfer results which might be expected for other boundary 
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conditions. For the situation where the heat flux is both longi- 
tudinally and circumferentially uniform, it has already been 
noted that the Nusselt number results are essentially unchanged 
from those found here provided that s/ro > 1.5. For progres- 
sively smaller spacings, significant circumferential nonuniformi- 
ties in surface temperature can develop. If a heat-transfer co- 
efficient for this situation were defined based on a circumferen- 
tially averaged surface temperature, it would be expected that 
the corresponding Nusselt numbers would fall below® those of 
Fig. 3 (solid lines). For the situation where the surface tem- 
perature is both longitudinally and circumferentially uniform, a 
fully developed heat-transfer condition also exists. For this case, 
it would be expected that a Nusselt number based on the wail-to- 
bulk temperature difference would also fall below that found here. 
Of course, for the case of longitudinally uniform surface tem- 
perature, the bulk temperature is no longer given by equation 
(19). 

For situations where fully developed heat-transfer conditions 
do not exist, there is often a temptation to locally apply the 
fully developed results. For laminar flows, such a procedure 
may lead to inaccuracies even in circular geometries, 
noncircular duets, it is additionally risky. 


and for 


* Such trends were also reported in reference [5] for a circular sector 
duct. 


APPENDIX 


(a) Integral Table. 
All integrals are over the range 0 to 1/6 
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(b) Wall-to-Bulk Temperature Difference for Equivalent Annulus. 
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DISCUSSION 


John Happel’ 


It is interesting to note that the equivalent annulus formula- 
tion shown in Fig. 3 gives results which are close to the exact 
treatment for s/rp spacing ratios down to 1.5. The writer had 


’ Professor and Chairman, Dept. of Chemical Engineering, New 
York University, College of Engineering, New York, N. Y. 
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the opportunity to review the senior authors’ paper, reference 
[1], which was concerned with the hydrodynamic problem of 
longitudinal laminar flow between cylinders and mentioned 
that the annulus model now used by them for their simplified 
heat-transfer formulation gave the leading term in their fluid 
flow treatment [equations (3) and (32) in the present paper]. 
An extension of this simplified hydrodynamic model, designated 
as the “free-surface model,” is also useful in more complicated 
problems such as flow perpendicular to arrays of cylinders (J. 
Happel, AJChE Journal, vol. 5, 1959, p. 174) and through beds 
of spheres (J. Happel, AJCAE Journal, vol. 4, 1958, p. 197) at 
low velocities. It was also suggested that it might be useful to 
apply it not only to the case of longitudinal flow heat transfer 
as the present authors have done. For flow perpendicular to 
cylinders or around spheres it is, of course, apparent that the 
heat-transfer problem will be more complicated since convective 
contributions will appear, resulting in a peripheral variation of 
wall heat transfer even at large spacings. However, the suc- 
cess of the model in predicting hydrodynamic behavior in such 
systems leads me to believe that extension to heat transfer may 
be successful at least in a limited range and perhaps lead to useful 
methods of data correlation. 


Authors’ Closure 


The authors thank Professor Happel for his interest and 
for his illuminating remarks. The problems to which he has 
reference in the latter part of his discussion are exceedingly 
difficult, and some approximate approach seems very much in 
order. The “free surface model’ suggested by Professor Happe! 
appears to be a good starting point for analysis. 
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Nuclear Reactor With Sinusoidal 
Space and Exponential Time- 
Varying Power Generation 


Analytic temperature distributions are obtained for the fuel and coolant regions of a 
heterogeneous, convection-cooled reactor with axial power variation e“ sin (xz/H). 
The fundamental assumption in the governing differential equations ts that the tem- 


perature distribution in the fuel region does not vary in the direction transverse to the 
coolant flow. The solutions involve two and three-parameter integrals encountered and 
numerically evaluated previously which are integrated herein and arranged in a form 


suitable for desk calculations. 


Closed-form expressions are developed for the final 


steady-state axial distributions which are applicable at times long in comparison with 
the characteristic temperature-response times. 


Introduction 


= equations governing heat conduction and trans- 
fer in a convection-cooled, heterogeneous core have been pre- 
sented by several authors [1, 2].! The rigorous formulation 
takes into account the time variation of both the axial and 
transverse temperature distribution in the fuel and coolant re- 
gions. Solutions have been obtained for special conditions such 
as step power change with constant coolant temperature [3], zero 


? Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at the 
Winter Annual Meeting, New York. N. Y., November 27—December 
2, 1960, of Tae American Socitety or MecHanicat ENGINEERS. 


Manuscript received at 
Paper No. 60—WA-194. 


ASME Headquarters, August 22, 1960. 


Nomenclature 


velocity coolant [4], and insulated fuel elements [5]. In general, 
these special cases lead to nonclosed-form solutions which re- 
quire numerical evaluation for each point of interest. An inte- 
gral formulation has been used to obtain an approximation for the 
shutdown transient temperature of a reactor core [6]. For cases 
with turbulent flow in which the fuel plates are sufficiently thin, 
the transverse variation can be suppressed in the time-dependent 
equations. Then the effect of heat absorption and the attendant 
temperature rise of the fuel are adequately described by a bulk 
model based on a heat-capacity concept. The resulting heat- 
balance equations have been solved for general time-dependent 
but space-independent power variation [7]. The solutions con- 
tained nonclosed-form functions, some of which had been 
tabulated in earlier work [8]. Agreement between these solu- 





= RcM = vr, = Hr,./r, characteristic distance 
that coolant flows during coolant response 
time r,, ft 
= (0, 1, 2,3, = defined in equation (37) 
= area of coolant channel in a plane transverse 
to axial-flow direction, sq ft 
area of fuel plate in a plane transverse to direc- 
tion of coolant flow, sq ft 
defined in equation (30) 
1, 2,3, = defined in equation (32) 
(2/H)?, axial buckling of reactor, ft~? 
= specific heat of coolant, Btu/lby-deg F 
specific heat of fuel region, Btu/Iby-deg F 
1, 2,..., 6, = coefficients of time functions, 
equations (10), (41), and (44) 
2, 3, ..., 6, = coefficients of time functions, 
equations (10), (40), and (44) 
reactor power density extrapolation distance, ft 
defined in equation (36) 
general function of z and t 
general function Laplace transformed with 
respect tot 
general function Laplace transformed with 
respect to t and z 


f(s) 
F(z, t) 
F(z, s) 


F’(p, s) 
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q(s), % 1, 2,..., 8, = Laplace transform functions de- 
fined in Table 1 
Gb, i 1, 2,..., 8, = functions of time defined in 
Table 1 
convolution integral of G;(t) and G,(t), equa- 
tion (43) 
H = axial core height, ft 
i summing index 
modified Bessel function of first kind and nth 
order 
summing index 


Cy — C3 . P . 
— = dimensionless constant introduced 


38 
in the Appendix (section, ‘Evaluation of 
the ,-Functions’’) 

Laplace transform operator with respect to 
time, sec 

Laplace transform operator with respect to 
distance, ft 

inverse Laplace transform operator, ft! 

pAv = coolant mass-flow rate, lby/sec™ 

complex variable used in Laplace transform 
with respect to distance, ft 
(Continued on next page) 


G,(t)*G,(0) 


NOVEMBER 1961 / 423 





tions and experimental measurements was good. In the present 
paper we solve the heat-balance equations for the axial power 
variation e*' sin (#z/H). The Nomenclature in this paper 
generally conforms with that used in reactor calculations [9]. 
The solution developed herein is exact and rigorously complete. 
[t is recognized that excellent approximate numerical methods 
have been developed which may be applied to this problem. How- 
ever, the usefulness of exact analytic solutions for checking con- 
vergence of approximate methods and for parameter studies is 
well known. A discussion of the relative merits of exact versus 
approximate numerical techniques may be found in the Discussion 


und Authors’ Closure in reference [7] 


je 


Formulation of the Problem 


Consider the bare cell in Fig. 1 


The axial power density in the 
fuel in Btu/sec-ft is 


Piz, t) = Po sin (w2z/H), t<0 


(1) 


P(z, t) = Poe** sin (wz/H), t>0 


where w is the reciprocal period and H is the axial length of the 
fuel plate. Generalization of this power to the case of a reflected 
core is straightforward although not presented here. 

rhe following assumptions are imposed: 

1 No power is produced in the coolant 

2 Axial enthalpy transfer in the cell is due to coolant flow 
only 

3 The coolant temperature and velocity are constant across 
the flow cross section. 

4 The fuel temperature distribution does not vary in the 
transverse direction (valid for sufficiently thin plates). 
5 The following quantities are constant and uniform through- 
out 

Coolant flow area, entering coolant temperature, heat-transfer 
coefficient, coolant velocity, and fuel and coolant properties. 

The heat-conservation equations based on the first law of 


Nomenclature 


A 





t 
Fig. 1 Fuel-coolant half cell 


thermodynamics for an element of fuel and incompressible coolant 
at z of thickness dz are 


oT ,(z, t dz 
thdz = A > dz 
Pr; or Rk 


P(z, (T(z, t) — T(z, t)] ~ (2) 


ipety ee’. Sie en - 7,6 
race AE ~ al ae . 


— ¢MIT dz,t) — T.(z,0] (3) 
in which 7, is the local fuel-plate temperature, deg F, and 7’, is 
the bulk coolant temperature, deg F. 
in the Nomenclature. 


Other symbols are defined 
Equation (2) states that a fraction of the 
power generated in the fuel channel stays there and increases 
its temperature, while the remainder is transferred to the coolant. 
Equation (3) states that the temperature of the element of the 
coolant is increased by the heat transferred from the fuel less the 
heat removed by coolant flow. Equations (2) and (3) are based 
on the frequently used ‘thin-fuel-element’’ approximation in 
which the local fuel-region temperature is equal to the local sur- 
face temperature. Cylindrical and other geometries may be 
represented by these equations provided the film resistance R 





axial power density, Btu/sec-ft 

RP(z, = 
deg F 

Laplace transform with respect to time of 
normalized power density, deg F-sec 

double Laplace transform with respect to ¢ 
and z of normalized axial power density, deg 
F-sec-ft 


axial peak power density, Btu/sec-ft 


(2 


equation (47 


normalized axial power density, 


a) = dimensionless shifted time, 


i* 


shifted 


T,, dimensionless 


(45 


time, equation 


1/r,) = dimensionless shifted time, 
equation (46) 
8 
(1/r,) -—a@ 
tion ‘47) 


dimensionless ‘“frequency,’’ equa- 


film resistance for heat flow from fuel region to 
coolant, see-ft-deg F/Btu 

complex variable used in Laplace transform 
with respect to time except in equation (47 
and Appendix (section, “Evaluation of the 
¥-Functions”), sec! 
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= dimensionless distance i 


iad 
Ty 


equation (47 


and Appendix (section 
above 
z/a dimensionless distance, equation (45 


= dimensionless distance, 
at, (w + 1/r 


equation (46 

roots of denominator of f(s), equation (37) 

unit step function, S(t*) = 0 for t* < 0 and 
S(t*) = 1 for t* > 0, dimensionless 

time, sec 

t — r.2/H = shifted time, sec 

local coolant temperature, deg F 

initial local coolant temperature, deg F 

T (0, 0) = constant entering coolant tempera- 
ture, deg F 

Laplace transform with respect to ¢ of coolant 
temperature distribution, deg F-sec 

double Laplace transform with respect to t and 
z of coolant temperature, deg F-sec-ft 

Laplace transform with respect to z of initial 
coolant temperature distribution, deg F-ft 
(Continued on next page) 
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(assumed constant) is suitably specified. In solving equations 
(2) and (3), the following characteristic times and distance will 


appear naturally: 


T, = RAyespy, see Tt, = H/v, sec 


tT, = RAcp, sec a = RcM = or, = Hr./1,, ft 


With these definitions, equations (2) and (3) become 


oT 
Ty, f P,(z, t) — [T;( 


z,t) —T 
ot 


oT, Tle. t Tic bl 
T. [T',(z, t) - z,t)j} — 
oe , ; : 
in which 


oT 
© dz ad 


z+ dz,t) — T(z, t) 


P,(z, t) = RP (z, t) 


These equations are frequently averaged over the core and em- 
ployed in analog studies [11, 12, 13]. Solutions have been ob- 
tained for periodic power behavior [10, 14]. If the power rise is 
slow compared to the characteristic time Tt, associated with the 
heat capacity of the fuel; i.e., wr,< 1, the energy retained by the 
fuel is negligible in comparison to that transferred to the coolant. 
Then the term 7,(07',/dt) is negligible in comparison with either 
P,, or T, — T, in equation (4), and rt, may be set equal to zero 


with negligible error. The resulting equation, 


oT, oT. 
Ve P,—-a 
ol Oz 


is that which would be obtained if it were initially assumed that 
the generated power appeared instantaneously in the coolant 
with no time lag. Closed-form solutions to equation (7) have 
been developed [15] for the reflected core with the ehopped-sine 
power density 


Poe sin [w(z + d)/H} 


? See footnote 4 of reference [7], regarding comments by T. Irvine 


on the variation of the film coefficient. 


Solution of Equations 


Equations (4) and (5) can be solved by use of Laplace trans- 
The initial conditions are taken as the steady-state dis- 
tributions for power density Py sin (7z/H) with total channel 
power 2P,H/m and constant entering T (0) 


T (0, 0). 
= T,(0) + (1 ~ 
Fir cM H 


, we 
T(z, 0) = RP» sin 


forms. 


temperature 
T’.(z, 0) 


T(z, 0) (9) 


The details of the transform solution :¢ 
The result for the coolant is* 


os i 7 (0) : PoH |(: Wz 
” 7S cell ahh 


» given in the Appendix. 


2 
Tw 


+ e~*/211 + Gy(t)*] iz eG, (t*)S(t*))] 
° i=l 


. Wz 
= >> c,G,(t) cos H 


i=! 


6 
Wz 
[r. + Gs(t)*] > d,G;(t) sin H | 


1=2 


(10) 


in which (* 
Table 1. 
values and the reciprocal period. 


= t—7,z/H. The time functions G,(t) are listed in 
The constants c; and d; depend on the characteristic 
S(t*) is the unit step function 
and G;,(t)*G,(t) is the convolution integral defined by equation 
(43) in the Appendix. The convolutions are written explicitly in 
the first section of the Appendix. The solution for the fuel tem- 
perature is closely related to equation (10) and is described in the 
second section of the Appendix. 

The variation of the axial temperature distributions approaches 
a constant shape at a time long compared with the characteristic 
times. The asymptotic coolant temperature reduces to the simple 
closed form (fourth section of the Appendix) 


* Note that G7(é) contains z as parameter. 
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= Laplace transform with respect to ¢t of entering 

coolant temperature, deg F-sec 

local fuel plate temperature, deg F 

initial local fuel temperature, deg F 

Laplace transform with respect to time of fuel 
temperature, deg F-sec 

double Laplace transform with respect to 1 
and z of fuel temperature, deg F-sec-ft 

Laplace transform with respect to z of initial 
fuel temperature distribution, deg F-sec 

coolant velocity, fps 

reciprocal period, sec ~! 

dummy variable except in Figs. 3, 4, and 5 

real part of s in Figs. 3, 4, and 5, sec! 

defined after equation (39), sec? 

dummy variable except in Figs. 3, 4, and 5 

imaginary part of s in Figs. 3, 4, and 5, sec 

defined after equation (39), sec~? 

axial distance, ft 

defined after equation (39), sec~? 

negative real part of roots — s;4 and — 856, 
sec~! 
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imaginary part of roots s;3,4 and 85,5, sec! 
T/T, 


I = factor appearing in equation 


1 + wT, 
(11), dimensionless 
tan~!(w/A) = phase shift associated with 
relative magnitude of reactor period and 
characteristic coolant flow time, radians 
av/H =/r, 
for coolant flow, sec™! 
density of coolant, lby/ft 


= characteristic reciprocal time 


density of fuel region, lby/ft 
RAcp = characteristic coolant response time, 
sec 
RA,c,p;, = characteristic fuel response time, 
sec 
H/v = time required for an element of coolant 
to pass through core, sec 
¥s(s', 9’), 
¥:(s", q”) tions (45) and (46), dimensionless 
Vo(6, 4,7), Vals, @ 7), Wols, a 7), Vals, g, 7) 
= special functions of time and distance, dimen- 


special functions of time and distance, equa- 


sionless 
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PH ext 
0) + —_——_—— 


cM wrn\? | 
(1 + wr,) | 1 + | — 
* (11) 
21'/s . 
” \ re E : (“=")"] cos ( 7% “os erat) 


in which 


T/T, 


1+ 
1 + wr, 


Similarly, the asymptotic fuel temperature is 


, he 1 oe : 
T',(z,t) = TO) + - - | RP sin —— + T(z, t) 
1 + wT; H 


~ r.0) | (12) 
where T',(z, t) — T.(O) is given by equation (11). These forms 


reduce to previously obtained closed-form solutions [15] for the 
imiting case rT, = 0 for which 9 = 1: 


PH et 


“EE 


> T,2/H (13) 


z,t) — 7.0) | 


t2rtzH (14) 

rhus at long times after the ou. et of the transient, the effect of 
the lag time associated with nonzero fuel heat capacity (r,;, = 0) 
is seen (a) to increase effectively the characteristic coolant flow 
time rt, by the factor 9, which is dependent on the relative mag- 
nitude of r, to r, and the reactor period 1/w, and (b) to decrease 
the temperature rise by the factor (1 + wr,)~. 


Numerical Comparison With Closed-Form Solutions 


Numerical calculations were made for a typical heterogeneous 
reactor with metal fuel plates and water coolant. Characteristic 
Coolant tem- 
perature distributions were computed for three reciprocal periods, 
equal to 2.5/r,, 1/7., and 0.1/r,, at time 0.25 sec following the 
All terms in equation (10) contributed to 
the calculated distributions in the lower half of the core for which 
t > r,2/H, whereas the step function in the first sum in equation 
10) made this sum vanish for the upper half of the core for which 
t < t,2/H. These results are shown in Fig. 2, along with dis- 
tributions obtained in the limiting case, 7, = 0. The latter curves 
ire given by the following closed-form expressions [15]: 


PH | ( oe 
mn ee | 
ve Yo i) 


constants are T, = 0.1 sec and r, = rT, = 0.5 sec. 


onset of the transient 


NOVEMBER 1961 


a P.H r | 
T(z, t) = . 


Py a egy eee 
4 mcM (w* + X*) A | wt + 2)72 


» Wz 
é —™ WTed/ H cos on 
H 


+ 0.) | t>r7,2z/H (16) 
in which #, = tan~! (w/A) and AX = me/H = m/r,. 

For slow variations, w < 0.1/7, = 0.2 sec, the closed-form 
solutions accurately predict the distribution. Thus for normal 
reactor operation with periods greater than 5 sec, the limiting 
forms for r, = Ocan be used. It is interesting to note that the 
peak coolant temperature is no longer at the exit of the reactor for 
fast periods, but shifts toward the center. 

Another series of calculations was performed to compare the 
asymptotic solution equation (11) with the exact solution equation 
(10) for the coolant distribution. The same characteristic con- 
stants were used with t = 4 sec for w = 0.2 and 5sec™'. The re- 
sults agreed to three significant figures. 
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APPENDIX 


Coolant Temperature Distribution 
Define the Laplace transform with respect to ¢ as 
L,[F(z, })] = Fz, s) 
and the subsequent Laplace transform with respect to z as 
L,{ F(z, s)] F’ Pp, 8) 
Also define the transforms of the initial and boundary conditions 
L,{T Az, t = 0)] 
L,(T ,(z, t 0)] 
L, (T(z = 0, 1t)] 
The Laplace transforms of equations (4) and (5) are 
r,[s7 ,'(p, s) — T,°’(p, 0)) 
— (T,'@, s) — T.'(p, s)] 
(T,’(p, ie T. ‘(p, 8)] 
_ alpl.’(p, s) — T°. s)] 


P,’ Pp, 8) 


r.[s7.’(p, s) — T.°'(p, 0)) 


Solving for T,,'(p, 8) in equation (20), we get 


T.'(p, 8) + 7,T,°'(p, 0) + P,'(p, s) 


T,’( , 8) = 
i? 1 + Ty; 


Next, solving for T.’(p, 8) in equation (21), we obtain 
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T.1',°'(p, 0) + aT.°(0, 8) 
| Ea 0) + P,’(p, s) 
r 1 + T;8 


ome 
op+i+rtrs-— 
l + T;8 


in which 7 ,’(p, s) was replaced by equation (22) 


\4e). 


The transformed initial and boundary conditions are 


Pe @ T.0) P.H | (r/H)? \ 4) 
~ oe = _ - —. pak 9 
Pi p xcM \pl[p? + (/H)\f 


(25) 


H 
I',°'(p, 0) = re, - = 


p? + (x, =| + 7.'"@, 0) 


T.°, s) = T.(0)/s 26) 


In obtaining the Laplace transformation with respect to z in 
equations (24) and (25) and in the following derivation, it is as- 
sumed that the trigonometric functions extend to z = ©. No 
error is incurred if we restrict the solutions to z < H. 

With exponential power rise we have 


Tz 
P,(z, t) = RPoe” sin — 
. H 


which transforms into 


- l H 
P,,’(p, 8) RP» | =t 
s — wjLp*? + (7/H)? 


After substitution of the conditions (24), (25), (26), and (28) and 
rearrangement, the transformed coolant temperature, equation 
(23), becomes 


(28) 


T.(O) P PH B? 
ps ' aceMs p(p? + B?) 


J e \P, 8) = 
Por w { l 
HcM s(s — w (r,s + 1) (lp + b(s)](p? + B2)§ 


in which B = w/H. 
The explicit functional dependence of b(s) is 


(29) 


+ ra) (30) 


, l ( T 78 l 
a \l + 7,8 ‘ 1+ Ty, 


In order to invert into the spatial domain we note 


1 7 <p b; bap + bs 
[p + b(s)](p? + B*) p + b(s) r p? + B? 


in which 


—bs = b;/b(s) = : 
(b(s)]? + B? 


(32) 


Substituting equations (31) and (32) into equation (29) and in- 
verting with respect to p give 


T.(0) PH Zz 
7 (z =— (1 — cos 
sedan 0 * wells “se 


_ Por 1 l ; ye a" 
" HeM \{b(s)]* + Bf Le(s — w)(r,s + 1) 


Hb(s) Tz 
| -- He — cos = + my sin “| (33) 


Introduce the definition of b(s), equation (30), into the ex- 
ponential in equation (33) to obtain 
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2 l 
4 —b(s)e — e7? el a ~ a (34) 


For convenience define f(s) such that the coefficient of (Pow/cM 
sin (w2/H) in equation (33) is equal to 


Explicitly we may write 


T,38 + 1) T,? 
a,s* + ays + a 


in which 
r? 
T,*r,* 
2r? 


2 
T,T. 


With these definitions, equation (33 
T.0 P.H ( 
8 mcMs 


Porwa* j _, ai meas 
HeMr2 \" |‘ 


Wz H . ( l ) 
fis T + s1n 
s+ l/r, 


H Ta 
The temperature distribution in the time domain is obtained by 
inverting equation (38). 
f(s The poles of the fourth-order part of 
f(s) depend on reactor constants, and for finite nonzero charac- 
teristic they are found to be complex conjugates with 
negative real components of the form 


becomes 


Wz 


H | 


(38) 


The usual procedure requires separating 
into partial fractions. 


times, 


5 ¥y and 6 are real positive, nonzero These 


numbers 


; |? 
sign of } 


are given by 


three terms are computed with precision, the fourth can be 
obtained from the relation 


86 


and checked with the equation 
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The behavior of s;4 and s,.5 as functions of 7,, 7,, and 1, is 
shown in Figs. 3, 4, and 5, respectively, in which root loci in the 
second quadrant of the complex s-plane (s = z + ty) are pre- 
sented. In Fig. 3 the variation of —a@ + i8 and —y + i6 with 
T, is shown with 7, and 7, held constant at 0.1 and 0.5 sec, respec- 
tively. The roots begin at —1/r, + i@ and —1/r, + 10 for 
T, 0 and move along the loci to the origin and to —1/r, 
—1/r.+ iastT,— ©. The location and values of —a + if 
and —y + i6 for r, = 0.5 sec are indicated in the figure. Similar 
plots are shown in Figs. 4 and 5 with 7, and 7, as the varying 
parameters. In Fig. 4 one root terminates at —1/r, + im/r, for 
In case T, is less than r,, the semicircular type locus 
in Fig. 3 proceeds from —1/r, + 70 to the origin and the other 
locus goes to —1/r, — 1/r, + 10 from —1/r, +7. 
are distinct except in the rare case for which r, 
1/t. + 1/T;. 

For distinct roots, equation (36) can be written 


infinite T,. 


The roots 
rT, and #/T, = 


nen 


Fig. 3 Variation of the f(s)-poles —a + i8 and —y + id with 1, for fixed 
Ts and Te 


Fig. 4 Variation of the f(s)-poles —a + 


i8 and —4 
fixed r, and Tr. 


id with ry; for 


Fig. 5 Variation of the f(s)-poles —a + if and —y + 


id with +. for 
fixed r, and rT, 
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(r,s + 1)/7,? 


f(s) 
Its (s — w)[(s + a)? + B2] [(s + y)? + 6?] 


ds dys + dy, 
(s + a)? + 6? 


dss + ds 
s—-w (s + y)? + 6? 
Separating the f(s)/s term in equation (38) into partial fractions, 
we obtain 


f(s) , s C38 + C4 C8 + C6 


cowae (41) 


8 8 \8 


(s + y)? + & 

The d,; and ¢; (7 — 
[16]. These coefficients depend on the reactor parameters and 
the reciprocal period w. Expressing equation (38) in terms of 
gi(s) defined in Table 1, we obtain 


in 7.0) P.H ( 
1 (z, 8 + l 
reMs 


., 6) can be obtained in the usual manner 


(42) 


The exponential term with s in the exponent introduces the 
shifted unit step function S(t — r,2/H 
defined as 


The inversions of g;(s 


Gilt 4t i ’ t 7 4 ,s 


are shown in Table 1. The inversion of the product g, 


the convolution integral 
G,(t)*G (t 
\G, t’)dt’ 13 


The inversion of g involves the modified Bessel function of the 


first order and kind. It may be obtained readily by applying 


basic theorems to the standard forme /*. 
In symbolic form the inverted coolant temperature distribution 


Table 1 


9x8) 


Je 8) 


gi(s)e— rez 
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- PoH | ( Wz 
(0) + 4{ 1 — cos 
mcM \ H 


6 
e~*/411 + Gx(t)*} >> «lG,@*)S0*)) 


, Wz 
p c,G;(t) cos H 


t= 1 


A] 
ae ee jie a 
ir. + Gs(t)*] d,G;(t) sin { 
TT (4 H 
t — 7,2/H. 

The integrals required in the convolutions are next evaluated. 
Those involving G;(t) do not appear to be integrable in closed 
form. The first two convolutions have been encountered in 
previous work [17] and were numerically evaluated for several 
values of the parameters. 


in which ¢* 


The numerical procedure consisted of 
expanding the Bessel function in G;(t). 


x 


pik +i 


adn ba 2% +1 k/(k + 1)! 
0 


k 


With this the first convolution becomes 


Ds (g’)* +1 1 8 ye vdy W3(s’ q’) 
fa (KE + 1)! 0 : Pare 

(45) 
y For brevity the step function 
S(t*) is omitted from the right side of equation (45) and from the 
following equations in which S(t*) appears on the left side. It is 
inderstood that these functions contribute only when t* > 0. The 
function W; has been computed by Rizika [17] and is shown graphi- 
[2and 8 A form more suitable for hand cal- 
culations is presented in the third section of the Appendix. 


Gi, (t*)S(t*) | *Gy(t 


in which s 2/a, q’ t* /T;. 


cally in references 


Similar 


t*\S 1* 1*G-(1 ewtty fe q’ (46) 


t*(w + 1/T, 


The next two terms can be evaluated in terms of the following 


new functions:* 


4 The s in 


ist 1 earlier 


these two equations 1s not related to the complex variable 


Laplace transforms 


Git 


Time restriction 


t>0 


@ sin st 


sin bt) 
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k+l 


“ 8 @ 
¥»(3,9,7) = waa DI f, e~%y* cos ry dy 
ay ! 


P = s**! q 


in which 


: _ = {* 
G-> \ 
ar, = @ 
Ts 


With these definitions we get 


(47) 


e~%y* sin ry dy 


olG 


(*)S(t*)]*G.(t) + eg [G.(t*)S(e*)] "Ga 


e~at® | (cote 2 —— s) sin Bt* 


re (cot : = 2 vw) cos ae (48) 


The ¥, and ¥y»-functions do not appear to be integrable in closed 
form and have not numerically tabulated. They are 
peculiar to this work and are so designated to distinguish them 
from other y,-functions introduced in references [7 and 10). 
The ¥» and Wy-functions are also presented in a form suitable 
for hand calculations in the third section of the Appendix. 
similar manner we obtain 


been 


In a 


cs(G;s i*)Sa* }*Gr(t 4. celGs t* S ¢* *G; { 


_—yt* , , &=— SF 
oh ( Hr 6 
+ (. Vs 4. es = a y ) cos nt | 


= 


v») sin 6t* 


in which 7 and 6 are to be used in Vs and ¥ » instead of @ and 8. 


It is noted that r(a, 8 —T Fy 6 
are 


The remaining convolutions 


( 49) 


d, — da 
a) 
fh vm 


*G,(t) can be obtained from equa- 


Similarly, d,G; 
tion (50) by 
tively 


t)*G(t) + di. { 


replacing a, B, d:, and d, by , 4, ds, and ds, respec- 


Fuel Temperature Distribution 


The transformed temperature for the fuel region is obtained 
from equation (22) 


T(z, : 
T(z, 3) = : 


+ 7,T,(z, 0) + Pi (z, 8) Bars 
(51) 
1 + 7,8 


The second and third terms in the numerator can be inverted 
immediately. 


T,T,(z, 0 
r Tt, 
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0 (2, RPo er 
L,~ E Al = - - G;(t)*Gs(t) sin = (52) 


1+ Ts i; 


Consider next the coolant temperature term [refer to equation 
(38)]. Inversion of the first two terms gives 


| 7.0 + - ad (1 — cos =)! (a — e~ “*4) (53) 


mcM 
These terms may be combined with the foregoing 7',(z, 0)-term 
through the use of equations (8) and (9). The remaining terms in 
¢(2, 8) have the common factor f(s) which contains 1 + 7,8 in the 
numerator. This zero at —1/r, is removed by division by 1 + 
7,8 as required in equation (51). Hence the functions developed 
for these terms in 7',(z, ¢) can be used directly in 7',(z, t) provided 
the coefficients d; and c; are evaluated without the 1 + 7,s-factor 

in the numerator of f(s). 


Evaluation of the y.-Functions 


The y¥;-functions appearing in the solution are defined as follows 
(with primes omitted on s and gq): 


1 
ejfe\/* , 
I (+) e-¥ I, [2(sy)'*dy 
o\y 
g*t 


= q 
a ~vy*d 
>» kik + 1)! Si _— 


SveGan tl | fe (2)’ ma eee Joos ry\ ds 
1 Vaols, q, 7 | 0 y , hi{2(ey) (sin ryf ty 


2 


k+ P 
pe a - 1)! fi e~oy* feos rv\ dy 


f=4, k (sin ryf 


¥(s, = 


Integration gives 


mee . 
¥ils,q) = ~l+e—e p> (<) T,, {2(sq)"]_ (56) 
n=l 


an Cer) 


ve ee Joost bs 
T,,[2(sq “Ny in? (rq +ntan™ r) 


J Wo(s, q, 7 t . j-it . | 
1 Viols, g, r) § i of 


(57) 
Values of the higher order Bessel functions J, are given in 
reference [18]. Other functions related to WY» and Wo are 


j ¥2(s, 4, r)\ = s* fi an J cos ry\ 
, - ute~ d 
(vas(s, @, r)f > Ky? Jo ”* \sin ryf , 


k=0 


(58) 


which have been evaluated numerically by Yang, Clark, and 
Arpaci [10]. yw: and ys are connected to Ws» and Yo by the 
relations 


Yo = Wr + rps — 1 + e-*[2(sq)'/*] cos rq 


2r 


e~*][2(sq)'/*] 


. T 
sin (a ale + tan™ r) (59) 


The following special properties are listed: 


Srl , d fyel 
ysl dg rol 


2\'/2 


Vv 
+ r?) 


Vio = vs — ry: + al 
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Fig. 6 Variation of the vols, q, r)-function with r = 0.5 


Yo(s, q, 0 
(s, q, 0 
s, 0, 7 
¥:(0, q 

¥ 


fysls, + m,r)l  f-1l , Typ Seosl/_ sr 
\Wiols, + ~, r)f Mh ory + ;) 


Typical graphs of WY, and Wo are shown in Figs. 6 and 7 for 
positive values of the arguments such as were encountered for the 


v1 
¥:(s,0) = ¥ 
¥ 


»(0, q, 7 


—a + if-roots in the numerical example. For computational 


purposes, the following form is convenient: 


€3(G,(t*)S(t*)] *Gr@) + es[G,(t*)S(t*)] *Gr) 


j 


ren 8 ‘* 
+ K*)/*< = cos (tan 


1K — Bt*) 


+ tan" K — at*) 


> 


I, (2(sq)'*) 
r?) 
cos (n tan 


in which 
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Fig.7 Variation of the yi0(s, q, r)-function with r = 0.5 


A similar expression may be written for the other convolution in- 
volving , 5, cs, and ¢¢. 


Asymptotic Behavior of Temperature Distributions 
At long times after the beginning of the transient, the non- 
negligible terms in the coolant temperature distribution equation 
10) are 
Gy(t 
Gt 
G, (t*) 
G, t*) 
Gi(t*)S t*)] *G(t) —] + e*T?/ 
zre/Hre 
pwt* lisa £. e! + 7 


wt 


/Hr 


G,(t*)S(t*)| *G7(t) 
é 


w+ i1/T, 


G, t)*G,(t) 


All other functions approach zero exponentially with time. 
constants required for these remaining terms are 


and 


a,;w* + aw? + ayw + ado 


After algebraic manipulation, equations (10), (61), and 
can be brought into the form presented in equation (11). 


simil: 


(62) 
In a 
ur manner, the asymptotic fuel temperature distribution can 
be expressed as shown in equation (12). 
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Unsteady Laminar Flow in a Duct With 
Unsteady Heat Addition 


An analysis is made of transient heat transfer with transient laminar flow between 
heated (or cooled) parallel plates. 
changing the fluid pumping pressure and either the wall temperature or the wall heat 
The solution is obtained for both the thermal entrance and fully developed heat- 
The slug-flow simplification is made; that ts, the velocity at any 1n- 
slant of time is taken as uniform throughout the channel. 


The transient processes are caused by simultaneously 


The fluid temperature dis- 


tribution, however, depends on both the axial co-ordinate and the position within the 


channel cross section. 


A few numerical examples are carried out which give some 


insight into various transient processes such as those occurring during a nuclear-reactor 


shutdown 


Introduction 


N UNDERSTANDING of the dynamic behavior of heat- 
transfer devices has recently become of greater importance in 
connection with the control of modern high-performance, heat- 
transfer devices. This has led to a number of papers that have 
been concerned with unsteady heat-transfer processes in tubes and 
ducts. A few of these are listed in references [1 to 7 In these 
references the flow velocity has generally been assumed steady, 
and various transient heat-transfer conditions have been applied 
at the walls, such as a time-varying surface temperature or heat 
flux. However, in many instances a time variation in velocity 
will also be present. For example, when a rocket engine first be- 
gins to fire, a simultaneous transient in stream velocity and wall 
heating will occur. In the case of flow in the cooling channels of 
s nuclear reactor, if a pump failure occurs, the control system will 


Hence the 


in flow will be accompanied by a transient in the heat being trans- 


simultaneously shut down the power coast down 


ferred at the channel walls 
The purpose of this paper is to obtain an understanding of the 
transient heat-transfer phenomena that occur in channel flows 
when there are simultaneous changes in pumping pressure and 
wall-heating conditions. The geometry selected for analysis is 
shown in Fig. 1. It consists of two parallel planes with incom- 
pressible laminar flow between them. A hydrodynamic entrance 
! Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division and presented at the 
Winter Annual Meeting, New York, N. Y., November 27-December 
2, 1960, of THe American Socrery or Mecnanicat ENGINEERS 
Manuscript received at ASME Headquarters, August 5, 1960 
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Nomenclature 


length is provided before the flow reaches the heated section. 
This means that within the heated section the velocity, although 
time-dependent, does not vary with axial position along the 
channel. In addition, the slug-flow simplification is applied to 
the velocity distribution. In this simplification the velocity 
distribution does not depend upon the co-ordinate across the 
channel. Hence at any instant of time the velocity is a constant 
throughout the flow passage and equal to the correct mean 
velocity at that instant. It has been demonstrated by [6, 7] that 
the slug-flow problem does reveal the essential physical behavior 
of the system, although the numerical magnitudes in the results 
are somewhat in error. The advantage of using this simplification 
is that exact mathematical solutions can be obtained for various 
boundary conditions, and hence the influence of the boundary 
conditions can be demonstrated. Even with this simplification, 
the solutions become fairly involved. 

Two types of wall heat-transfer boundary conditions will be 
treated here. In the first group of problems, the wall tempera- 
ture is step-changed from some initial to some final value, while in 
a second group the wall heat flux is step-changed from some 
initial to some final value. In the most general problem treated 
here, there can be a step change in wall temperature or heat flux 








ee | 
UNHEATED ~*~ HEATED SECTION 
HYDRODYNAMIC 
ENTRANCE 


Fig. 1 Parallel-plate channel 








half width of spacing between parallel plates 

specific heat at constant pressure 

eigenvalue, (n + 1/2)9; E,, = (m+ 1/2)r 

funetion in problem where both pressure gradient and wall- 
temperature change, equation (9) 

function in problem where pressure gradient changes and 
wall temperature remains constant, equation (21 

function in problem where both pressure gradient and wall 
heat flux change, equation (30 

thermal conductivity of fluid 

function in problem where pressure gradient changes and 
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wall heat flux remains constant, equation (38) 

function defined by equation (19a) 

Prandtl number of fluid, c,u/k = v/a 

static pressure 

local heat addition per unit area at channel walls; q:, 
specified wall heat flux before transient; 92, specified 
wall heat flux during transient 

Reynolds number, t4a/v 

dimensionless temperature, (f — &)/(t,, — to) 

dimensionless temperature, (t — t))k/qa 


(Continued on next page) 
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with a simultaneous step change in the pumping pressure of the 
flowing fluid. As special cases of this solution, situations are con- 
sidered where the wall temperature or heat flux is maintained con- 
Situations where the ve- 
locity remains constant while the wall temperature or heat flux is 
changed have been treated in [4 to 7]. 
simultaneous velocity and wall-temperature transients has been 
given in [8], which deals with flow in a circular tube with a uni- 
form wall temperature. 

The most general results given here are obtained by superpos- 


stant while the flow velocity changes. 


Some information on 


ing more elementary solutions. ‘These elementary solutions are 
obtained by solving the governing energy equation by using 
the method of characteristics. 
method, the transient velocity distribution will first be obtained. 
Then the elementary heat-transfer solutions will be found, and 
finally the method of superposition for solving more involved 


In the following description of the 


situations will be shown. A few numerical examples are carried 


out that illustrate the heat-transfer processes. 


Velocity Distribution 


In this paper we are concerned with transient velocities result- 
In the velocity 
part of the problem, the entrance length at the beginning of the 
channel, where the velocity distribution changes with length, is 


ing from a sudden change in pressure gradient. 


not taken into account. Hence the velocity distribution can at 
most be a function of time and the transverse co-ordinate y in the 
After this distribution is found, the dependence on y 


is removed by making the slug-flow approximation. 


channel. 


The equation of motion for incompressible laminar flow in the 
fully developed region between parallel plates is 


Ou 1 Op 


0*u 
oy? 


or “p oz 


where Op/Odz is a function of time only. This is of exactly the 
same form as the heat-conduction equation for the unsteady 
temperature distribution within a slab having time-varying in- 
ternal heat generation.? The variable pressure gradient is 
analogous to the variable internal heat generation in the transient 
heat-conduction problem. The boundary condition of zero veloc- 
ity at the walls of the channel corresponds to constant boundary 
the solution. In 


9], the solution is given for the transient temperature distribu- 


temperatures in heat-conduction reference 
tion in a plane slab when the temperature is initially uniform and 
then a step in internal heat generation is introduced with the 
This result 
immediately yields the solution for fully developed laminar flow 


boundaries maintained at the initial temperature. 


in a parallel-plate channel where initially the velocity is zero and 


2 Reference [9], p. 10. 
3 Tbid., p. 130. 


Nomenclature 


By superposing 
this solution with a steady-state velocity distribution, we obtain 
the solution where initially there is a steady velocity and then 
the pressure gradient is abruptly changed to another value. The 
resulting transient velocity distribution is 


then a pressure gradient is suddenly imposed. 


9 
o 


Y?) 


ii, (-1)™ 
—-6{1—-—— > =, 008 (E,, Y )e 
th} fH En 


where the dimensionless variables are defined in the Nomencla- 
Note that the pressure gradient in the channel is taken into 
account by the steady-state relation 


—a?* ( Op ) 
ou Or /2 


Equation (2) will apply for all cases except when the final velocity 
is zero, which occurs when the pumping pressure is removed. 
In this case, by multiplying equation (2) by w/% and letting 
fi, = 0, the velocity distribution is given by 


» 


wwe (2) 


ture 


- Saeed) 
E 


4m 


6 cos (E,,Y Je Em (2a) 


m=0 


For the slug-flow approximation, the velocity is defined as 


1 
i= f udY 
0 


Integrating equation (2) yields 
> 1 — Em 
Pp 4 
m=0 ~“™ 


This can also be written in the convenient form 


(4) 


For the special case when a = 0, this is also the integrated form 
f equation (2a). 

From this relation we can gain an idea of the length of time re- 
A steady-state 
time is defined as the time required for 95 per cent of a given 


quired for the transient velocity change to occur. 


transient to take place. Hence we say that 


u 
= ().05 = 
_-—¢ ” 4 
i, ily ont, E,, 


and then solve for 0,. This yields 0, = rv/a? = 1.21. 
it room temperature in a channel '/, in. wide this gives a time of 


For water 





temperature; é, temperature of fluid entering channel (a 


constant wall temperature; ¢.,, specified wall 


> buy 


temperature before transient; t, 


», specified wall tem- 
perature during transient; (t,, — lo)max, Maximum tem- 


perature difference during transient; (1 ty),, steady- 


state temperature difference 


fluid velocity; &, mean fluid velocity; %, mean velocity 
before transient; ad, final mean velocity after transient 


Re Pr; X 


= () at beginning of a characteristic line 


dimensionless co-ordinate, (42/a) . value of \ 


atO 


axial distance from entrance of heated section of channel 
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dimensionless co-ordinate, y/a 

transverse co-ordinate measured from center line of chan- 
nel 

thermal diffusivity, k/pc, 

value of O at X = O at 

beginning of a characteristic line 


dimensionless time, Tv/a?Pr; Ob, 


dimencionless time, tv/a?; 6,, steady-state value of 6 
absolute viscosity 

kinematic viscosity 

fluid density 

time 
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about 12 sec. For air under the same conditions, since the kine- 
matic viscosity is about 15 times larger than for water, the time 


will be 1/15 as long. 


Uniform Wall Temperature 


In this section a series of transient problems will be considered 
in which the wall temperature, which is uniform along the channel 
length, is step-changed from some initial to some final value. 
First, two basic solutions will be obtained. Then a superposition 
procedure will be discussed that will provide a means for using 
these solutions to build results for more involved situations. 

Step Change in Both Wall Temperature and Pressure Gradient From an 
Unheated Initial Condition. The parallel-plate configuration treated 
here is illustrated in Fig. 1. For this solution, initially the walls 
are unheated and at the entering fluid temperature &. The flow 
Hence 
we have an unheated channel filled with flowing or stationary 


velocity has a value @,, or it can be zero as a special case. 


fluid, and the whole configuration is isothermal at temperature . 
Then the pressure gradient is suddenly changed, and the fluid 
velocity within the channel begins to adjust toward a new final 
value. At the instant, the wall temperature of the 
heated section is suddenly stepped to a new value ¢,, ,. 
The time-dependent energy equation that governs the heat- 
transfer process for slug flow in the channel can be written as 


same 


ot ot O77 
+ a - = @ (5) 
OT oy? 


To obtain the equation in this form, constant properties are as- 
sumed and viscous dissipation and axial heat conduction are 
neglected compared with heat conduction in the y-direction. For 
convenience, the equation is first rewritten in terms of the dimen- 


sionless variables 


where Re = d4a/v. If % is zero as a special case, then @, would 


be used in the Reynolds number. The slug-flow velocity ex- 


3) is then inserted into the energy equa- 


En'*Pr © oT oT 
ox 


6 


pression from equation 


tion to obtair 


1) ts = 


m= 
) 
This must be solved subject to the following boundary conditions: 


T = Oat X = Oforall Y and 9, entrance condition 7a) 


T = 0 at O = O forall Y and X, initial condition (75) 


oT 
0, symmetry 
a} 


= lat Y = +1 for all X and for 9 > 0, 


specified wall temperature (7d 


To form a transient solution we shall try a series solution of the 
same general form as the steady-state solution. For large times 

From [6] the 
steady-state solution for laminar slug flow in a parallel-plate 
channel is 


the steady-state solution will then be achieved 


- @— EX cog E,Y (8) 


For a transient solution we then try the similar form 
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1) 
2 2 ; . J F,(9, X) cos E,Y (9) 
n=0 “* 
where F,(0, X) must now be determined. For large times, F,, 
must converge to the steady-state result e~2""*. The form of 
equation (9) automatically satisfies boundary conditions (7c) 
and (7d). 
The trial solution is then substituted into the energy equation 
(6) with the result that each F, must satisfy the relation 


: z 1 ‘ oF 
Le En*Pr 8 a 
00 2 ds «° | ox 


= —E,F, (10) 


This type of partial differential equation can be treated by using 
the method of characteristics.‘ In this approach the solution is 
obtained by considering a set of auxiliary ordinary differential 
equations obtained from the terms in equation (10): 


dF, 


na ESF, (10a) 


By equating the first two of these terms we have an equation 
that can be integrated to yield the characteristic lines on the 
X-0-plane. In Fig. 2 the X-0-plane has been divided into two 
regions by the characteristic line originating at the origin. 
In region I the characteristics all originate from the X-axis, while in 


region II they originate from the 9-axis. By equating the last 


term in equation (10a) with either of the other two terms, an 
equation for F,, along the characteristic lines is obtained. 

In region I the function F, is simply obtained by equating the 
first and last terms in equation (10a) and integrating: 


0 
— Bt f de 
0 


(11) 


1 at O = 0 fulfills the boundary condition 
(7b Integrating gives 


The condition F,, = 


F. . (12) 


which is the equation for F,, in region I 


Now consider region II. From the first two terms of equation 


(10a) we have the equation for the characteristic lines, 
xX eae x , 
> u 
[ dX = i) L4+6 ( = 1) > e~ Em'Pr ®1d0 
J0 A» \ the E.,,* 


m=0 
where any characteristic in region II originates at a point 0 = 
©, X = 0. Integrating yields the equation for the characteristic 


(13) 


line 


‘ For example, reference [10], p. 371. 
— . ~TYPICAL REGION li CHARACTERISTIC 
DIVIDING CHARACTERISTIC 


TYPICAL REGION | 
CHARACTERISTIC 


REGION | 





Fig. 2 Characteristic lines on X-0-plane 


Transactions of the ASME 





: _ ¢—Em*Pr@) (44) 
. 6 


m=O 
From the first and third terms in equation (10a) we have the 
equation for F,, along a characteristic line in region II: 


°F n dF,, , °0 i 
| "= —E,2 | dO (15 
1 wn e 


The boundary condition F, = 1 at 


X = 0 (along the O-axis 
will be satisfied. 


insures that the condition (7a) 
gives the function F,, in region IT: 


Integrating 


(16) 


This equation is then solved for 0), and the result is substituted 


into equation (14) to y ield 


log, F 
E.? Ee Fa 


') 


This is an implicit equation for F,, in region II 

The dividing line between the two regions is the characteristic 
line through the origin of the X-0-plane. 
equation (14) with 0, set equal to zero: 


— 1 
1) Dg 


This is given by 


En’Pr@ _ 


6 tu; 
0 - #( 
Pr\® 


We can now summarize the solution. Equation (18) divides 


the X-0-plane into two regions. For early times, so that we 
are in region I below the dividing line, equation (12) is used for 
F,. For later times, so that 


use equation (17 


we are in region II above the 
for F,. The F, are then 
summed according to equation (9) to yield the transient tempera- 
ture distribution. Within the limitations of the assumed physi 
cal model, this provides an exact solution to the problem. 


dividing line, we 


The evaluation of the F,, from equation (17) is a fairly in 


volved computational task. Because similar expressions are en 
countered in the cases that are treated later, the method of 
will be discussed briefly. The computations were 
carried out on an IBM 704 digital computer 
first simplified by letting 


evaluation 


Equation (17) is 


log F 
E.2 e a 


so that the equation becomes 


6 u : l = <—* 
X =M ( - i) os Em*Pr My, — Em*Pr 0 
Pr te » E 4. e e 


m=) “™ 


(196 


Thus we have to determine only one M, and all the F,, in region 
II are then found from the equivalent form of equation (19a 


FP, = ¢~ 30M 
a 


(19¢ 


Since the wall temperature is specified, what we would like to 
know is how the fluid temperature or the wall heat transfer varies 
as a function of time for different axial locations along the chan- 
nel. To do this a value of 0 is first fixed in equation (19) and 
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then various values of M are substituted to yield corresponding 
X-values. M is then plotted as a function of X for the 0-value 
chosen. By doing this for several 90-values, a cross plot of M asa 
function of 9 for fixed X-values is obtained. Once M is known, 
the F,, can be found and the remainder of the solution carried out 
in a straightforward fashion. 

The heat transferred from the wall to the fluid is obtained from 


Fourier’s law: 
; ( ot 
gQ=Fk 
, Oy | yma 


From equation (9) this yields 


ga : (20) 
k(tw.2 — to) 

This expression has been plotted in Fig. 3 for the case when a, = 0; 
that is, when the pressure gradient is stepped from zero to a finite 
value. This is the most severe pressure change that can take 
place and hence reveals the maximum influence of the velocity 
transient. The evaluation has been carried out for Pr = 0.7. 
The curves show that at each location the heat transfer goes 
through a minimum and then rises to the final steady value 
This type of behavior was noted in [11], which considered the 
transient development of the free-convection boundary layer. 
In both of these instances the velocity distribution was de- 
veloping with time during the heat-transfer process. 

There is some physical interpretation that can be given to the 
characteristic solution. The dividing characteristic given by 
equation (18) gives the position as a function of time of a fluid 
particle that was at the entrance of the heated section when the 
transient was initiated. This is because this characteristic is a 
time integral of the slug-flow velocity. The characteristic curves 
in region I give the paths of fluid particles that were at some point 
X,> when the transient started. In region II, each characteristic 
curve gives the position of a fluid particle that reaches the en- 
trance of the heated section at some time 9» after the transient 
has been initiated. To understand the transient process that 
takes place in region I, consider the fluid that is at the entrance 
of the heated section at the time the transient is initiated. At 
ome later time the fluid will have traveled a certain distance 


— 
AXIAL POSITION, X= set?) 


Xx =003 


DIMENSIONLES 


Fig. 3 Wall heat-flux response after a step in pressure gradient and wall 
temperature. Pr = 0.7; initially: uv = ui = 0,f = tw.1 = fo; finally: 
U = Uo, fo = tw. 
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For 
larger distances downstream than this, there has not been any 


down the channel as given by the dividing characteristic. 


penetration, during the heating process, of fluid that was origi- 
outside the tube. no variation in heat 
transfer with X in this region, and the energy equation for region 


nally Hence there is 


I reduces to that for transient heat conduction. The solution in 
this region is then the same as that for suddenly raising the tem- 
perature at the surfaces of a solid slab. Thus in Fig. 3 the curve 
going downward at the left is the result for one-dimensional con- 
duction. When the fluid that was initially outside the channel 
reaches any given location, then the heat transfer at this position 
begins to increase toward the steady-state value. 

Step Change in Pressure Gradient With Wall Temperature Kept Constant. 
Now consider another type of transient where initially the channel 
walls are at a uniform temperature and steady-state heat transfer 
is occurring. Then the pressure gradient in the channel is sud- 
denly changed so that the flow velocity begins to adjust toward a 
new steady-state condition. Throughout this velocity transient 
the wall temperature remains unchanged. 

The analysis follows in exactly the same fashion as in the pre- 
‘eding section. For this type of transient we shall again try a 
solution of the form used in equation (9): 


n 


G,(0, X) cos E,Y (21) 


The only change from the previous section is in the initial 
boundary condition, so that equation (7b) no longer applies 
Initially in this case steady-state heat transfer is taking place, 
so from equation (8) we have the initial condition for G,, at 
0 = 0 
-Ex © 
ie 


y = i 
G, = 


The ratio @,/t%, appears because X is nondimensionalized on the 
basis of ti, whereas at time zero in this problem the velocity is 7, 

For a characteristic line in region I we equate the first two 
terms in equation (10a) and integrate: 


en : 
.({ & l Em'*Pr © 
| ‘+? ( te ' ) d BE. r id 


« “™ 


23a 


This gives 


23b 


lo obtain G, along this characteristic originating at XY = X, and 
©) = 0, integrate the first and third terms of equation (10a) with 


G,, replacing F,, 
°C n dG .3] 
= —E2 | dO 
Je En*Xo(a@:/a G, 0 


G, = ¢~ Bn*lO+X 24b 


n 


which vields 


his is solved for Xo, and the result is substituted into equation 
236) to eliminate the arbitrary starting point X). The resulting 


relation for G, in region I is 
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The dividing characteristic and results for G, in region II are 
the same as for F, in region II in the preceding section, since the 
only change in the present problem was confined to the initial 
condition in time. Hence the dividing characteristic is given by 
equation (18), and G, in region II is found from equation (19c) as 

G, = @~ aE (26) 
where M is obtained from equation (19b). 

In Fig. 4, a particular example of this type of solution has been 
evaluated for Pr = 0.7. For this example the pressure gradient 
was given a step increase from an initial zero value. Initially 
then, there is no flow and the fluid in the heated section of the 
channel is all at the wall temperature with no heat being trans- 
ferred. When the flow begins, there is a transient period during 
which the old fluid at temperature ¢, is being swept out of the 
channel by the entering fluid at temperature %. During this 
period, which occupies region I, there is no wall heat transfer. 
This can be seen from equation (245), where G, = 0 if a, is zero. 
After this initial transient period, heat transfer begins and the 
values rise toward the steady-state results. Because of the simi- 
larity of the two problems, the results of Fig. 4 were obtained for 
this special case from the calculations in the preceding section by 
merely letting the F,, in region I be zero. 

Step Change in Both Pressure Gradient and Wall Temperature With 
Initial Steady Heating. In this section a more general case is con- 
sidered. Initially there is both flow and steady-state heat trans- 
fer. Then both the pressure gradient and wall temperature are 
changed abruptly to new values. The resulting transient can be 
computed by a superposition of the two more elementary solu- 
tions found in the preceding sections. The superposition is il- 
lustrated in Fig. 5. The first part of the superposition is the case 
treated in the first section, and the solution from equation (9) is 


(—l)* 


E F (0, X) cos E,Y 


n 


n=0 


= (too — tw,)[F, solution] (27a) 


The second part of the superposition in Fig. 5 was treated in the 
last section, and the solution from equation (21) is 


(—1) 


G,(9, X) cos E,Y | + to 


- te) (G,, solution] + & 


36 


AXIAL POSITION, X= 


4x 
a Re(0 7) 
32 


ze 


24 


x=0.03 








t 2 em 

DIMENSIONLESS TIME, ®-F57) 

Fig. 4 Wall heat-fiux response after a step in pressure gradient with wall 
temperature kept constant (f,..2 = tw.;), Pr = 0.7; initially: vu = vu, = 0; 
finally: v = w 
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(or q,~4,) 


Fig. 5 Superposition of solutions for changing both pressure gradient 
and wall temperature (or wall heat flux) 


Adding solutions, we then have the final result for the most 
general case treated here: 


bet P oe 
F, solution] 
t 


—t 
> |G, solution] (27c) 
lw2 — to 


Uniform Wall Heat Flux 


A series of problems are now considered in which the wall heat 
flux is specified rather than the wall temperature. This type of 
problem is encountered, for example, in transients associated wit! 
nuclear-reactor operation. As in the foregoing analysis, two 
basic situations will be considered first, and then a more general 
case will be treated by superposition. 

Step Change in Both Pressure Gradient and Wall Heat Flux From an 
Initially Unheated Condition. For this solution the walls of the chan- 
nel are initially unheated and at the entering fluid temperature 
fo. The flow Then an 
abrupt change in pressure gradient is made and at the same in- 
stant a uniform wall heat flux q, is applied 


velocity is steady at the value of @, 


The energy equation that governs the ensuing transient process 
), except that the di 
pendent variable will now be called 7'*, which has the dimensior 
less form 


is the same as that given in equation (6 


t¢—f 
ye 


q2a k 


The boundary conditions are the same as in equations 7 
for condition (7d), 


except 


which now becomes 


oT* 
( ) - +1 at } 
0} 


The steady-state solution for laminar slug flow with uniform 


+1, forall X andfor 0 >0 (28 


wall heat flux is given in [6] as 


T? = | i ne)*®X aos nt) 


cos n7wY 


H,(0, X 


>» ie 
d nw )* 


Substituting into the energy equation (6), the function H» must 


satisfy the relation 
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e~ Em*Pr °| oH» _ 


E,‘ ax 


“m 
(3la) 


where the one on the right-side results from the second derivative 
of the (3Y? — 1)/6term. The H, are found from 


“@ Em'’Pr @ oH, 
‘ ox 


= —(nm)*H, (31b) 


Each of equations (31) will now be solved by using the method of 
characteristics. 

The ordinary differential equations associated with equation 
3la) are 


dQ = - venti 


’ uy = 1 
1+6(2-1) DO de 
m= a 


= dH, 


Em'*Pr 0 


(32) 


From the initial condition of unheated fluid in the channel, Ho 
must be zero at 9 = 0. Hence in region I by integrating the 
first and last terms in equation (32) we obtain, 

H, = 9 (33) 


In region Il, Ho must be zero at X = 0 in order to maintain the 
entering temperature at f&. In region II we obtain by integrating 
along a characteristic starting at 0, 

HH, =-0-0, (34a) 


The characteristic line in region II is found by integrating the 
first and second terms in equation (32) subject to the initial 
condition that at X = 0,0 = 0,, 


¥=-@-@Q@ - 


Em*Pr 0) (34b) 


e 


m=0 


Eliminating 0» from equations (34a) and (34b) yields the implicit 
relation for Hy in region IT: 


6 1 
H l e~ = 
S ( ) p> E,,§ 


m 0 
rhe dividing characteristic for the Hy-function is obtained from 
equation (346) by letting 0, = 0: 


6 u; | 
0 | ( 
me (Ge ~*) 2, 2 


m 0 
Equation (316) is treated in exactly the same way as (31a) 


Pre (1 eEn'*PrH 


(34c) 


EntPr®O® _ 1) (35) 


The boundary conditions are that H,, is unity for 09 = 0 in region 
I, and unity for X = 0 in region II. 


follows: 


The final results are as 


Region I 


tegion II 


X = ——— log, H, 


(nr )* 


oS loge Hn 
na)* (36h) 
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Dividing characteristic 


1 . 
_ ,-En*PrO _ 
:) ai E, (le r 


It is noted that some of these equations are the same as those 


(36c) 


found for the uniform-wall-temperature case; for example, equa- 
18) and (19)) are the same as equations (35) and (34c). 
If we let N equal 


tions 


(nw)? log. A. 


in equation (365), then the resulting equation for N is the same 
is that for H» in equation (34c). 
the computational effort is greatly reduced. 


Because of these duplications 


For a case where the wall heat flux is specified, we would like 
to compute the wall-temperature behavior. From equation (30) 


the wall temperature is given by 


t, — t 1 — 1 
: = = H(8, X) + 3 — H,(0, X) 
q2a 4 


- d 37) 
~ (nw)? av“) (od 


As ar 
where @ 0; 


example, this expression has been evaluated for the case 
that is, initially there is no flow. Then a pressure 
gr nt is applied, and the wall heat flux is stepped from 0 to 
‘wo Prandtl numbers have been used, 0.7 and 0.01, which 
pical of gases and liquid metals. The results are given in 


gs. 6(a) and (6) and they illustrate how the wall temperature 


uries with time for a few axial locations. It is seen that the wall 
emperature increases to a maximum during the initial period of 
ire one-dimensional conduction, and then decreases to the 
teady-state value as the velocity accelerates to its final value. 
iis overheating may be of some concern in practical situations 
in practice the heat capacity of the walls will tend to 
the Prandtl 


ber was left out of the dimensionless axial position and time 


ourse, 
nooth out the temperature behavior. In Fig. 606 
is keeps the numerical magnitudes in the same range as in Fig 
rhe ordinates 
How- 


ever, because of the large values of thermal conductivity for liquid 


where the Prandtl number is of order unity 
Fig. 6(b6) are quite large compared with those in 6(a 


red with gases, the actual wall te mperatures for 


will generally be smaller for the liquid 


ull temperature at a given position occurs 
is at the entrance of the heated section when 
that X-loca- 
be found from the equation of the dividing 


reaches position For an) 


rhe time can be used in the equations for region | 
peak in wall temperature. The peak value is then 
ial steady wall temperature for that X-location, 
plotted in Fig. 7 for various Prandtl numbers 
large X-values, the time for the fluid to reach a givea 
cation is large compared with the time for the velocity transient 
transient becomes 


ccur Hence, for large X, the velocity 


stem behaves as if a steady velocity i, 


unimportant, and the sy 


always present The curves in Fig. 7 thus move toward a 
| 


1ity for large X, since for the steady-velocity case there 


» peak in wall temperature [6 

I'o understand the behavior of the curve at small X-values, fix 
attention on a fluid element extending across the channel width 
al f length dr. The particular element of interest is located at 
the entrance of the heated section at the instant the pressure 
gradient is applied. The peak wall temperature at any X-location 
occurs at the time that this fluid element passes that position. 
As it travels downstream it receives an amount of heat equal to 


2q dz per unit time. Thus the longer it takes for this fluid ele- 
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TIME, @=—yt*— 
. o* (07) 
Fig. 6(a) Wall temperature response after a step in pressure gradient 
and wall heat flux. Initially: uv = u, = 0,q = q: = 0; finally: uv = uv 
q = qu Pr = 0.7. 
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Fig. 6(b) Wall temperature response after a step in pressure gradient 
and wall heat flux. Initially: vu = v, = 0,q = qi = 0; finally: v\|= 
vy, 9 = qy Pr = 0.01. 








Fig. 7 Ratio of peak to steady-state wall temperature after a step in pres- 
sure gradient and wall heat flux. Initially: v = uw = 0,q = qi = 0; 
finally: v = vw, q = q. 


Transactions of the ASME 





ment to travel to a given location, the hotter it will be when it 
reaches there. While this element is traveling to small X-values, 
the fluid velocity is very small because the flow has not had time 
Thus compared with steady state, 
where the velocity has accelerated to its final value, the fluid ele- 
ment will be much hotter when reaching locations at small values 
of X. This causes the curves in Fig. 7 to be increasingly higher 
as the X-value is decreased. 

Step Change in Pressure Gradient With Wall Heat Fiux Kept Constont. 
For this case there is initially a steady-state heat transfer taking 
place with uniform wall heat flux. Then the pressure gradient is 
abruptly changed so that the velocity undergoes a transient to a 
new steady value. 
heat flux is kept constant at the initial value. 
again try a solution of the form given in equation (30): 


to accelerate appreciably. 


Throughout this velocity transient the wall 


For this case we 


a4 
— 


3} 
T* = L(@,X) + 


L,(9, X)cosnwY (38) 


> : — 
= (nr)? 

In region II the boundary conditions at X = 0 are the same for 
this problem as in the preceding case. Hence for region II the 
values for Ly and L,, are equal to those for Hy and H,. The only 
thing new to consider is in region I. 
distribution can be obtained from equation (29) as: 


The initial temperature 
at 0 = 0), 


n 


— (-1 a 
> ~ e~ (m=) (as a;)X cos ny 3g 
a (ary 


The initial condition on Ly is then Ly = (t/a, )X_ for a charac 
teristic line starting at 0 = 0 and X = X4. 
equations are the same as those given in equation 


The characteristic 
32), so the 


behavior of LZ» along a characteristic line in region I is given by 


Lo 8 
f . diy = f. dO 
ii2/ ti) Xo 0 


6 4. —— J. 410) 


The characteristic line in region I is found by integrating the first 
two terms in equation (32) with the initial conditions X = X, at 
0 = 0: 


Eliminating X> from equations (40) and (41) results in an expres- 


sion for Lo in region I: 


m 


The expressions for L, are found in the same way, except that 
at O = 0, L, = e~ ("7 *(aa/t) X 


Xo. This yields for region I 


for a characteristic originating at 


log, L, = (nw)? 10 4 
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With these equations we have Ly and L,, in regions I and II, and 
the solution as given by equation (38) can be carried out. A 
numerical example will be discussed in the next section. 

Step Change in Both Pressure Gradient and Wall Heat Fiux With Initial 
Steady Heating. Now a more general case can be solved by super- 
posing the two preceding solutions. Initially there is a steady- 
state heat transfer with a flow velocity @, and a wall heat flux g;. 
Then the pressure gradient is changed abruptly and the wall heat 
flux is also changed. A transient process ensues, and a steady 
state is eventually achieved with the velocity a, and the wall heat 
flux ge. 

The superposition proceeds in the same manner as that given 
for the uniform-wall-temperature case. The procedure is il- 
lustrated in Fig. 5. 

The first part of the superposition is the case treated by equa- 
tion (30). This yields the temperature distributicn 


a . , 3¥?-1 
2-H) 5 | w00, n+ 


6 
— (-—1)" 


o 


H,(9, X) cos nay | 
(nr)? 


=1 


(gz — 41) [|H,, solution } (44a) 


second solution to be superposed is obtained from equation 


L,(®, X) cos na | + t 


a 


k 


L,, solution] + to 


n 


Adding yields the desired general result, 


JE FOR @-@ 








®* 07) 


Fig.8 Wall-temperature response after a step change in pressure gradient 
and wall heat flux. Pr = 0.7; q:/q2 = 5; u:/u2 = 10. 
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(44c) 


solution] 


(1 : ) H,, solution] + 2 [L,, 


/ 92 
\ numerical example has been computed from this relation and 
is given in Fig. 8. Here there is initially a steady-state flow and 


wall heat transfer. Then the pressure gradient is abruptly de- 
creased so that the velocity coasts down to one tenth of its original 
value. Simultaneously, the wall heat flux is dropped by a factor 


When the heat flux is abruptly reduced, there is a rapid 


ol o 
decrease in wall temperature, since the velocity is still at a high 
value rhis closely follows the process that would be obtained if 
the fluid flow were held steady while the heat flux was changed 
AD Then as the velocity gradually slows down, the wall tem- 
This is the 
type of transient that might be encountered in a nuclear-reactor 


perature rises to the final steady-state distribution. 
oolant passage when the power is suddenly reduced as the result 
of a primary cooling-pump failure 


Discussion 


A method has been presented for evaluating transient heat- 


tr 


insfer effects during unsteady flow conditions. The numerical 
overshoots can occur in 
Two of the 
The 
the assumption of negligible wall 


eX ample s illustrate how heat-transfer 
situations where the velocity is changing with time 
here should be discussed further. a 


ind (b 


thlons made 


issumMy 
restrictiol 


siug flow 


heat capacity 
The simplificatior 
made it 


ring energy 


provided by the slug-flow assumption has 


wesibie te 
i 


obtain exact mathematical solutions to the 


ition. From these it is possible to gain a 
different 


values 


the transient for 


The 


mewhat in error compared to the true situation with a 


pr ! terpre tation ofl processes 


nal boundary conditions numerical are of 
irse st 
The authors are current], 

least partially for the 
wross the channel. By 


that the «| 


two-dimensiona elocit 


distribution 
xtending the nalveis to account at 


city distributior comparing [6 and 


is seer ig-flow approximation does yield a good 
sical behavior for the transients considered 
will be expected to moderate, to some ex 
The re- 
the extreme cases when the wall heat ca- 
compared to that of the fluid If 
ced between the heat source and the fluid 


nse in the heat-transfer behavior 


a wall of 


t flowing to the fluid, and this will enable th« 


Hence 


i lesser role in this instance. 


the velocity 


For a wall of 


proce ed partially 


upacity, the velocity may reach a new steady 
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Then the 
velocity transient would not have to be considered in the analysis, 
and the information in [4 to 7] could be utilized 


state before the heating within the channel starts. 


In closing, it should be mentioned that this type of analysis is 
not restricted to abrupt pressure-gradient changes, but can also 
be solved for other timewise pressure variations. The work is 
currently being extended to the case where a pulsating pressure 
gradient is present. By additional superposition, more compli- 
For example, 
the specified wall temperature or heat flux could vary in the axial 


cated wall boundary conditions could be treated. 


direction. The parallel-plate channel could be treated with one 


wall heated and one wall insulated. The analysis could also be 


carried out for other geometries such as the circular tube. 
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Introduction 


HE PREDICTIONS of fully developed turbulent pres- 
sure drops in noncircular ducts are presently based mainly on 
empericism. It has been found by Nikuradse [1]! and others, 
that for a wide variety of duct shapes, the pressure drop correla- 
tions which are valid for circular tubes may be applied to noncir- 


: (4 X cross-sectional area 
cular ducts if the hydraulic diameter 


perimeter 

is substituted for the characteristic dimension in the friction 
factor and the Reynolds number. A large number of such in- 
vestigations which relate to this hydraulic diameter concept 
have been summarized by Claiborne [2] and Eckert and Irvine 
[3]. 
Although the above procedure appears to work for a wide 
variety of cross sections, there is little rational justification for 
its use and it throws no light on the basic mechanisms involved 
in noncircular duct flow. In addition, there is no guarantee that 
the hydraulic diameter rule will continue to apply to as yet un- 
investigated shapes 

Recently, Deissler and Taylor [4] have attempted to construct 
a model of turbulent noncircular duct flow from which calcula- 
tions of the velocity field and pressure drop may be made. Es- 
sentially, their procedure consists of the specification that on 
lines normal to the duct walls the velocity distribution may be 
characterized by the universal velocity profile which has been 
established for circular tubes. This specification, if the point of 
maximum velocity is known, is sufficient to define an iterative cal- 
culation technique to determine the velocity field. Using this 
approach they have calculated the fully developed turbulent 
velocity field for a square and an equilateral triangle 

The analysis of Deissler and Taylor does not take into account 
secondary flows and the presence of exaggerated laminar sub- 
lavers in corner regions. The former have been observed in a 
number of experiments, for example in [1], and the latter have 
been investigated for narrow triangular shapes by Eckert and 
Irvine [5]. Nevertheless, for the square and equilateral tri- 
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Nomenclature 


Fully Developed Pressure Drop in Triangular 
Shaped Ducts 


angular shape, the agreement between their calculations and 
experiments is satisfactory. 

The purpose of the investigation reported here was to obtain 
pressure drop data for duct shapes which were more extreme than 
those investigated by Deissler and Taylor and which thus pre- 
sented a more critical test of their analysis technique. These 
measurements were made on ducts with narrow isosceles tri- 
angular cross sections. It was also suspected from the nature of 
the flow in narrow corner regions [5] that large deviations might 
be expected from the use of the hydraulic diameter rule for such 
shapes. Such deviations had been observed previously on similar 
ducts and reported in [6]. 

Friction factors were measured therefore for isothermal, fully 
developed, laminar and turbulent flow in smooth isosceles tri- 
angular ducts having apex angles that varied from 4 to 39 degrees. 
Comparisons were made between tie measurements and the 
values predicted by Deissler and Taylor for apex angles of 12 
and 22.3 degrees. The calculations predicted that the friction 
data should fall below the circular tube line which agreed with 
experiment, although the quantitative comparison was not good. 
The hydraulic diameter rule was in error by 4 per cent for 
the apex angle of 38.8 degrees and by 20 per cent for the 4 degree 
apex angle. 


Apparatus 


The experimental apparatus used to obtain pressure drop data 
was similar to that described in [3] with the exception of the 
duct cross section and the entrance shape. In the setup used, 
air was drawn through the duct by a blower located downstream, 
after passing through a dust filter and cloth screen to reduce 
large scale inlet disturbances. The air then flowed past an abrupt 
entrance and into the hydrodynamic entrance section where 
fully developed. It then entered the 


where the pressure drop readings were made, which consisted of 


it became section 


four identical test sections in series. These multiple sections 
served to check on the reproducibility of the measurements and 
to insure that the flow was fully developed. The pertinent di- 
mensions of the duct are listed in Table 1 for the various apex 
angles investigated 

After leaving the test section, the air passed through a transi- 
tion section which changed the cross section to a circular shape 


by abrupt expansion. It then flowed through a flow measuring 





constant in equation (3 


hydraulic diameter 


Reynolds number, equation (2) 


average velocity in flow direction 


p = mass density 


a = dynamic viscosity 
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refers to circular tube (See Fig. 10) 
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device, a throttling valve, and back to the room through the 


| 
blower 


Table 1 Dimensions of experimental ducts 


Hydro- 
dynamic 
entrance 

length, 
hydraulic 

diam diam 
175 123 
248 58 


Individual 
test 
section 
length, 
hydraulic 
Hydraulic diam, in. 
0.1516 + 0.0004 
0.2895 +> 0.0006 
0.4227 + 0.0009 170 1) 2 

0.0010 101 23 


0.7122 + ( 
+ 0. OO14 6S 16 


1.0526 


A sketch of the cross section of the duct is shown in Fig. 1. 
Each of the five ducts has identical parts except for their re- 
spective base plates which specify the apex angle. It may be 
noted in the figure that each pressure measuring station has two 
wall pressure taps at different transverse locations. This was 
for the purpose of checking for pressure differences normal to the 
flow directions. Such differences were found to be 

All pressure taps consisted of a wall hole 0.018 
id, following the specifications of Rayle [7], had a 
“ountersink depth to hole diameter ratio of one half. 


The possibility of 


pressure 
egligibly small 


in. diameter ar 


1ir leakage into the duct exists where the 
plate. In operation, 
this seam was taped and painted after which leakage rates were 
measured | The influence of leakage 
liscussed in the section on errors 
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manometer schemes were used. For pressure differences greater 
than 0.01 in. of H,O, a commercial manometer (Meriam Tupe 
A-750) was used which had an estimated accuracy of +0.0005 
in. of water. For smaller pressure differences the special micro- 
manometer described in [8] was utilized. The latter can measure 
pressure differences of 0.001 in. of H,O with an accuracy of one 
per cent. 

Mass flow rates were determined either with Fischer Porter 
“Flowrators” or standard ASME flange tap orifices. The ac- 
curacy of each orifice is specified as 0.5 per cent and in their over- 
lapping flow ranges, the orifices agreed to within 0.4 per cent. 
The accuracy of the Flowrators is estimated as one per cent. 

Inlet air temperature was read from a calibrated mercury-in- 
glass thermometer positioned at the duct entrance. This tem- 
perature was used to evaluate physical properties and to cal- 
culate the density at the pressure and flow measurement stations. 
The accuracy of the thermometer was within 0.2 deg F for norma! 
room temperature and this uncertainty had a negligible effect on 
any results. Barometric pressure was obtained from a Fortin 
type 2-380 barometer which is accurate to within 0.03 per cent. 

As shown in the following section, the experimental data are 
presented in the form of friction factor against Reynolds number. 
These two quantities are defined by the following equations. 
The section on Nomenclature should be consulted for the meaning 
of the 8\ mbols. 


AP 
AZ 


Re = (2) 


A careful error analysis was made of the effect of instrument 
errors, geometric uncertainties, and duct leakage on the friction 
factor and Reynolds number. It was concluded that the maxi- 
mum systematic error was 2.5 per cent in the friction factor and 
2.12 per cent in the Reynolds number. These figures may be 
taken as the accuracies of the final results. The details of the 
error analysis are given in [9] 


Presentation of Results 


For each duct angle, friction factors were measured in the 
laminar, transitional, and turbulent regimes. The laminar data 
when compared against available theoretical solutions served 
us a check on the operation of the apparatus and added con- 
fidence to the turbulent flow results. 

Figs. 3, 4, 5, 6, and 7 show the experimental friction factors 
for apex angles of 4.01, 7.96, 12.0, 22.3, and 38.8 degrees, re- 
spectively. Also shown in the figures as solid lines are the 
laminar solutions and the Blasius solution for the circular tube 








Reynolds Nemder * 10 


Fig. 3 Friction factor versus Reynolds number 2a = 4.01 deg 
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in turbulent fully developed flow. For the four smallest angles 
the laminar solutions used were those of Yen’s [10] for a circular 
sector having the same apex angle. 
The 


solid points in Figs. 5 and 6 are calculated points and will be 


solution of Nuttall [11] for an isosceles triangle was used. 


discussed later 

Fig. 8 shows a comparison of the laminar results with the 
calculated lines. The open circles which are averages of all 
laminar points for each duct angle are values of the product 
friction factor against Reynolds number which has a unique 
value depending upon the cross-sectional shape for laminar flow 
The solid lines in the figure are the theoretical solutions discussed 


above. It will be noted that the measurements differ from the« 
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Fig. 4 Friction factor versus Reynolds number 2a = 7.96 deg 
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Fig. 5 Friction factor versus Reynolds number 2a = 12.0 deg 





For the 38.8 deg angle the 


‘Circular 


This is in 
good agreement with the predictions of the error analysis. 


calculated line by about 2 per cent in the worst case. 


Discussion of Results 


Comparison of Figs. 3 through 7 shows that as the apex angle is 
made smaller the friction factor falls a greater amount below the 
circular tube line. This is seen more clearly in Fig. 9 where all 
The lines identified 
by the apex angles in this figure represent the best fit of the 
experimental data. The two curves for 22.3 and 38.8 degrees 
are dashed at the lower Reynolds numbers because the flow ap- 


of the data are shown on a single graph. 


pears to be still in transition in these regions. 
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Fig. 6 Friction factor versus Reynolds number 2a = 22.3 deg 
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Fig. 9 illustrates that the hydraulic diameter rule does not 
hold for the cross sections investigated and that the deviation 
s greatest for the small angles. Figs. 5 and 6 which contain 
the solid points calculated by the method of Deissler and Taylor 
show that for the 12 and 22.3 degree ducts their calculation 
method underestimates the friction factor by almost as much as 
the hydraulic diameter rule overestimates it, although the trend 
is in the right direction. It would appear that the considerable 
difficulty involved in the Deissler and Taylor calculation pro- 
cedure is not justified for the types of cross sections considered 
here 

Fig. 10 is presented as a correlation of the experimental data 
to include the effect of apex angle. This is done by defining a 
constant in a form of the Blasius equation: 


O32 
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Fig. 10 Final correlation of friction data including comparison with data of Schiller 
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where “C”’ is a strong function of apex angle and a weak function 
Reynolds 


own for two representative Reynolds numbers. 


The correlation is 
The 
zontal dashed line represents the constant for a circular tube 
ind is identified as C* 
tudy 


number as shown in Fig. 9. 


a} hori- 


For the Reynolds number range of this 
from Fig 
the limits of the experimental error 


the V al 1€s8 of — 


10 represent the data within 

Also shown in Fig. 10 are 
the measurements of Schiller [12] made on an equilateral triangle 
The agreement between his data and the extension of ours is 


within the combined error limits of the two experiments. 


Summary 


The friction factor for fully developed laminar and turbulent 
flow in smooth wall isosceles triangles of varving apex angles has 
een measured in the Reynolds number range from 500 to 30,000 
In the 


s within two per cent 


laminar regime the measurements agreed with calculated 
In the turbulent regime the use of 
the hydraulic diameter rule predicted friction factor values 20 
per cent high for the four de gree apex angle and 5 per cent high for 
the JS.8 ingle The turbulent data 


vithin two per cent of a mean curve, 5000 < te < 


described 
30,000, using 
as correlating param- 


legree may be 


the apex angle and hydraulic diameter 


eters 
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The Effect of a Longitudinal Magnetic 
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flow of mercury 


to 0.2 in. diam 


Field on Pipe Flow of Mercury 


An experimental investigation has been made of the effect of an axial magnetic field on 
transition from laminar to turbulent flow and on the turbulent friction factor for pipe 
VMagnetic-flux densities up to 5700 gauss were obtained with a 
water-cooled solenoid 


Pipes of glass and aluminum were used of approximately 0.1 


The maximum Hartmann number, with the hydraulic radius (half 
the actual radius) taken as the characteristic length, was about 20. 
made of the pressure gradient and velocity of flow. 


Measurements were 
The transition Reynolds number 


was determined from the curve cf friction factor against Reynolds number. 
The results show an increasing value of minimum transition Reynolds number with 


Hartmann number 
friction factor and « 


Introduction 


Waics an electrically conducting fluid flowing through 
a pipe is subjected to a magnetic field parallel to the direction of 
the flow, there will be no interaction between the fluid and the 
magnetic field as long as the flow is laminar, because the flow and 
the magnetic vectors are then parallel. If the flow is turbulent 
however, there will be components of velocity perpendicular to 
the magnetic field, and an interaction can be expected. The 
interaction will result in generated emf and currents in the fluid 
These currents will in turn interact with the magnetic field to 
produce a ponderomotive force. By Lenz’s law, the direction of 
this ponderomotive force will be such as to oppose the transverse 
motion that gave rise to the interaction. 

We are thus led to speculate that a magnetic field parallel to 
the direction of flow in a pipe may represent an additional sta- 
bilizing influence, and may thereby delay the transition fron 
laminar to turbulent flow. We may also speculate that a mag 
netic field might actually suppress turbulence in a conducting 
fluid, and re-establish laminar flow at Reynolds numbers above 
transition. 

The instability of plane Poiseuille flow of a conducting fluid 
under the influence of a magnetic field parallel to the flow, was 
first examined theoretically by Stuart [1],? who found that such 
a field does in fact increase the critical Reynolds number. It is 
difficult to apply Stuart’s results directly to an experiment, be- 
cause it is known that stability theory is not completely successful 
in predicting the onset of turbulence in pipe flow. For example, 
for plane Poiseuille flow, theory predicts a critical Reynolds num- 
ber (4v6/v) where v is the average velocity, 6 is the half separation 
of the planes, and » the kinematic viscosity of about 14,000, 
reference [2]; however, transition to turbulence occurs, if entry 
conditions are sufficiently disturbed, at Reynolds numbers be- 
tween 2000 and 3000, reference [3]. For axisymmetric Poiseuille 
flow, infinitesimal disturbance theory predicts the fully de- 
veloped flow to be completely stable [4], although in fact transi- 

‘The material in this paper forms part of a PhD thesis submitted 
under the guidance of Prof. R. W. P. King to Harvard University 
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The magnetic field also brought about a decrease in the turbulent 
yrresponding shear force at the wall. 
f 5 J 


tion to turbulence occurs at a Reynolds number of about 2000, 
reference [3]. 

In view of the failure of stability theory to account quantita- 
tively for transition of Poiseuille flow in ordinary hydrody- 
namics, it is hardly to be expected that Stuart’s analysis should 
yield quantitatively correct results in magnetohydrodynamic 
pipe flow. However, one might hope that the theory would in 
some way predict correctly the effect of the magnetic field. It 
turns out, in fact, that an empirical modification of the theory 
loes agree quantitatively with the experimental results, so far as 
the effect of the magnetic field is concerned. 

In order to maintain the distinction between the instability (if 
iny) predicted by theory, and the transition observed in prac- 
tice, the Reynolds number at which transition occurs will be 
called the “transition Reynolds number.’’ The term “critical 
Reynolds number’ will be reserved for the minimum Reynolds 
number of neutral stability as predicted by stability theory. Now 
it is well known that in pipe flow the value of the transition 
teynolds number is not unique, but depends on conditions at the 
entry to the pipe [5]. If the entry is kept smooth, transition 
will occur at much higher Reynolds numbers than the value of 
2000 usually cited. However, there is a minimum value of the 
transition Reynolds number, which is observed when the entry 
conditions are sufficiently disturbed. It is this value that was 
obtained in the present experiment, by having the fluid enter the 
pipe over a sharp lip. 

The primary object of this experiment may then be stated as 
follows: To measure the effect of a longitudinal magnetic field on 
the minimum Reynolds number of transition. A secondary 
object was to determine the effect of this field on turbulent flow. 


Experimental Arrangements 


The general experimental arrangements are shown sche- 
matically in Fig. 1 


The magnetic field was provided by a water-cooled solenoid, 
wound with copper tubing of '/,-in. OD and 0.031-in. wall, which 
was first ovalized in cross section. Cooling water was passed 
through the interior of the tubing. The main winding of the 
solenoid consisted of 20 layers of 58 turns each layer; to improve 
the uniformity of the field, a corrector winding, consisting of 16 
layers of 6 turns per layer, was placed outside each end of the 
main winding. The position of the corrector windings was ad- 
justed axially to give best uniformity of the longitudinal field 
along the axis. The solenoid had an ID of 1'/: in. and a length 
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Fig. 1 
Mercury is pumped from sump to reservoir by means of peristatic pump. 
Overfiow line helps to maintain a constant level in reservoir, and to smooth 
out fluctuations of pump. Mercury then passes through flowmeter, through 
test section within solenoid, and beck to sump. Pressure drop between 
taps is measured by means of electromagnetic pump and electromagnetic 
flow indicator; as described in text. 


General experimental arrangements 
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Fig.2 Flux density on the axis of the solenoid (for a current of 100 amp) 


which the central 12 in. was the working length 


» central 


12 in. the longitudinal component was uni- 

about +1! 
it was less than 1 per cent of th 
A few me 


ymnents of 


2 per cent and the maximum transverse 
longitudinal com- 
ponent isurements about '/; in. off the axis showed the 


: ignetic field there to be uniform within the same 


limits. The longitudinal and transverse components of the field 
are plotted in Fig. 2. The longitudinal flux density was measured 
with a fluxmeter manufactured by the Sensitive Instrument Re- 
search Company, and the transverse flux density with a Rawson 
Type 402 rotating-coil gaussmeter. The highest flux density in 
the experiment was 5700 gauss. 

The fluid used in the experiment was mercury. The mercury 
was lifted from the sump, Fig. 1, to the reservoir by means of a 

peristaltic’? pump manufactured by Sigmamotor, Inc. Such a 
pump produced a fluctuating output, which was smoothed out 
by the volume of the reservoir as well as by the overflow line 
from the reservoir to the sump. 


445 


The overflow line also served 
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to provide a constant head of mercury, nearly independent of the 
rate of flow through the mercury circuit. 

From the reservoir the mercury flowed through an electro- 
magnetic flowmeter, then through the test section located within 
the solenoid, and back to the sump. The rate of flow was con- 
trolled by throttling the line with a screw clamp just upstream of 
the sump. 

The test sections themselves were glass or aluminum tubes. 
The entrance of each test section had a sharp lip to provide a dis- 
turbance to the flow and promote transition to turbulence at the 
minimum transition Reynolds number. Pressure ports of '/1 in. 
diam were drilled through the wall of the tubes, and a glass half- 
round which itself had a blown “‘L’’ connection, was cemented over 
each pressure port. Tygon tubing was attached to the L, and at 
its other end, connected to the pressure-measuring apparatus. 
Connections between sections of the main mercury circuit were 
also made with Tygon tubing. 

The volume velocity of the mercury was determined by 
means of an electromagnetic flowmeter, which was calibrated by 
weighing the amount of mercury passing through it in measured 
intervals of time. The electrical output of the flowmeter was 
measured with a potentiometer. 
of about ' 


The flowmeter gave a precision 
The magnetic field for the flowmeter, 3300 
oersteds, was provided by a permanent magnet. The flowmeter 
element itself had a bore of '/, in., and was made of Kel-F 
The the flowmeter were stainless-steel 

Pieces of glass tubing, 7 mm ID and 25 in. long, were 
connected to the flowmeter element on both sides by means of 


2 per cent. 


plastic electrodes in 


screws 


These entrance and exit sections 
were fixed in orientation with respect to the flowmeter element. 


short stubs of Tygon tubing. 


The possible change in sensitivity that may occur from changes 
in the flow profile through the flowmeter [6, 7], arising from 
changes in the orientation of the entrance and exit sections, was 
thereby avoided. 

Apart from the electrodes in the flowmeter, the electrodes in the 
pressure-measuring apparatus, described later, and the aluminum 
test sections, when they were used, all parts of the mercury circuit 
were made of glass, Tygon tubing, or other plastic. All glass 
portions of the system were scrupulously cleaned before the system 
was filled with mercury, and Tygon tubing was never reused. 
Under these conditions, the apparatus could be run for a period of 
4 or 5 weeks before the mercury began to show appreciable dis- 
coloration, and even at the end of this time, there was no change 
detectable in the operation of the system which could be at- 
tributed to the contamination of the mercury. On dismantling 
the system, one could see a film of discoloration adhering to the 
Tygon tubing, and to any glass that was struck by mercury in a free 
stream, asinthesump. These surfaces apparently acted as a filter 
for contaminants, while the glass test sections appeared superfi- 
cially to be as clean on removal as they were on insertion 

The contact resistance between the stainless-steel electrodes 
and the mercury was found to be negligibly small unless the 
electrodes were exposed to the air after they had once been in con- 
tact with mercury. Under such circumstances the resistance be- 
tween the terminals of the flowmeter increased to a fluctuating 
value of tens or hundreds of ohms. Careful cleaning of the sur- 
faces of the electrodes after every exposure to air remedied this 
difficulty. 

Measurement of the radius of the test section needs to be made 
with precision, because for a given rate of volume flow, the fric- 
tion factor in a circular pipe is proportional to the fifth power of 
the radius. With the glass tubes, the average radius was deter- 
mined by weighing the amount of mercury it took to fill a meas- 
ured length of the test section between the pressure taps, the 
length being determined with a cathetometer. This observation 
was estimated to be precise within '/, per cent or better. With 
the aluminum test section the measurement of the radius had to 
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be made mechanically, with a Starrett “small hole gage.” This 
determination was estimated to be correct within 0.001 in. in 
0.196 in. or about '/: per cent. 

The greatest problem associated with filling the system was the 
elimination of air bubbles. To assist in this process, vents, con- 
sisting of vertical glass tubes, were added at several of the junc- 
tions between sections of the circuit. Even so it was an arduous 
and delicate task to remove the bubbles. It was necessary to 
leave enough slack in the hoses connected to the test sections so 
that the test section could be removed completely from the 
solenoid, while the mercury circuit remained intact, in order that 
bubbles might be removed from the test section, the pressure 
ports, and the connecting sections. 

The temperature of the mercury was taken during every run 
or calibration, and the viscosity and density of mercury needed 
for the calculations were taken from the Liquid Metals Hand- 
book [8], for that temperature. However, the properties of mer- 
cury needed in calculating the Hartmann number were all taken 
at 25 deg C. 


Measurement of Pressure Difference 


The experimental observations consisted of a series of measure- 
ments of pressure gradient for different velocities at a given 
strength of magnetic field. The measurement of the pressure 
gradient presented a problem because the pressure drop between 
the ports was in most instances too small to be read on ordinary 
manometers. In addition, the observations were made under 
conditions of severe vibrations that precluded the use of optical 
observations. 

To accomplish the measurement of pressure difference, a sys- 
tem was devised which is the hydraulic analog of a potentiometer. 
The method may be understood with the aid of Fig. 1. The two 
pressure ports, between which it is desired to measure the pressure 
difference, are joined to form a branch circuit. Flow of mercury 
would ordinarily occur in this branch circuit, but a d-c electro- 
magnetic pump in the branch circuit generates a pressure head 
in a direction to oppose the flow. In principle, the current to the 
electromagnetic pump is adjusted until there is no flow in the 
branch circuit, at which point the current is a measure of the pres- 
sure difference between the two pressure ports. This null condi- 
tion is indicated by the “electromagnetic flow indicator,”’ which 
is an electromagnetic flowmeter element connected directly to a 
galvanometer 

At null, one should in theory be able to open or close stopcock 
A in the branch circuit, Fig. 1, without observing any deflection 
of the galvanometer. In practice, however, this procedure would 
ignore an important source of error; namely, the small pressure 
heads caused by thermal gradients in the mercury circuit. These 
pressure heads may produce a flow in the branch circuit even 
when there is no flow in the main circuit, as when stopcock B, Fig. 
1, isclosed. Accordingly, the procedure in making an observation 
was to adjust the current to the electromagnetic pump until 
opening stopeock A produced a deflection of the galvanometer 
equal to the deflection obtained with no flow in the main circuit. 
The thermal-pressure heads varied from zero, at best, to a pressure 
difference roughly equal to the minimum that was observed in the 
experiment, about 0.015 mm of Hg, at worst. 

The success of this method of measuring the pressure difference 
depends upon the calibration of the electromagnetic pump. 
Calibration was achieved by connecting the pump to a pair of 
manometers, and observing the difference in height of the mer- 
cury columns for a given current to the pump. Since the pressure 
difference in calibration was about 5 mm Hg, while the smallest 
pressure difference measured in the experiment was about 0.015 
mm Hg, it was important to be sure of the linearity of the relation- 


ship between current and generated head. Such linearity does 
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not necessarily exist, even though one is using the pump to gen- 
erate a static head. As is shown in the Appendix, however, this 
linearity can be assured by a certain way of constructing the 
pump. 

The random error of a pressure-difference measurement varied 
from about 15 per cent at the smallest pressure difference to about 
1 per cent at pressure differences of 0.25 mm Hg and above. In 
addition, there was a systematic error of between 1 and 2 per 
cent associated with the calibration of the electromagnetic 
pump. 


Entry-Zone Effects 


A fluid entering a pipe must traverse a certain length of entry 
zone before the flow is fully developed. For ordinary laminar 
flow, there exist calculations and some measurements of the flow 
characteristics in the entry zone [9]. Calculations of entry-zone 
effects for laminar magnetohydrodynamic flow have been made 
by Shercliff. In this experiment, however, we are concerned with 
the entry-zone effect for flow that enters turbulent, but may be- 
come laminar sufficiently far downstream of the entrance. The 
available experimental evidence is that, under such conditions, 
an entry length of 130 diameters is sufficient for a pipe of circular 
cross section and that 54 times the depth is sufficient for a 
rectangular channel of large aspect ratio [10]. In the present 
experiment the minimum distance between the upstream end of 
the pipe and the first pressure tap was 130 diameters, except for 
the trials where the spacing between taps was 6 in.; in these the 
distance was 110 diameters. Longer test sections could not be 
used because they raised practical difficulties in assembling, fill- 
ing, and removing air bubbles from the mercury circuit. In order 
to increase the effective length of the entry zone, a separate 24-in. 
length of tubing, of the same ID as the test section, was inserted 
immediately upstream of the test section, and joined to it by a 
short stub of Tygon hose. In any event, the pressure-gradient 
observations indicated that the entry zone was long enough in the 
absence of a magnetic field to give fully developed flow between 
the pressure taps. 

With the magnetic field applied, a second entry effect needs to 
be considered; namely, the settling of the flow after it enters the 
magnetic field. At all but the lowest Reynolds numbers, the 
flow enters the magnetic field in a turbulent condition. To deter- 
mine whether or not a given intensity of magnetic field will suc- 
ceed in rendering such a flow laminar, it is necessary to provide a 
sufficiently long entry zone within the magnetic field. For the 
purpose of estimating the length of the magnetic entry zone, we 
assume that the field is zero everywhere except in the middle 12 
in. of the solenoids. In order to get the maximum length of mag- 
netic entry zone, the test sections were always located so that the 
downstream tap was near the edge of the 12-in. length. On this 
basis, the magnetic entry zone was 44 diameters for the pipe of 
largest diameters, when the pressure taps were 2 in. apart, and 
25 diameters when the taps were 6 in. apart. 

The magnetic entry length was fixed by the design compromise 
imposed on the solenoid, and could therefore not be increased. The 
results of the experiment indicate that although it was sufficient for 
the pipe of smaller diameter, or for the smaller values of field, it 
was not long enough to produce fully developed laminar flow for 
the larger diameters and the strongest fields. 


Increase in Transition Reynolds Number 


To determine the value of the transition Reynolds number, the 
experimental results are plotted in dimensionless form in terms 
of the friction factor f and Reynolds number R. These are de- 
fined, respectively, by 
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fur 
R = — 
v 


where Ap/Az is the pressure gradient, p is the density, v the 
iverage velocity, v the kinematic viscosity, and r, the hydraulic 
radius, defined as the wetted area of the cross section divided 
by the wetted perimeter. The magnetic field is characterized by 
he Hartmann number 
M, = Bor,(a/n 

where By is the flux density of the applied field, and o and 7 are 
the electrical conductivity and the viscosity of the fluid, respec- 
tively 

From the graphical relation friction factor and 
Reynolds number, the transition Reynolds number is deter- 
mined by noting where f reaches a minimum 


between 


In practice, this 
determination is made difficult by the random and systematic 
errors of the experiment, including the shortness of the magnetic 
entry zone. On the other hand, the phenomenon now to be de- 
scribed turned out to be helpful in determining the transition 
Reynolds number. 

setween the regimes of laminar and turbulent flow, there is a 
transition region in which the friction factor increases with in- 
reasing Reynolds number 
with the “turbulent flashes 
mark the transition from laminar to turbulent flow 


t he 


This transition region is associated 
which, it is now generally agreed, 
11, 12). In 
present experiment, readings taken in the transition region 
The fluctua- 
in the position of the 
best 


vere marked by a fluctuation of the pressure drop. 


tion was observable as an instability 


The visual average 
taken of the galvanometer null position for such readings. Al- 


galvanometer spot at balance was 
though this effect produced a much poorer precision in the de- 
termination of f in the transition region, it had the fortunate 
aspect that it permitted a better determination of the transition 
Reynolds number. The appearance of this fluctuation was used 
to confirm the determination of transition Reynolds number, 
and gave consistent results, even in those cases where the value 
of f was, because of the shortness of the magnetic entry zone, 
noticeably higher, below transition, than the theoretical laminar 
values. Observations in which the pressure-drop readings were 
observed to fluctuate are noted in the figures with a vertical line 

\ series of measurements without magnetic field is shown in 
Fig. 3 The agreement between the observations on the one 
and the theoretical line f = 
0.079R flow on 


other, serves as an over-all calibration of the experiment. 


hand 16/R in laminar flow and the 


slasius relationship f = * for turbulent the 


Another set of observations, showing the effect of a magnetic 
field, is shown in Fig. 4 
located 2 


| 


ong 
long 


The pressure taps in these runs were 
in. apart, and the magnetic entry zone was 44 diameters 
Three things are notable in these results: 


1 The increasing value of transition Reynolds number with 
increasing magnetic field. 

2 The increase, above the laminar value, of f, just below 
transition, in the presence of a magnetic field 


lhe decrease in f, in turbulent flow under a magnetic field 


\ similar series of runs with pipe of approximately the same 
diameter, but with a shorter magnetic entry zone, gave the re- 
sults shown in Fig. 5. In these runs the pressure taps were 6 in 
apart, and the magnetic entry zone was only 25 diameters long 
The purpose of these runs was to see whether the increased fric- 
tion factor below transition was properly ascribable to the short- 
ness of the magnetic entry zone 
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A comparison between the two 
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sets of runs which focuses on the effect of magnetic entry zone is 
shown in Fig. 6. This figure shows, for each of the two larger 
values of magnetic field, a direct comparison between the friction 
factor obtained with the 44-diameter entry zone and that ob- 
tained with the 25-diameter entry zone. The Reynolds number 
at transition is about the same for both lengths of entry zone, but, 
for the Reynolds numbers just below transition, the friction fac- 
tors are seen to be higher for the shorter entry zone. 

Runs were also made with a glass tube of diameter approxi- 
mately half of those just discussed, and the results are shown in 
Fig. 7. The magnetic entry zone for this case was 84 diameters 
long. The friction factor is seen to follow the theoretical laminar 
line to transition. In addition, the effect on the transition 
Reynolds number of reducing the diameter by a factor of 2 is 
seen to be the same as that of reducing the intensity of magnetic 
field by a factor of 2, as one would expect from dimensional 
considerations. 

The 


Another set of runs was made with an aluminum tube. 
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Fig. 3 Flow of mercury in glass tubes of circular cross section (no mag- 
netic field). These observations, taken without a magnetic field, served 
as an over-all calibration of the experiment. 
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Fig. 4 Flow of mercury in a glass tube in presence of a longitudinal 
magnetic field. Note increase in transition Reynolds number and 
decrease in turbulent friction factor with increased magnetic field. 
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FRICTION FACTOR ¢ 


results of these are shown in Fig. 8, from which it is clear that, 
within the limit of error of the experiment, the magnetic field 
produces the same effects as with the glass tubes 


Correlation With Stuart’s Theory 

Stuart’s analysis calculates the effect of a longitudinal mag 
netic field on the critical Reynolds number, i.e., the Reynolds 
number for neutral stability of the least stable mode of disturbance, 
for plane Poiseuille flow. 
predicted by theory and transition as observed in practice has been 
mentioned previously. Any correspondence between Stuart’s 
theory and this experiment must therefore be regarded as semi- 


The difference between instability as 
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Fig. 5 Flow of mercury in a glass tube in presence of a longitudinal 
magnetic field. These are similar to results shown in Fig. 4, except that 
separation between pressure taps was 6 in. rather than the 2 in. of Fig. 4. 
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Fig.6 Effect of magnetic entry length on friction factor in laminar flow. 
Each pair of graphs is for approximately the same conditions, except for 
the magnetic entry length. Pressure gradient below transition is seen to 
be higher for shorter magnetic entry lengths. 
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empirical at best. Nevertheless, it turns out that an empirical 
modification of Stuart’s theory can be made to correlate with the 
effect of a magnetic field 
experiment. 


on transition as observed in this 
The results of Stuart’s analysis are shown as the curve in Fig. 

Instead of plotting as the ordinate the critical Reynolds 
number itself, as Stuart does, Fig. 9 shows as the ordinate the 
ratio of the critical (or transition) Reynolds number to the critical 
or transition) Reynolds number with no magnetic field. 

The actual transition Reynolds numbers observed in the 
various runs are given in Table 1. 


9.3 


Transition was taken to be 
the point where the friction factor was judged to begin increasing 
*A similar analysis has also been done by Rossow (V. J. Rossow, 
Boundary-Layer Stability Diagrams for Electrically Conducting 
Fluids in the Presence of a Magnetic Field,"”, NACA TN 4282, Aug., 
1958). tossow’s results generally confirm Stuart’s, although 
finds a somewhat greater stabilizing influence from the 

field. The difference between Rossow’s and Stuart's 
results increases with increasing Hartmann numbers. Since each of 
them calculates the critical Reynolds number for only a few points, 
and one must rely greatly on graphical interpolation, it is difficult to 
say exactly how much they differ. At the highest value of Hartmann 
number for which they calculate, the difference is about 20 per cent; 
it the highest value of Hartmann number used in this experiment the 
difference is 5 per cent or less. 


{ossow 


magnetic 


This experiment cannot be said to 
favor either analysis 
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Fig. 7 Flow of mercury in a glass tube in presence of a longitudinal 
magnetic field. This is similar to Fig. 4, except that diameter of tube was 
about half that of Fig. 4. 
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Fig.8 Flow of mercury in an aluminum tube in presence of a longitudinal 
magnetic field 
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Table 1 Transition Reynolds number and other data of the experiment 


Magnetic 
flux 
density, 
gauss 


Fest section 
Radius,cm Material 
glass 0 

3200 
4270 
5580 
0 
5370 
0 
3080 
$250 
5480 
glass 0 
5620 
aluminum 0 
5600 
5590 
aluminum 0 
5780 


0.2659 


®, TRANSITION REYNOLDS NO a 
®, TRANSITION REYNOLDS NO WITH ZERO FIELD 


“, Be'ny 


PLOTTED POINTS RE OBSERVATIONS 
THE JPVE (S TAKEN FROM STUARTS THEORY 


(a) 4 6 
HARTMANN NUMBER 


Fig.9 Dependence of transition Reynolds number on Hartmann number 


The results of a few runs 
not shown in the preceding figures are also included. In this 
table R, is the transition Reynolds number and Rg the transition 
teynolds number with zero field. Since the measured Ro varied 
slightly with different test sections, the value of Re used to com- 
pute R 


with increasing Reynolds number. 


Ro is the one that was observed in the particular series of 
measurements in which R, was measured. 

The value of R,/R, and M, given in Table 1 are shown as the 
plotted points in Fig. 9. In view of the degree of arbitrariness in 
the definition of the transition Reynolds number, and the ex- 
perimental error of determining it (about 5 per cent for a single 
determination), the agreement between theory and experiment 
is as good as can be expected. 

It is noteworthy that the agreement with theory is made 
possible in part by the use of the hydraulic radius as the charac- 
teristic Since the hydraulic 
radius for a pipe of circular cross section is just half the radius, 
this might be regarded as just a trick to introduce a factor of 2 or 
4 into the Hartmann number. On the other hand, the hydraulic 
radius is known to correlate other quantities in hydrodynamics. 
For example, the turbulent friction factor and Reynolds number 
can be correlated for arbitrary shape of cross section if the hy- 
draulic radius is used as the characteristic length. 
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length in the Hartmann number. 


Furthermore, 
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the hydraulic radius for a channel between infinite planes is the 
half-separation of the planes, and this is the characteristic length 
used by Stuart in his stability analysis. 


Effect of Magnetic Field on Turbulent Friction Factor 


The graphs of friction factor against Reynolds number show 
that the magnetic field produces not only an increase in the 
transition Reynolds number, but also a decrease in the turbulent 
friction factor. In order to place this effect more clearly in 
evidence, the turbulent results are cross plotted in Fig. 10, which 
shows the ratio of turbulent friction factor to turbulent friction 
factor at zero field, as a function of Hartmann number, for four 
different values of Reynolds number. 

The decrease in turbulent friction factor can be rationalized on 
the argument that the magnetic field will tend to inhibit any 
motion across the lines of force. Consequently, the motion by 
which the turbulent eddies transfer momentum to each other 
will be reduced. The result should be a less flattened profile of 
velocity, and therefore a smaller pressure drop for a given aver- 
age velocity of flow. 

The turbulent friction factors derived from the runs with the 
aluminum pipe are especially interesting because one might sup- 
pose that they permit distinguishing viscous from electromagnetic 
drag. The friction factor was measured in this experiment from 
a pressure drop, in accordance with the definition of equation (1 
However, it can be defined also by the relation 


where 7 is the average tangential stress at the wall. Definitions 
(1) and (2) are completely equivalent for ordinary hydrodynamic 
flow, since the pressure gradient is balanced only by the shear on 
the wall. With magnetohydrodynamic flow, this is no longer true, 
since electromagnetic body forces may be exerted on the fluid. 
It may be shown, however, that when the applied field is parallel 
to the flow, there will be no average electromagnetic drag op- 
posing the flow if the pipe is circular, and is a perfect conductor. 
Aluminum has an electrical conductivity some 35 times that of 
mercury, and we may therefore expect that in the aluminum 
tube the drag on the mercury is entirely viscous. 

Now consulting Fig. 10, we find that the friction factor for the 
aluminum tube falls below the results estimated for the glass 
Is this a real effect; 
i.e., was there measurable electromagnetic drag opposing the flow 
through the glass tubes? 

Actually 2.5 per cent is just about the limit of error with which 
the turbulent friction factor can be determined. 


tubes by about 2.5 per cent on the average. 


Furthermore, 
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Fig. 10 Effect of longitudinal magnetic field on friction factor in turbulent 
pipe flow 


(These curves ore gotten by cross plotting the results of Figs. 4, 5, 7, and 
8 in the turbulent regime.) 
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the following order-of-magnitude calculation shows that the effect 
should be negligible. 

Suppose that 0 is the rms value of the velocity fluctuations. 
Then we may expect fluctuations of current density of magnitude 
odByo. These will in turn give rise to magnetic induction com- 
ponents of order-of-magnitude macdBoy where a is the radius of 
the tube, and yw the permeability. The fluctuations in the three 
co-ordinate directions are about the same in magnitude, and are 
correlated in time, as shown by the measurements of Laufer [13]. 
Hence we may expect an electromagnetic drag of ray(oB)? per 
unit volume, or 7*a*u(oDBo)? per unit length of tube. On the 
other hand, the viscous force per unit length is 27ar, where r is 
the shear stress at the wall. Hence the ratio between the elec- 
tromagnetic drag and the viscous drag is given by 


rua oDBy)? 
~ 


2r 


Now 0 may be estimated either from the mixing-length theory 
of turbulence and the logarithmic profile for turbulent flow [14], 
or directly from the measurements by Laufer [13]. By either 
method, the estimate is 


D~(r/p)'” (4) 


Of course this estimate is based on the assumption that the veloc- 
ity fluctuations are undisturbed by the magnetic field. However, 
the magnetic field will, if anything, reduce the fluctuations as 
estimated by equation (4), and therefore use of (4) will 
over-estimate the electromagnetic drag. 

Eliminating 1 between equation (3) and (4), and regrouping 
various quantities, we find that 


a ~ 24nM,%yor) 


Here yor is the ratio of the kinematic to the magnetic viscosity. 
Its value for mercury is about 10 The highest value for M, in 
this experiment is about 20, from which we find that @ is about 
0.025 per cent, or too small to have been measured. 

It is clear, then, that the electromagnetic drag in this experi- 
ment was negligible. 


Effect of Transverse Field 

It is known that a transverse magnetic field has a very great 
effect on the profile and stability of pipe flow. One may ask then 
whether any of the observed effects—the delay in transition, the 
increase in friction factor above the laminar value below transi- 
tion, and the decrease in turbulent friction factor—is caused or 
substantially modified by the transverse field of the solenoid. 
Fig. 2 shows that over the middle portion of the solenoid the 
transverse field on the axis is about 1 per cent of the longitudinal 
field. Outside the working length of the solenoid the trans- 
verse field increases; at about 8'/; in. from the center it reaches a 
maximum of 2 per cent of the longitudinal field at the center. In 
order to make an upper estimate of its effect, we shall use this 
value of 2 per cent. 

In so far as the delay in transition is concerned, we may gain 
a first insight by considering the stability analysis, performed by 
Lock [15], for flow between infinite planes in the presence of a 
transverse field. The largest Hartmann number for the longi- 
tudinal field in this experiment was about 20. Consequently, the 
largest Hartmann number for the transverse field is about 0.4. 
From the curve that Lock gives, it is difficult to estimate what 
the increase in critical Reynolds number would be for an My, as 
low as 0.4; interpolating linearly between M, = 0 and M, = 1 
gives a value of R./Ro, where R, is the critical Reynolds number, 
of about 1.3. In this experiment the observed value of R,/Re 
was about 1.8, Fig. 10. Moreover, Lock’s analysis is known, 
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from the experimental work of Hartmann and Lazarus [16], and 
Murgatroyd [17], to overestimate very considerably the in- 
crease in transition Reynolds number. In particular, from the 
work of Hartmann and Lazarus a direct numerical estimate may 
be made. In arun with a pipe of circular cross section in which 
M, was about 1.2, they found R,/Ro to be 1.03; for M, = 1.7 
they found R,/R» to be 1.12. A curve fitted to all their ob- 
servations on circular pipes, and rectangular pipes with field 
parallel to the short dimension, provides an estimate of 1.01 
R,/Ro < 1.02 for M, = 0.4. Since the maximum transverse M, 
in this experiment was certainly less than 0.4, it appears that the 
transverse field had a negligible effect on the transition Reynolds 
number. 


With respect to the increase in friction factor below transition, 
we may again look first to the theory of laminar flow between in- 
finite planes in the presence of a transverse field. The average 
velocity across a channel of half-separation 6 may be written as 
follows [18]: 

— Op 52 
oz M, coth M, — 1 


v= ; M,? - (5) 


When equation (5) is expanded for small values of M,, one ob- 


tains 
M,? 
Fak, ee (6) 
15 


in (6) is just the average velocity in plane 


1 Op 6? 

302 7 

op 6 
3 Oz 

Poiseuille flow. 


The term — 


Hence an M, of 0.4 would decrease the average 
flow, for the same pressure gradient, only about 1 per cent. 
Furthermore, it is to be noted that equation (6) predicts that the 
same fractional decrease in average velocity will occur for all 
pressure gradients, while the increase in friction factor in the 
experiment occurred only for the higher Reynolds numbers. 

Hartmann and Lazarus give an empirical formula, derived from 
their experiments, for determining the pressure drop in magneto- 
hydrodynamic flow in a circular pipe under a transverse field. It 
is indeed interesting that their formula involves the use of the 
theoretical equation for magnetohydrodynamic flow between in- 
finite planes, with half the radius (the actual number they recom- 
mend is 0.5la) substituted for the half-separation of the planes. 
This is exactly what has been done in the foregoing calculations 
in using the hydraulic radius for estimating the effect of the 
transverse field. 

Finally, so far as the turbulent friction factor is concerned, we 
may note that the transverse field would be expected to increase 
it rather than to decrease it. The physical reason for this is that 
the transverse field will tend to inhibit motion across the lines of 
force. Again, from an empirical formula given by Hartmann and 
Lazarus, one may calculate that in the present experiment the 
transverse field could not have increased the turbulent pressure 
gradient by more than about 1 per cent within the range of 
Reynolds numbers where the longitudinal field reduces the 
friction factor. 

It therefore appears that the transverse field cannot account 
for the results of this experiment. 


Comparison With Another Experiment 


During the course of this experiment a report [19] appeared 
of an experiment with similar objectives, conducted at NACA. 
The report of the NACA experiment says that the “application 
of the magnetic field produced very little change in Reynolds 
number of transition when large initial disturbances were in- 


troduced at the entrance to the flow tube.’ In the terminology 
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of our experiment, the NACA experimenters report little or no 
increase in the minimum Reynolds number of transition. 

lhe conditions of the NACA experiment were such that M, 
was 6.7 for all the runs with magnetic field. Under such con- 
ditions the expected increase in the minimum Reynolds number 
of transition, according to Fig. 9, is about 8 per cent. Observa- 
tions in the NACA experiment were made at rather widely 
separated values of velocity. Furthermore, the pressure-drop 
measurements were made over a long length of tube, and included 
ordinary entrance-zone effects, and magnetic-entrance-zone 
Under such circumstances an § per cent increase in the 
overlooked. The 
NACA experiment does not appear to be in conflict with the 
results reported here 


effects 


transition Reynolds number can easily be 


Conclusions 


Che following conclusions may be stated for this experiment: 

t) An axial magnetic field will increase the minimum Reynolds 
number of a transition in pipe flow of a conducting fluid 

b) The 


Stuart’s theory of instability for flow between infinite planes, if 


transition Reynolds number can be correlated with 
ye uses the hydraulic radius as the characteristic length in the 
limensionless vV iriables 

c) The friction factor for turbulent pipe flow is decreased by 
in axial magnetic field, but the decrease in friction factor becomes 
ind ultimately vanishes 


smaller as the Reynolds number in- 


creases 
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APPENDIX 


Linearity of an Electromagnetic Pump 


Suppose that a d-c electromagnetic pump is used to generate a 
static pressure head Ap, as in a pair of mercury manometers. 
Under what conditions will the pump produce a linear relation- 
ship between Ap and /, the current fed to the pump? 

It is clear that {’ /’V -dA is zero where A is any surface bounded 
by the containing pipe and V is the velocity of the fluid. How- 
ever, unless V is everywhere zero, there will be closed streamlines 
in the liquid which will give rise to pressure losses and will prevent 
Ap from being proportional to /. 

Let us start with the steady-state form of the equation of mo- 
tion for incompressible magnetohydrodynamic flow. 
be written as [20] 


This may 


pV-AV) =i xX B— Vp + nV’*V (7 


where p is the density, j the current density, and 7 the viscosity. 
Substitute for (V-V)V according to the vector identity 


Cx(V (C-V)C 


Then equation (7) becomes 


l 
an Vv? 


Vx(V XV) =i x*B-—Vp+nV’V_ (8) 


Now suppose that closed streamlines exist, and integrate (8 
uround any such streamline. All terms drop,out except those in- 
volving j < B and V?V and the integration reduces to 

— $j x B-dl = nf (T'V)-dl = nvV’*fV-di (9) 


It follows that a necessary and sufficient condition for V to be 
zero every where is that 


Fix Bd =0 


for any closed path in the liquid. By Stokes’s theorem the last 


condition can be written 
SSW XG Xx BI 


surface in the liquid 


dA =0 (10) 


where A is any For (10) to be true for any 


surface in the liquid, the integrand itself must vanish: 
V x(x sB)=0 (11) 
Now expand (11 


Vx(a xc 


according to the vector identity 
=(V-C)G —(V-C)G +(G:-V)G —(G-WG 
and apply the divergence conditions 


VB=0 
and 


Vi=0 


Then equation (11) reduces to 
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(j-V)B = (B-V)j (12) Oj, Oy OQ), (13) 
= = o 
Ox ox Ox ; 


Suppose that B, of magnitude By, has a component in the z- , 
rt rh ' : Let the pressure head Ap be generated in the z-direction and the 
direction only, and has a constant value wherever j has any 


electrodes be normal to the y-direction. Suppose also that the 
walls bounding the rectangular channel in the z-direction are 
electrical insulators, so that current edge effects in the z-direction 
are negligible. Then jr, djy/dzx, and 0j,/dzr vanish, and (13) is 
satisfied. 


sensible magnitude. This requirement can be met by having 
closely spaced pole-pieces and electrodes, with the pole-pieces 
covering a considerably larger area than the electrodes. Under 
these conditions (12) reduces to 
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Heat Flux 


With Simultaneous Friction and Constant 


An exact solution is presented for the flow of a compressible fluid in a constant-area 


passage in which wall friction is present and the total temperature of the fluid rises 


linearly with distance through the passage. 
temperature, this is specifically the case of constant heat flux. 


For fluid properties that are invariant with 
From this exact solu- 


tion, an approximate simplified form is derived that should be applicable to predicting 
flow performance for most types of operation of constant-area heat exchangers. 


Introduction 


= various equations describing the flow character- 
istics of a compressible fluid under the simultaneous influence of 
friction and arbitrary heat addition (see p. 231 of reference [1]') 
are not exact and, as of present, no generalized integrating factor 
has been found that will permit closed-form integration for any 
fluid-temperature variation. 

In reference [2] a completely integrated solution was obtained 
for the special case of total fluid temperature varying exponen- 
tially with distance through the flow passage. 

When the flow-passage wall temperature is constant, Reynolds 
analogy may be used to determine the variation of total tem- 
perature with passage length. Reference [3] indicates a method 
for determining the flow characteristics for this type of boundary 
condition that is noniterative but does require numerical integra- 
tion 

In the present paper a completely integrated solution is pre- 
sented for the case in which the total fluid temperature varies 
linearly with distance through a constant flow area passage. For 
invariant fluid properties, this solution constitutes flow at con- 
stant heat flux 


Method of Analysis 


The one-dimensional steady-state momentum equation for a 
compressible fluid may be written as (see equation (8.21) of 


reference l ) 


‘ Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at the 
Winter Annual Meeting, New York, N. Y., November 27—December 
2, 1960, of Tae American Society or Mecuanicat ENGINeERS. 
Manuscript received at ASME Headquarters, May 27, 1960. Paper 
No. 60—WA-177 


Nomenclature 


pudu pu*\ 4fdxr J 
- + @& + i=} - = ( 1) 
g 7 ( 29 ) D 


where the symbols in equation (1) and elsewhere in this report 
are defined in the list of symbols. Using the equation of state 


for an ideal gas 


p = pRt 


the pressure in equation (1 


may be eliminated so as to yield 


d tf. 
du? + 2gR (a +1 °) + v(* *) = (0 
p D 


If U and & are defined as 


I vecomes 


dU +2(4 = =) + UdR 
To To p 


Logarithmic differentiation of the continuity equation for constant 
flow area yields 


then equation (3 


dp du 
p u 





= cross-sectional flow area 
equivalent hydraulic diameter 
local friction factor 
mass conversion constant 
heat-flux parameter defined by 
equation (11) 
static pressure at z 
static pressure at z = 0 
total pressure at z 


sage 


total pressure at z = 0 
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gas constant 

static temperature at z 
total temperature at z 
defined in equation (9) as T/T» M 
total temperature at z = 0 2 = 
axial velocity in flow passage 

axial distance through flow pas- 


weight flow rate of fluid 
ratio of specific heats 


p = density 


Dimensionless Parameters 
= Mach number 
= friction-distance parameter 


(4fx/D) -f; a 
. 0 D 
(u, '—/ gRT») 


value of U atz = 0 
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Elimination of the density between equations (6) and (7) results 


in 
iU? +2 ( - 7) + Uk =0 
av “ — T “ai = 
T™ TT U 


From the energy equation 
t T 7 
To To 


A combination of equations (8) and (9) will then yield 


i T +1 
(uw +2) a= (7% ) avs (10 
( 2y 


For a linear variation of total temperature with friction-distance 
parameter, then 


T = 1 + mz? (11) 


where m is a constant proportional to the heat flux for constant- 
fluid properties. Substitution of equation (11) into equation (10) 
results in 
¥ + 1 
mz 2 
az — ——_— dU? Y 
U*(U? + 2m) 


U2 
U? + 2m 


Equation (12) is linear in # and may be integrated to yield 


2m 

U,? 
0 

2m 


U2 


(a) 
m 
2y 


m 2m 

1 + 4 — 
| ae 7s y! + Ths | 
2m U,? " ti 


\! + pe 


In 13 


2m 


’ | 
1+ — +@4/} 4 
Us Tus 


wherein at = 0, U = Up». Equation (13) thus relates (im- 
plicitly) U to # for any initial U> and m. 
(13) reduces to 


As m — 0, equation 


+ *) U2 
-} ln — 
“Y U.? 


Since it is easily shown that 


. 
ur ( -) 
ro red 
—1 —- 1 
1¢l— mw 14+ 


9 9 


+ m®) 


M? 


then substitution of equation (15) into (14), with m = 0, results 


In 
1 ( 3 1 
y \M M? 


which is the same form as a combination of equations (6.20) 
and (6.21) given in reference [1] for isothermal flow with friction. 
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Useful relations in addition to that given by equation (15) are 


w Vokt 


PA g 


1 
= 
t 7~ 1 U* y~1 


VT l : 2y T 


- 


_pAg _ VT (: 1-1 *) 


w V gRT a @ 2y T 


(17) 


(18) 


Thus from equations (17) and (18) it follows that 


1 
‘~~ hm a y-1 


E .7 (2) 
 * U ; y —1U? 


2y 7 


—1U 
eae 


ue) | By 

J —1 

1-1=1 yy 
2y 


An approximate explicit expression for U may be obtained by 
use of a Maclaurin expansion of the logarithmic quantity that ap- 


2m 2m Vs 
a) (1 . an) | 


1. Using the first two terms of such an expansion eventually 
leads to the result 


pears in equation (13) in terms of [(: + 


[2 T? 


Us  (T-1\f5 (7 +1 
i ve ( ‘ He cavers 3m) + F + | 
2m 6 ¥ 


(21) 


Discussion 


From equations (13) and (15), the variation of Mach number M 
with friction-distance parameter % can be determined as a func- 
tion of heat-flux parameter mand U». Fig. 1 shows this variation 
for various values of m and a value of U» corresponding to an 
arbitrary initial value of M = 0.15. 
calculated using equation (16). 


The curve for m = 0 was 


Fig. 2 shows the error in Mach number introduced by using the 
approximate explicit form for U, equation (21). Two sets of 
curves are shown in Fig. 2, both of which are foray = 1.4. These 
sets are for arbitrary initial Mach numbers of 0.15 and 0.25. At 
the lower inlet Mach number, the error in M is fairly insensitive 
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to the heat-flux parameter m. As the inlet Mach number in- 
creases this sensitivity also increases. Fig. 2 shows that for an 
inlet Mach number of 0.15, equation (21) predicts the value of U, 
and hence M from equation (15), with an accuracy of +1 per 
cent up to an exit Mach number of 0.4 for all heat-flux rates of 
practical interest. For an inlet Mach number of 0.25 an accuracy 
of approximately +3 per cent is maintained up to an exit Mach 
number of 0.6. Although not shown, the error in M is prac- 
tically insensitive to a decrease in y from 1.4 to 1.3. 

It should be pointed out that the approximate formula for U, 
equation (21), was tailored to apply to m values between 0.1 and 
0.4 As a consequence, equation (21) is not valid as m — 0 

In Fig. 3 the error in total pressure is shown when computed 
from equations (19) and (21). As in Fig. 2, two initial Mach num- 
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bers and four heat-flux parameters m have been assumed. Fig. 3 
shows that the error in total pressure is slightly less than the 
error in Mach number when both are computed using a value of 


U given by equation (21). 
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Experimental Ablation Rates in a 
Turbulent Boundary Layer 


An exploratory experimental program on the ablation of graphite, a combustible sublima- 
tor, 1s reported which verifies an analysis of turbulent ablation rates previously de- 
A blowdown system was employed using a mixture of oxygen and nitrogen as 
The use of a high percentage of oxygen enabled the simulation of re- 
entry ablation condilions 
justment of empirical constants derived from incompressible turbulent skin-friction ex- 
periments. The predictions were consistently high. Temperature of the reacting surface, 


Ablation rates were predicted within 30 per cent with no ad- 


determined by means of a radiamatic pyrometer, was predicted within 10 per cent. The 
analysis can be applied to a wide variety of ablation materials including those which go 
through a liquid phase, provided proper account is taken of the chemistry, and provided 
the simplifying assumptions are valid. 


Introduction 


A. EFFECTIVE means of absorbing the high heat 
fluxes of re-entry is through the mechanism of ablation; i.e., melt- 
ing and vaporization or sublimation of the surface of the thermal 
shield. Therefore considerable interest has been shown in the 
mechanism of ablation of late as indicated by a survey article by 
Adams [1].! Most of the theoretical work which has been done is 
concerned with the laminar boundary layer [2, 3] as turbulent 
phenomena are imperfectly understood. Furthermore, the 
majority of the experimental work which has been accomplished 
is limited to the laminar boundary layer. The test facility pri- 
marily used in ablation studies is the air-stabilized arc-jet [4]. 
The power required to develop sufficiently large Reynolds num- 
bers so as to attain turbulent flow is extremely large [5]. 

Unfortunately a turbulent boundary layer is prevalent in high- 
speed re-entry. In this paper experiments on the combustion of 
graphite under turbulent-flow conditions are described. Re-entry 
ablation conditions, i.e., heat and mass fluxes and temperatures, 


1 Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division and presented at the 
Winter Annual Meeting, New York, N. Y., November 27 
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December 
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Manuscript received at ASME Headquarters, August 22, 1960. 
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Nomenclature 


are simulated by compensating for a lack of kinetic energy in the 
gas stream by increasing the heat of combustion with excess 
oxygen. Analysis of the degree of simulatiori is beyond the scope 
of this paper. The experimental results are correlated with an 
analysis of Denison {6] for heat and mass transfer with chemical 
reaction under turbulent-flow conditions. Although the experi- 
ments were confined to the combustion of graphite, the analysis 
can be extended to other materials including those which melt and 
vaporize, with little modification of the method by which the 
reactions in the gas phase are considered. 


Experimental Facility 

An experimental investigation of the combustion of graphite 
under simulated re-entry conditions was studied by means of a 
blowdown system with a controlled mixture of oxygen and nitro- 


gen as the flowing gas. A blowdown system supplied a dense, 
low-speed flow of a cold gas for durations up to several minutes. 
The graphite model, in the shape of a hollow cylinder, was heated 
to approximately 3000 deg F prior to a run by means of an induc- 
tion heater. The flow of an oxidizing gas over the hot graphite 
caused ignition and further heating (due to the heat of combus- 
tion) to some equilibrium temperature. Thus the combustion 
sustained itself until the oxygen pressure was reduced. 

The blowdown system employed is shown schematically in Fig. 





ratio of mass injection to skin 
friction, equation (1 

value of B with reactants in 
stoichiometric proportion 

skin-friction coefficient based on 
local free-stream conditions 

specific heat 


= pressure 


heat flux conducted into or radi- 
ated from surface 


effective Reynolds number for 
turbulent flow based on wall 
conditions, equation (3) 


mass fraction of oxygen at outer 
edge of boundary layer regard- 
less of molecular structure 

exponent used in blunt-body co- 
ordinate system; unity for 
bodies of revolution and zero 
for two-dimensional bodies 


enthalpy of solid graphite at sur- 
face conditions 

heat of formation of 
species 7 

total enthalpy 

mass fraction of chemical species 
i 


chemical 


distance from axis of symmetry to 
body surface 

time 

temperature 

velocity in streamwise direction 

tangential distance from stagna- 
tion point along body surface 


Subscripts 


im 
p 
o@ 


viscosity 
density 
integral defined by equation (3) 


c = graphite 


distance normal to body surface e = edge of boundary-layer conditions 
exponent used to trace influence i = ith chemical species 
of mixing length assumption = body-surface conditions 


mixing length 
net flux of surface materia] 
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Table 1 Characteristics of blowdown system 


Maximum gas flow rate, lb/sec 5O 
Oxygen concentration, per cent 0 to 100 
lest-section Mach number 0.41 
Plenum-chamber pressure, psig 50 to 350 
Plenum-chamber temperature Ambient 
Reynolds number per ft 1.5 & 10’ to 108 


Oxygen and nitrogen were bled into the blowdown tanks in the 
desired mixture 
pump 
taining screens and baffles to insure a smooth flow 


circulation 
rhe mixed gas flowed through a plenum chamber con- 


ratio and mixed by means of a 
into the 
graphite test body. The flow then passed through the graphite 
specimen inducing burning of the inner surface of the cylinder, 
nd then exited to the atmosphere through a converging-diverging 
nozzle. Nitrogen was used to purge the chamber prior to a run 
ind to maintain a balance pressure on the outside of the graphite 
body. The test section, partially disassembled, is shown in Fig. 2. 
Che rear bulkhead, containing the nozzle assembly, has been re- 
moved to make visible the induction-heating coil. The graphite 
vlinder is placed inside this coil 

The blowdown tank system has a capacity of 600 cu ft and is 
ipable of operation at 2000 psi. During the operation of a test, 
the pressure was reduced by automatic pressure regulation to the 
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Fig. 1 Schematic of blowdown system 


Fig. 2 Test chamber 
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Pertinent informa- 
tion concerning the blowdown system and the range of operating 
conditions is listed in Table 1. 

The induction-heating unit is rated at 100 kw at a frequency of 
10,000 cycles per sec (cps). 


desired pressure in the test-chamber plenum. 


rhis unit was sufficient to heat a 
specimen from room temperature to 3000 F in approximately one 
minute. The induction coil was chromeplated and therefore 
served as a radiation shield to keep heat losses from the specimen 
low. The coil was water-cooled requiring a flow of 30 gpm. 

During heating the front end of the graphite cylinder was 
cantilevered inside the induction-heating coil to minimize critical 
heat losses and thus sustain high temperature at the entry. 
When the heating was accomplished and the run was ready to 
proceed, the specimen was pushed forward into position by means 
of a hydraulic actuator. 
in Fig. 3. The exhaust nozzle also shown in Fig. 3 was water 
film-cooled both inside and outside. In spite of this precaution 
several nozzles were damaged during the course of the tests due to 
the intense heat. 


This assembly is shown schematically 
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Fig. 3 Schematic of hydraulic actuator and nozzle assembly in heating 
position 


Specimen Geometry 

The specimen geometry is shown in Fig. 4. 
system several other entrance designs were used but proved to be 
unsatisfactory as the boundary layer was well established at the 


In checkout of the 


point of ignition. As burning proceeded a groove would then 
form causing the boundary layer to separate. By analogy with 
the heat-transfer experiments of Seban [7], it is supposed that 
subsequent reattachment of the boundary layer caused local high 
heat flux and hence mass flux at the point of reattachment, thereby 
increasing the depth of the groove, an unstable condition. With 
the design shown in Fig. 4, the boundary laver effectively started 
near the ignition point so that the problem was greatly reduced. 
A shallow groove still persisted, especially with low oxygen con- 
centration, but fortunately the groove did not seem to have a large 
effect on the correlation of mass loss downstream from the 
groove. 


Instrumentation 


The instrumentation for these exploratory experiments was 
kept to a minimum. Graphite surface temperatures and in- 
stantaneous burning rates were measured at a single location 
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during each run and the over-all decrease in thickness was ob- 
tained by comparing dimensions before and after each run 

A radiamatic pyrometer was employed to measure the tem- 
perature of the burning graphite surface. The temperature was 
The in- 
side of the specimen was viewed through a quartz window built 
The 
line of sight passed through the entrance of the specimen at an 
angle of 30 deg from the specimen wall. The radiamatic pyrome- 
ter was factory calibrated for black-body conditions. In this 


recorded on a continuous-record strip-chart recorder 


into the plenum chamber upstream from the test section. 


application no correction for nonblack body was necessary as the 
The factory 
calibration was checked periodically against an optical pyrometer. 


graphite cylindrical body serves as an enclosure. 


Instantaneous burning rates were obtained by the use of at 
x-ray system. The change in attenuation of an x-ray beam pass- 
ing through the graphite specimen indicated a change in specimen 
thickness and hence instantaneous burning rates. This, of course, 
gave the average of the local burning rates at two points dia- 
metrically opposed. It will be shown that in several runs the sur- 
face was not smooth. The meaning of the x-ray data in these 
runs is questionable. A rather refined x-ray system consisting 
of a scintillation detector, pulse-height analyzer, EPUT (events 


per unit time) counter, and digital recorder was found to be neces- 
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Fig. 4 Specimen geometry 
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Fig. 5 Schematic of x-ray thick 
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sary, Fig. 5. The x-ray beam struck a scintillation crystal whose 
light pulses were converted to electrical pulses and amplified in 
the detector. They were further amplified in the analyzer and 
certain pulses which were sensitive to small graphite thickness 
changes were selected. These selected pulses were then counted 
l-sec intervals and printed every 2 sec. Hollow tubes 
were inserted in the test section to accommodate the x-ray beam 
in order to minimize the length of the high-pressure path. These 
tubes increased the sensitivity of the measurement and decreased 
With the system 
shown in Fig. 5 consistent x-ray data were obtained in several 


over 


the adverse effect of pressure fluctuations. 


runs. 

Che decrease in specimen thickness was measured at the com- 
pletion of the run, at several points along the length of the 
graphite specimen by the use of a micrometer. At each station, 
measurements were made at several points around the circum- 
ference, these being averaged to give an average decrease in 
thickness as a function of distance measured along the direction 
of flow. 

In addition to the data 


measurements ment ioned, several 


system measurements were made. These included plenum-cham- 
ber pressure, oxygen concentration, and certain critical tempera- 
tures. The plenum-chamber pressure was measured using a 
strain-gage transducer and a direct-print oscillograph. An oxygen 
analyzer was employed to monitor the oxygen concentration. 
Chromel-alumel thermocouples were used to measure specimen 
heating in the initial phases of a test and the temperature of 


various parts of the test apparatus. 


Experimental Results 


\ total of 15 data-gathering runs were made during the course 
of the experimental investigation. The results of these runs are 
Tables 2 and 3. Before discussing these results, 
detailed results are presented for a typical run, designated in 
Table 2 as Run no. 14. The grade of graphite used in this run 
was CS 3-12 supplied by National Carbon Company. The 
run was at 100 per cent oxygen with a plenum-chamber pressure of 
165 psia. 


summarized in 


The oscillograph trace of plenum-chamber pressure is 


reproduced in Fig. 6. This clearly shows the pressure transients 


RUN NO 14 
ACTUAL OSCILLOGRAPH PRESSURE TReace 


_— — + APPROXIMATION OF PRESSURE BY A CONSTANT 
PRESSURE PULSE TO DETERMINE EFFECTIVE STatrT 
OF TEST AND TOTAL RUN Time 
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Fig. 6 Pressure-time history in a typical run. Run no. 14, National 
Carbon Company CS 3-12 at 6 in. from lip; 100 per cent oxygen; 165 
psia. 
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Table 2 Summary of experimental results 


Average Average 
surface ablation 
Total regression rate 6 in. 
decrease in rate 6in. from lip of 
Perceat Plenum- thickness 6 from lip of specimen, Graphite 
oxygen chamber Run Density, in. from lip specimen Tw surface 
tun by weight, pressure, duration, Graphite* Pes of specimen, (in/sec ) (Ib/sec-ft?) equilibrium 
no Te P,, psia t, sec grade pef in. x 10? temp, deg R 
Speer 
327 14.6 3474D (L 98 0.112 , 6: 
305 9.9 347 98 076 
305 10.3 347 98 O87 
171 347 4 98 337 


os 2% 
—rPCAOwW 


3300 


_— 


we 


180 3474D (L 98 107 
82 165 3474D (L) 98 .102 
100 70 : 3474D (L) 98 092 
100 166 : 3474D (L) { 092 
100 315 3474D (L 98 O88 
100 330 3474D (L 113 
NCC 
100 172 5 ATJ (L ¢ 093 2 5200 
NCC 
100 165 2 RTOOOS (L d 065 f f 5000 
NCC 
100 165 2 RT0003 (L : 064 5s f 5000 
NCC 
100 2 CS83-12 (L 073 5.3 5200 
NCC 
100 170 2.3 ATJ (T ¢ 085 69 5.6 5200 


4100 
5000 
3900 
5200 
5900 


nw 


i) 


35 0 


e symbol (L) designates longitudinal grain orientation; i.e., the specimen is machined so that the direction of flow is parallel to the 
direction of preferred orientation T transverse. NCC = National Carbon Company. 


Table 3 Physical description of graphite test specimens 
Run no Description 
l Preliminary entrance design. Deep groove in front of en 
specimen. Entire surface deeply pitted and pst. caom LP 
‘ . CENT OXYGEN 
streaked. Cracked longitudinally without breaking. ions 
Preliminary entrance design. Deep groove in front of 
specimen. Entire surface pitted and streaked. No 
cracks. ——— meory 
Final entrance design. Fairly deep groove in front of 
specimen. Entire surface pitted and streaked. Om EXPERIMENT (XRAY 
Specimen broke circumferentially 2 in. aft of en- 
trance. No other cracks 
Groove over most of the length of specimen with slight 
pitting. No cracks. 
Fairly deep groove in front of specimen. Deeply pitted 
entrance. Slightly pitted aft portion. No cracks 
Slight groove in front of specimen. Several areas of 
local high burning rates in entrance. Smooth over 
remainder of body. Cracked longitudinally without 
breaking. 
No groove. Smooth surface. No cracks. 
No groove Smooth surface. Slightly cracked 
longitudinally without breaking. J 
No groove. Several areas of local high burning / 
rates in entrance. Smooth over remainder of body. / 
Severely cracked longitudinally without breaking a 
No groove. Several areas of local high burning rates J Jf 
in entrance. Smooth over remainder of body. Broke 


into 4 pieces longitudinally, Fig. 10. / 
No groove. Smooth surface. Broke diagonally into , 4 
several pieces 
No groove. Smooth surface. Broke diagonally across 
center of specimen 
No groove. Smooth surface. Nocracks. 
No groove. Smooth surface. Cracked diagonally 
without breaking. 
No groove Smooth surface Cracked and broke 


diagonally Fig. 7 Decrease in thickness time history in a typical ren—Run no. 14 
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at the beginning and end of the run and the regulation of pressure 
after the initial transients are overcome. 

The decrease in specimen thickness, as indicated by the x-ray 
instrumentation at a station 6 in. aft of the lip of the specimen, 
is presented in Fig. 7. The correlation with theory will be dis- 
cussed later. These data show that the instantaneous burning 
rate given by the slope of the curve is essentially constant through- 
out the time for which data were obtained. No meaningful x-ray 
data could be gained during the initial and final phases of a run 
due to the pressure transients, Fig. 6, as the change in attenuation 
of the x-ray beam resulting from the pressure variation com- 
pletely masked that due to a change in graphite thickness. In 
that no data were obtained at the beginning or end of a run, the 
zero reference of the ordinate is not directly determinable. 
The zero ordinate can be approximated from the following con- 
siderations: 


1 The pressure-time history is approximated by a constant 
pressure pulse (165 psia from 1.9 to 13.9 sec) as shown in Fig. 6 

2 The burning rate is assumed to be constant for a constant 
pressure. 

3 From 1 and 2 the resulting curve is a straight line with zero 
ordinate at 1.9 sec. 

4 The line generated in 3 is compared to the data points. 
Since the two compare favorably approximation 1 and assumption 
2 can be assumed to be valid. 


The total decrease in specimen thickness is presented in Fig. 8. 
Each data point is the average of several micrometer readings 
which were made around the circumference as discussed pre- 
viously. The material loss is low at the entrance, increases to a 
maximum at the 3-in. station and is relatively constant aft of 
4 in. The significance of these data is discussed in the next 
section. 

The temperature of the burning graphite wall as indicated by 
the radiamatic pyrometer is shown in Fig. 9. The temperature 
increases throughout the run until the flow of oxygen is stopped 
at 12.6 sec. The run duration was not sufficient for the sur- 
face equilibrium temperature to be attained. It appears that the 
equilibrium temperature would be approximately 5200 deg R. 

The run conditions and the experimental material losses, abla- 
tion rates, and surface equilibrium temperatures for all runs are 
listed in Table 2. Run conditions were varied systematically to 
cover the possible range of the primary independent parameters; 
plenum-chamber pressure, oxygen concentration, and grade of 
graphite. Various inlet geometries were investigated in Runs nos. 
1 through 3 with Run no. 3 using the present design as shown in 


Fig. 4. All other runs use this latter design as well. The effect 


THEORY 


2) EXPERIMENT 


DECREASE IN THICKNESS INCHES 








2 
DISTANCE FROM LIP OF SPECIMEN, INCHES 


Fig. 8 Decrease in thickness in a typical run—Run no. 14 
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of oxygen concentration was investigated in Runs nos. 4, 5, and 6, 
whereas the effect of pressure was investigated in Runs nos. 7, 8, 
9,and 10. In Runs nos. 8 and 11 through 15 the grades of graphite 
and grain orientations were changed. 

The listed pressure is that pressure which existed over the 
majority of the run. In general, pressure fluctuations were small 
being on the order of a few psia. The run duration is obtained 
from the pressure-time history as 


t 
t= /Pr) ff P(2)di 


where P, is the pressure listed in Table 2. 
lustrated in Fig. 6 for Run no. 14. 

The decrease in thickness at the 6-in. station was obtained 
from the averaged micrometer readings. The average surface 
regression rate at this station was obtained by dividing the total 
decrease in thickness by the run duration. It will be shown that 
the predicted regression rate is approximately constant for a 
constant pressure so that the average regression rate listed in 
Table 2 closely represents the instantaneous regression rate for 
the majority of the run. In Run no. 4 the number in parentheses 
is obtained from the slope of the x-ray data over the first half of the 
run. During the latter part of the run the x-ray data indicated 
a substantial increase in the surface regression rate, suggesting 
that the groove which had formed at the front of the specimen due 
to the low oxygen concentration and hence poor entry ignition 
had moved back to the x-ray station. For the purpose of correla- 
tion this value for surface regression rate is preferred to that ob- 
tained from the measurement of total thickness change. The 
average ablation rate m,, is obtained from the surface regression 
rate and the graphite density. This is more meaningful than sur- 
face regression rate for comparison between runs as it eliminates 
the effect of graphite density. 


This procedure is il- 


The graphite surface equilibrium temperatures are those which 


were reached or approached after considerable time. By varia- 


RUN MO. 14 

NATIONAL CARBOM CO. CS 3.12 
AT 6” FROM LIP 

100 PER CENT OXYGEN 

165 pie 


EXPERIMENT (RADIAMATIC PYROMETER) 


THEORY 


TEMPERATURE OF BURNING WALL, °R 





i. 
8 





TE, SEC 


Fig. 9 Temperature-time history in a typical run—Run no. 14 
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tion of the primary independent parameters, a large temperature 
range was covered, from 3300 to 5900 deg R. 
The following trends in the data are evident: 


1 Both ablation rate and surface equilibrium temperature in- 
crease with increase in oxygen concentration (Runs nos. 4, 5, 6, 
and 8) 

2 Both ablation rate and surface equilibrium temperature in- 
crease with increase in pressure (Runs nos. 7, 8, and 9). 


3 Both ablation rate and surface equilibrium temperature are 
relatively independent of graphite grade and grain orientation. 


he final appearance of the graphite test specimens is described 
in Table 3. As a further illustration, the specimen used in Run no. 
10 is shown in Fig. 10. 
considerations which would affect the flow adversely and hence 


Examination of these data reveals three 


the ablation rates and surface temperatures: 


1 A groove formed in the entrance region of saveral specimens 
with low oxygen concentration ; 

2 Surface pitting occurred with low oxygen concentration. 

} Cracks and breaks due to thermal stress occurred in cases 
of rapid heating (combination of high oxygen concentration and 


high pressure 


With the exception of Run no. 4, in which the groove which 
formed in the entrance was allowed to extend over most of the 
length of the specimen, it is the opinion of the authors that these 
adverse flew conditions did not affect the results appreciably. 
However, they should be kept in mind during any attempt at 


correlation of data. 


Correlation With Theory 


Because the Reynolds number was 1.5 < 10’ to J0* per ft, de- 
pending upon the plenum-chamber pressure, the flow was un- 
doubtedly turbulent. The data were correlatzd with the tur- 
bulent analysis of Denison [6]. To accomplish this the expres- 
sions for gas phase heat and mass transfer were solved simul- 
taneously with that of transient heat conduction in the solid 
Such calculations were programmed for the IBM 650 computer 
An implicit finite-difference method was used to determine the 
transient heat conduction [8]. The program included the ef- 
fects of a moving boundary and variable thermal conductivity. 

Some results of the turbulent theory are summarized here to 
If the Lewis number and Prandtl 
number are unity, the heat flux conducted into, or radiated from 


indicate what is involved 


the solid surface q, is given by 


Ga = (pu ey,/2)[h 


- Ah. - BA, — A, 


PUL fe 2 
When there is no mass transfer from the surface, B becomes zero 
so that the heat-transfer expression reduces to that of com- 
pressible flow with a Prandtl number of unity. It so happens in 
the case of graphite combustion for a wide range of surface tem- 
perature of interest, that diffusion controlled surface combustion 


oceurs 


Under these conditions it can be shown that 
B = B* = (*/)JTs, - 


where I,, is the mass of oxygen atoms per unit mass of mixture at 
At extremely high surface 
temperatures, in excess of 7000 deg F or so, the value of B in- 


the outer edge of the boundary layer. 
creases above that of equation (2) corresponding to the condition 


At very low températures, below 
1500 deg F or so, surface kinetics are important and B is less 
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Fig. 10(c) View of fractured specimen used in Run no. 10 


Fig. 10(b) Closeup of fractured specimen used in Run no. 10 


than B* It can be seen from equation (1) that not only B 
but also the mass fractions of all the constituents must be known 
heat flux. 


surface kinetics could be included, it was found adequate to 


in order to compute the Although nonequilibrium 
assume chemical equilibrium for the purpose of determining the 
mass fractions 

In order to estimate the skin friction, the velocity distribution 
obtained from incompressible data was modified in order to in- 
clude the effects of density variations across the boundary layer 
and mass injection. The two empirical constants which occur 
were chosen in such a manner that the results reduce to the von 
Karman-Schoenherr relationship for incompressible skin friction 
with no blowing 


/ey 


The skin-friction law which results is given by 
1.70 + 4.15 {logilesRewd P./Pe)' 8/41 + B)P/?}} 
(3) 


l/s 
p 
d(u/u,) 
+ Bu/u,) 
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“= 
f, p,,u.fo"dz 


Rew: - 
Muro 


The quantity 6 is zero if the von Karman similarity law is used 
for the mixing length while 8 is unity if 1 = ky. The former law 
was used for purposes of correlation. The latter law yields values 
for c,, which are 15 per cent higher. The function @ is unity for 
incompressible flow with no mass injection. In the case of com- 
bustion the evaluation of @ is complicated due to the influence of 
variations in the gas mixture across the boundary layer which 
affect the relationships between density, enthalpy, and velocity 
ratio. An approximate method for evaluation of @ in the case 
of graphite combustion is presented in [6]. 

The total decrease in thickness obtained in Run no. 14 is com- 
pared to that predicted by the foregoing theory in Fig. 8. The 
theoretical prediction is 30 per cent high over the rear portion 
of the specimen. This is typical of all runs. 
erally predicts 25 to 40 per cent high. 


The theory gen- 
Correlation near the front 
It is theorized that the heat losses 
by radiation to the surroundings and heat conduction to the sup- 
porting structure were such that the surface temperature was 
This 
phenomenon of cold entrance would lead to a groove for long-run 
times, but was not serious in these tests as the entrance curvature 
was convex to the flow. 


of the specimen is not good. 


not maintained and the combustion was slowed down. 


The x-ray data for Run no. 14 are compared to theory in Fig. 7. 
Both theory and experiment indicate essentially a constant burn- 
ing rate during the time of constant pressure as expressed by a 
linear decrease in thickness. The theoretical burning rate does 
decrease very slightly due to the decrease in c,, with increase in 
temperature. The burning rates differ by 30 per cent consistent 
with the total mass loss. 

The temperature of the burning graphite wall is compared to 
the theory in Fig. 9. The agreement is reasonably good. This 
is typical of the temperature data. Generally, the theory pre- 
dicted 200 to 500 deg F low. 

As mentioned previously, the predicted mass loss was con- 
sistently 25 to 40 per cent high. Therefore, for the purpose of 
correlation among runs, the theoretical prediction was reduced by 
a factor of 0.75. 

The correlation with chamber pressure in the range 70 to 330 
psia at 100 per cent oxygen is presented in Fig. 11. Each data 
point represents the average rate of surface regression for a single 
run at a point 6 in. back from the lip of the specimen. The surface 
regression rate is given by 


ti. /P. = (p,/p-jufc;,/2)B 


In this series of tests, wall combustion occurred with B ~ B* = 
0.75 for 100 per cent oxygen. p, varies directly with the pres- 
sure, while c,, varies approximately as P~'/* if the effect of blow- 
ing is neglected. Therefore the surface regression rate theoreti- 
cally varies with the ‘/; power of pressure. It can be seen that 
the predicted variation with pressure is reasonably well verified. 

Correlation with oxygen concentration over the range 28 to 100 
per cent oxygen at pressure levels of approximately 170 and 310 
psia is presented in Fig. 12. The datum point at 28 per cent 
oxygen was obtained from the x-ray data whereas the other points 
were obtained from the averaged total mass loss at the 6-in. 
station. The data points were corrected to the two listed pres- 
sures according to the theoretical effect of pressure discussed in 
the preceding paragraph. 
centration T’,,. 


B* is proportional to the oxygen con- 
With increase in Ty, the skin-friction coefficient 
Cs, is decreased due to the effects of both increased blowing and 
increased surface temperature. The dashed line in Fig. 12 shows 
the theoretical surface regression rate neglecting the effect of any 
change in c,,, whereas the solid line includes the theoretical in- 
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SPEER 3474D GRAPHITE 
AT 6” FROM LIP 
100 PER CENT OXGEN 
THEORY « 0.75 
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Fig. 11 Effect of pressure upon surface regression rate. Speer 3474D 
graphite at 6 in. from lip; 100 per cent oxygen. 


SPEER 3474) GRAPHITE 
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THEORY « 0.75 


——— THEORY « 0.75 (FOR CONSTANT Cf, BASED ON 
VAN DRIEST’S RESULTS FOR NO BLOWING AND 
SURFACE TEMPERATURE OF 3000°R) 


EXPERIMENT P ~170 psie 
EXPERIMENT P ~ 310 psie 
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PER CENT OXYGEN BY WEIGHT 


Fig. 12 Effect of oxygen concentration upon surface regression rate. 
Speer 3474D graphite at 6 in. from lip. 


fluence of reducing c,,. For the former case, c;, was computed 
on the basis of the results of Van Driest for a compressible turbu- 
lent boundary layer with no blowing [9] for a surface temperature 
of 3000 deg R. The experimental data verify well the effect of 
oxygen concentration on surface regression rate, including the 
influence of c,,. 

Six runs were conducted with various grades of graphite all at 
100 per cent oxygen and approximately 170 psia. These are 
listed in Table 2 as Runs nos. 8 and 11 through 15. The average 
ablation rates m,, for the different grades differed by approxi- 
mately +10 per cent, whereas theoretically they should be the 
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same for B = B* except for minor variations in p, and c,, due to 
slight variations in P and 7, respectively. The 10 per cent 
deviation is within the repeatability which could be expected in 
such tests. 


Conclusion 


In view of the complexity of the turbulent analysis and its 
reliance on empirical constants obtained from incom@ressible skin- 
friction experiments, agreement such as was obtained in these 
tests is considered very good. 


It is certainly possible that abla- 
tion rates could have disagreed by an order of magnitude or 
. 


more. 

it is not really possible to ascertain whether the factor of 0.75 
is peculiar to this particular experiment, is the result of uncer- 
tainty in certain graphite property data, or is the résult of some 
imperfection in the theory or its application. However, the re- 
sults are consistent enough to add confidence to the turbulent 
analysis. 

Che foregoing experimental results and correlation with theory 
have been for the ablation of graphite, a combustib& sublimator. 
It is possible, following a similar analysis, to treat thdcase of other 
sublimators or ablators which go through a liquid phase prior to 
vaporization. When melting with subsequent liquid runoff and 
partial vaporization occurs, it is necessary to match the solution 
for the gas phase with the conservation equations for the con- 
densed phase. The experimental verification reported herein 
makes such calibrations reasonable, but further experimentation 
is desirable 
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DISCUSSION 
Morris W. Rubesin? 


This paper presents a description of an experiment for ob- 
taining ablation rates in a turbulent boundary layer with a 
surface material that sublimes and burns. Because a new tech- 
nique is utilized, that is, the heat of combustion is utilized to 
cause the ablation rather than a high stream enthalpy, it would 
be desirable for the authors to compare their results with those 
of other experiments, if available. It would also be interesting 
for the authors to comment on how deviations of the Prandtl and 
Schmidt from unity would affect the basic premises of the ex- 
periment. That is, can heat of combustion be made equivalent 
to free stream enthalpy? 


Authors’ Closure 


A considerable amount of experimental data exists for com- 
pressible turbulent boundary layers with heat and mass transfer 
but without chemical reactions. These have often been com- 
pared with the analyses of Rubesin* and Dorrance and Dore,‘ 
for example, by Hartnett, et al.,5 and Denison.* No published ex- 
perimental data are known to exist for turbulent boundary layers 
with chemical reactions and at high stream enthalpy. However, 
Lozier’ has published data for the stagnation point ablation of 
graphite at stream enthalpies up to 9000 Btu/lb. For Prandtl 
and Schmidt numbers of unity, turbulent and laminar analyses 
differ only in the expression for skin-friction coefficient. Hence a 
partial check on the physicochemical model, including the 
equivalence of stream enthalpy with the heat of combustion with 
excess oxygen, can be obtained from these data. 

Lozier tested hemispherically capped graphite cylinders in 
various air-stabilized arc-jets. Some of the pertinent experi- 
mental parameters are repeated in Table 4. Also presented in 
Table 4 are the ablation rates calculated by the Denison analysis,* 
and the ratio of theoretical to experimental ablation rates. The 
ablation rates were computed from the data presented by Lozier 
for the case of diffusion controlled surface combustion in air (B = 
0.173). The p,u,c,;,/2 were obtained from the approximation 
( Pehelfeq/2)(Cye/ Coen) Where Cy represents the skin-friction co- 
efficient neglecting the effect of blowing. The p,u.c;,,/2 were 
computed from the ratio of the net aerodynamic heat flux to a 
nonablating body but at surface temperature, to the difference 
in free stream enthalpy and the enthalpy of air at surface con- 
ditions. The aerodynamic heat fluxes were computed by Lozier 
from the relation of Rose and Stark.* The ratio cy,/c;., was taken 
to be 0.90.° Correlation is considered to be within the experi- 
mental uncertainties in surface temperature, stagnation enthal- 
pies, and calculated heat fluxes. This adds further confidence to 
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Table 4 Summary of ablation results for graphite stagnation point in air-stabilized arc-jets 


Theoretical 

stagnation Ratio of 
point mass theoretical 
ablation rate, to experimental 
gm/cm? sec ablation rates 


Experimental 
stagnation 
point mass 

ablation rate, 
gm/cm? sec* 


Surface 
temp, 
deg K 


Stagnation 
enthalpy, 
fb 


Facility Btu/ 


National Carbon 
Co., Parma Lab 

Linde, Speedway 
Lab 2500 

Chicago Midway 
Lab 

AVCO, Lawrence 
Lab 7500 

AVCO, Everett 
Lab 


1200 2000 
3000 
8500 3500 
3500 


9000 -~3800 


0.029 0.037 28 


0.057 0.052 
0.054 0.031 
>0.019 0.029 


>0 .008 0.012 


* The last two runs are reported to be not steady state. 


the idealizations used in the Denison model and indicates that 
the heat of combustion with excess oxygen is indeed equivalent 
to stream enthalpy. 

The effects of nonunit Prandtl and Schmidt numbers have not 
been investigated in detail for turbulent flow but it can be said 
that such effects do not alter the basic premises of the experi- 
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It would take such refinements to determine 
the recovery factors in order to predict the precise amount of 
oxygen required for exact simulation of a re-entry condition. 
Such an extended analysis might also improve the correlation of 
experimental ablation rates with theory. Mr. Rubesin’s interest 
is appreciated. 


mental procedure. 
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On Some Laminar Forced-Convection Problems 


The forced-convection problems in channels of fully developed laminar flow with heat 
sources and constant wall-temperature gradient are approached by the method of complex 
It is shown that the stated problems are reduced to the determination of some 


analytic functions which satisfy the boundary conditions. Few basic problems, includ- 
ing flows in equilateral triangular ducts and in elliptical tubes, are studied. Also, it 
is shown that the cases of circular tubes and of parallel plates with a gap are directly 


deducible from that of elliptical tubes 


by polynomials. 


Introduction 


tan HEAT-TRANSFER PROBLEMS of forced convection 
in channels have been the subject of investigations for many years. 
Many of these investigations have been associated with the cases 
of fully developed laminar flow. They are usable in the region 
of the channel away from the entrance. Based on this assump- 
tion we then have the velocity and temperature (or temperature 
difference) of the flow to be invariant in the axial direction [1].! 
This certainly simplifies the mathematical complexities. How- 
ever, even in such simplified cases of fully developed laminar 
liquid, the problems of forced convection in channels are usually 
limited to cross sections of simple configurations, which can be 
described by some unblended expressions in Cartesian or polar 
co-ordinates 
In this paper it will be shown that the complex-variable method 
can be used to solve some foreed-convection problems of fully de- 
veloped laminar flow in channels with heat sources and linearly 
varying wall temperature. In essence, the stated problems are 
governed by a biharmonic equation in two variables. The use 
of complex variables readily reduces the problems to the deter- 
mination of some analytic functions which satisfy the boundary 
conditions. Many techniques of the complex-function theory 
are then applicable. Hence the approach will greatly enlarge 
the analyses to channels of various configurations. The complex- 
variable method has been used successfully by Muskhelishvili 
and many others in the theory of elasticity |2, 3]. However, it 
may be mentioned that the boundary conditions in either the 
first or second fundamental problems of plane elasticity are quite 
different from our present problems. 


Numbers in brackets designate References at end of paper 
Contributed by the Heat Transfer Division and presented at the 
Winter Annual Meeting, New York, N. ¥., November 27-December 
2, 1960, of Tae American Soctety of Mecuanicat ENGINEERS 
Manuscript received at ASME Headquarters, August 9, 1960 
Paper No. 60—WA-188 


Nomenclature 


All these solutions are expressed in closed forms 


In the first part of the paper the formulation of the problem by 
the use of complex variables will be given. To demonstrate the 
method, some specific problems will be followed. First, we take a 
case of flow in an equilateral triangular duct. The problem has 
been studied by Clark and Kays [4], and by Marco and Han [5]. 
Clark and Kays attacked the problem by relaxation method and 
obtained a result of Nu = 3.00. Marco and Han gave the solu- 
tions of velocity and temperature fields. Neither of these works 
include heat sources. This problem with heat sources is re- 
examined using the complex-variable method. The exact solu- 
tion for uniformly distributed heat sources is obtained in simple 
polynomials. When the heat-source intensity vanishes, the solu- 
tion is reduced to that of [4 and 5). 

The second problem to be studied is that of an elliptical tube 
with uniform heat generation. The solution is expressed in 
closed form by polynomials. It covers all aspect ratios, i.e., 
ratios of semiaxes. In addition, the solution of elliptical tubes 
may also be used to obtain the special cases of circular tubes and 
of parallel plates by assigning proper values of the parameters. 
They are again reducible to the known solutions of these special 
cases when the heat-source intensity vanishes. 


Mathematical Formulation 


Consider a steady fully developed (both hydrodynamically and 
thermally) laminar flow with heat sources in a channel of cross 
section D bounded by a closed curve T. Let the axis of the chan- 
nel be in the Z-direction and axial wall-temperature gradient be 
constant. The basic momentum and energy equations of a con- 
stant-property, nondissipative fluid in Cartesian co-ordinates (z, 
y, Z) are 

1 dp 
uw dz 


: pe, ob 
{= u 
v ( k =) 


Vu = 
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physical dimensions 

specific heat at constant pres- 
sure 

complex function defined in 
equation (16) 

complex conjugate of f(z) 

complex function defined in 
equation (18) 

complex conjugate of g(z) 

heat-transfer coefficient 

thermal conductivity 
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pressure 

heat-transfer rate 

radius of circular co-ordinates 
local temperature 

wall temperature 

local velocity 

average velocity 
Cartesian co-ordinates 
complex variable, z + iy 
conjugate of z,z — ty 
cross-sectional area 


parameters defined in equa- 
tions (65), (66), and (67) 


parameters defined in equa- 
tions (69), (70), and (71) 

parameter, (dp/dZ)/u 

parameter, (pc,/k)(0t/0Z) 

parameter, Q/k 

(Continued on next page) 
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where VY? is the two-dimensional Laplace operator in (z, y). The 
boundary conditions are 


u=0, t=t on I (3) 
Using complex variables z = x + ty, 2 x — iy, and new tem- 
perature variable 7 = / — t,, the governing equations become 
O*u C; 
0202 4 
oT l 


= (Cyu — C3) 


azde 4 


In equation (5) C; is a heat-source function, which is different 
for different problems. 
terms, we introduce 


In order to attack the problem in general 


T=) +T: (6) 
such that 

0*7; 

0202 

oT: 

dzde 


To find the solution of 7, we first eliminate u between equa- 
tions (4) and (7), 


aT, CC: 
02702? 16 
Now we write 
0, = T, -— - 
64 
Equation (9) and conditions (3) are then 


06, 
02702? 


076, 
0202 


(b) 

And the velocity field is related to 6, by 
1 076, 
aE. 

C; 0202 


Equation (11) admits a general solution of the form 


Nomenclature 


6, = ap(z) + 26(2) + Wz) + W2) (14) 


where the bar denotes the complex conjugate, and @(z) and y(z), 
called as Goursat functions in [6], are two complex functions 
analytic in D. By differentiation, we also have 


06; (15) 
0202 
where prime denotes differentiation with respect to the argument. 
The foregoing formulation readily indicates that the solution of 
7, is reduced to the determination of two analytic functions $(z) 
and y(z) satisfying the boundary conditions (12). Hence many 
techniques in the complex-function theory can be used. If the 
equation of the boundary T is expressible in the form of 


2é = f(z) + fiz) (16) 


then comparing with equation (12b) and (15), we must have 
, \ Cy ”— 
o'(z) = —— f(z) (17) 
16 
With known $’(z), and hence 2@(z) and 2@(2), we may find the 
other analytic function Y(z), if the boundary equation is also 
expressible as 
¥ 64 — ee 
(2%)? = -F. [2b(z) + z@(Z)] + g(z) + (2) (18) 
44 
Comparing with equations (12a) and (14), we have 


e 
¥(z) a g(z) (19) 
7 


The other part 7 is independent of the velocity u. Using 


6. = T: + Gz, 2) 


c 
= ff * dz dz 
4 


070. 
0202 


and 


Equation (8) becomes 


and the boundary condition is 
6, = G on r 


This shows that 6, is a harmonic function which satisfies condition 
(23). The general solution is of the form of 


6, = w(z) + w(2) (24) 


where w(z) is an analytic function in D. Since the heat-source 
term is arbitrary, the solution cannot be set a priori without 





] 
average of C;, A ff, Cydx dy 


parameter, C,C, 
domain of cross section 
hydraulic diameter, 44/S 


temperature variable, t — t, 

temperature variables defined 
in equation (6) 

dimensionless parameter, 
C;/(Ca?) 


complex function defined in 
equation (14) 


complex conjugate for o(z) 


complex function defined in 


complete elliptical integral of 
second kind 
funetion defined in equation 
(21) 
Nusselt number 
Q = heat-source intensity 
S circumference of cross section 
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dimensionless parameter, 
C,/(Cb*) 

temperature variables defined 
in equations (10) and (20) 

aspect ratio of elliptical tube 

viscosity 


density 


equation (14) 
complex conjugate of y(z) 


complex function defined in 
equation (24) 


complex conjugate of w(z) 


bounding curve of cross section 
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specifying the heat-source intensity. However, after we have 
found 62, the solution T: is 


T: 6, — G(z, 2) 25) 


25) 


In summarizing, the velocity and temperature fields of the Y, 
7 4a 
problem are zo 


vf 
(z) = *. 24g — —* az (39) 
384a 24 


[et — f(z) — f(a] To determine g(z) or ¥(z), we square and rearrange the bound- 

ary equation (36) in the following forms: 

r v Ps . 

Oz) + W(z) + (2) g3) — 2d (2? + #*) (40) 
6a 

+ w(z) + @(2) — G(z,%) (27) 


The average velocity and temperature are 
j 4 l 
l . -a* + (2? + "| 
u,, = - ff, u dz dy 28 ‘ 3 6a 
A D 


Adding these two equations leads to 


l ef 
A a 2 = —— 28(29 + 2) + — 23 + —[(z* + #) — 8a") (42) 
ba 3 3 
Also the mixed mean temperature is ; ’ : : ; 
Comparing with equations (18) and (19), we obtain 
l 
T Sf u T dz dy 30) 2a : 
Ug A D g(z) = 2 (z* — 4a’) (43) 
The heat-transfer rate is now obtainable from the consideration c 
of heat balance; we then have Y(2 = 4a? — 2?) (44) 
96 
) Cyu,kA ff Q dz dy = (Cyu,, — Can)kA 31 : 
D : ™ " lo determine 7; we take a simple case of uniform heat genera- 
' . , =< . . tion C; = C;,. Then equation (21) shows 
Also the heat-transfer coefficient A and the Nusselt number Nu 
based on T'y may then be evaluated, C; 


h aa! | ST y Con Cyu,, kKA/ST yy Ds ‘ 


G(z, 2) 
Using equations (36) and (25), we have 
I'y 


A y Cim — Crim 
Ss T 


where S is the circumference of the section, and D, is the equiva- 
lent hydraulic diameter 


a o ' . 2 
T; = [8a* z* + 2%) — 6azz) 
24a 


Therefore the velocity and temperature fields are 


p . A l 
Equilateral Triangular Tubes s-— -@ (2 + "| 
a 1 
Consider a tube of an equilateral triangular cross section. 
the sides be 2\/ 3a and the equations of the boundary be 
0 
z—wv3y+ 2a C—O 
A. _ [6azé + (2* + #*) — 8a*] (49) 
z+v 3y+ 2a = 24a 
product of these equations gives In terms of physical co-ordinates (z, y), they are 
I: : - C; 
(z-aj)iz V3y+ 2a)\z + 3f 


12 (x — a)[(x + 2a)? — 3y?] 
<a 


2a)? — 3y?] 


C; 
+ x | (x* + y* — 4a*) — 16 = 
Using equations (16) and (17), we obtain Cc 


‘4 


f(z) = 2 pee 1 - (37) When C; = 0, the result agrees with [5]. 
3 6a The average velocity and temperature are then 
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HEAT TRANSFER RATE 








-12 


Fig. 1 Equilateral triangular duct—heat-transfer rate (q/C,kA*) versus 
dimensionless parameter a ( = C;/C,a*) 


Nu 


8 








Fig. 2 Equilateral trianguler duct—Nusselt number versus dimensionless 
parameter a (= C;/C,a") 


9 Pe nt +2a 3 
U., = ; V? udydz = — Ca? 
m » Je 2 ¢ » 
3V3a -24 J0 20 


a ar +2la 
”») 
a = f | v3 T dy dz 
™ 9”) *) 2 
d3V3a 2a 0 

Bi. 14 Cy 
= Ca‘ 1 + (53 
280 3 C,a? 


And the mixed mean temperature is 


a at +2a 
T wv = : J | v3 uT dy dr 
3 V3 una? J 20 Jo 
7 


= Mgt & 40 Ci 
- ' 3 
560 “ 9 Ca? 


Hence the heat-transfer rate and the Nusselt number based on 


Tu are 
q Um C; l ( 3 
= -_ = —-— ta 
CykA* C\A CA 3 V3 \20 


20 
co Cc : 08 1+ 3 a 
(C; - U,,)a* 2 t 
—— 3 2m )a" _ 
Ty 9 
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where a = C;/C,a*. With vanishing C; (or a), we have Nu = 
28/9, which is compared to Nu = 3.00 given by relaxation method 
[4]. The evaluations of heat-transfer rates (in dimensionless 
form) and Nusselt numbers at various values of @ are given in 
Figs. 1 and 2, respectively. 


Elliptical Tubes 


Consider the flow in an elliptical tube of semiaxes a and 6 with 
uniformly distributed heat sources. Let the equation of the 
boundary IT be 


zy? y? 


a’? b? 


a? — b? 2a*b? 
a? + b* 


oe = 


(2? a 32) + 


1 
~ 2at +b 


Comparing with equations (16) and (17), we get 
1 a? — b? 
2a?+ bh? 

Cy, | a? — Bb? 
¢'(z) = 


—- —— £ 
32 La? + b? 


ch? 


a’? + b? 


a*h? 
2 ye 2 oe 
+2 


GF ab? a? — 6? _ 
—-—1|6 zz + ——— g%% 
96 a? + b? a? + b? 


To determine g(z) and ¥(z), we rearrange and square the bound- 
ary equation (58) in three different forms: 


f(z) = 


2o(z) = (61) 


la? — >? | 24 5 
= —— 283 g 
2 a? + 5? } 
a*b*(a? — b*) 
(a? + 
7 ae 2a? i, +2 
22 z*) — Zz 2? 
(z? + ) a? + be | ) 
1 a? — b? 


= . . 4 2*) 
2 a? + Bb? w+ 


2a*b? 


a* + Bb? 


Introducing 


2 a* + bt + 10a*? 


A; = - 
+ 3 at + b* + 6a%? 


1 a‘ — bt 
Ags: -— 
3 at + of + 6a? 
ath? A 
s (67) 
a? + b? 
we multiply equations (62), (63), and (64) by Aj, 
respectively, and add these three equations, 


A 2) and A 3) 


2a*-b 
- 22(2* + 


Sa%? ~~ 
3 a? + }? ay Saar 


52) 4 
) a? + }? 


+ 2 5(z* + Z*) + 2As 
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aa? — b*) 2a? 


(a? + 52)? a? -j- 5? 


1 a? — 5? 
207+)? 
— }? l 


: 53 } 


(a? — b*)* 


6 at + b* + 6a%?* 
a*h? 
(a? + §*)? a? + }* ‘ 


rherefore 


58), we have 


Cy | lat? — 2a*h? 
0; = . (2* + 8) + 
t [2 a? + BD? a* + b* 


From equations (23) and 


Cy 2 2a*b? 
(2* + 2) + 


a* + }? 


1 a? — 6? 


{ 
2 a? + b 


2a*h? 


a* + b | 


’ 
32 
~ 


— As(2? 


c 
’ | Aue + A, 


In terms of physical co-ordinates (z, y), they are 


(b2z? + aty? — a%? 
6? ; 


bir? + gt? — g%? 


2a%* 
1, rT 2A>)y? +- A, 
at + 5? 


| (80 


Similarly, we may evaluate the average velocity and tempera- 


ture, and the mixed mean temperature, 


l * C; a*b? 
Ue Sf, udzrdy = — 
rab D 4 a’? + }? 

: f T dzd 
Tab I, —<e 

Ca? 1 a*b? 

: +} 

‘ a’ + b?) 3 a’? : b? 


l a 
webu. Sf, u Tdz dy 


Ca a%* 17a* + 176* + 98a*b? 1 
144(a? + 5?) | a? + 5? a* + b* + 6a)? 
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Fig. 4 Elliptical tube—Nusselt number versus aspect ratio \ 


The heat-transfer rate and the Nusselt number, according to 


equations (31) and (33), are 


q l l a*h? C; 
“we - v a 
( ak A? tab 4a? + }? ( ‘4 


2 a? + b* Tr 3 
Nu 8) ) 
a’? E(c/a 


a*h? Cy 
a? + b? C, 
17a* + 17b* + 98a*%b? 


a‘ + b* + 6a%)? 


(84) 


x 


a*h? 
a? a bh? 
In deriving the foregoing formula we have employed 
S = 4aE(c/a) 
where c = (a? — b?)'/? and E(k) is the complete elliptical integral 
of second kind. For numerical evaluation of the Nusselt num- 
ber and heat-transfer rate, we rewrite equations (84) and (85) in 


dimensionless forms by introducing the aspect ratio X = b/a 
anda = (;/C,a?, 


q 4 1 (* + ) 
CkA* — dw \4l4+a*) ” 
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(86) 





: 7 ‘ 
= ¢ 2 — _ , 
Nu = &1 + A?) la = an 


2 
eS tai 
Ne 171 + AS) + 98A? 
1+? (1 +A‘) + 6A? 


a 
x 
48a 


The result of the heat-transfer rates (in dimensionless form) and 
the Nusselt numbers at various A and @ are plotted in Figs. 3 and 
4, respectively. 


Special Cases 
The analyses of an elliptical tube given in the preceding section 
may also be used for the cases of a circular tube and between two 
parallel plates. The solutions for these two cases can be obtained 
easily by assigning some special values of the parameters. 
Circular Tubes. 
2? + y*® = r%, 


In the case of circular tubes, we let b = a and 
Then the velocity and temperature fields are 


C 2 2 
(r? — a?) 
4 


C4 
(r? a)(r — 3a? — 16 «) 
64 ‘ 


Also u,,, T,, Ty, g, and Nu are, respectively, 


Ca? 


8 
Ca’ | a C 
T. = - + *] 
Ss 6 C, 


11C qa? 
Ty = : E 


uu, = — 


384 


+ 64 C; 
11 C, 
CykA* f1 Qs; 


48 1 + 8a C; 
> @ 


11 » 64 Ca? 
a 
11 


Nu = 


In evaluating the Nusselt number, we have used E(0) = 2/2 
It can be seen that with vanishing C; the Nusselt number is re- 
duced to the known result of 48/11 [7]. 

Parallel Plates. In order to get the solution of flow between paral- 
lel plates, we let a approach infinity and 6 remain finite. Taking 
the limiting process, we obtain 

Ci 
> (y? — 6%) 


sds if 4 ; a Qs 
T = (y? - b?){ y? — 56? — 12 - 
24 a 


Based on these values of velocity and temperature, we may pro- 
ceed to find the average velocity, the average temperature, the 
mixed mean temperature, the heat-transfer rate, and the Nusselt 
number of flow between parallel plates with a gap, 
C,b? 
3 


u, = (97) 
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2 5 C; 
— Cb* [: + = | (98) 


15 2 Cb? 
2 ont, 2S 
— 17 Cb? 


b? 
q (per unit length) = —2C,kb ( — + 
” 


(99) 


(100) 


140 


With vanishing C; we have Nu 
with [4]. 


140/17 which is in agreement 


Discussion and Remarks 


The heat-transfer rates (in dimensionless form) and the Nusselt 
numbers for the cases of equilateral triangular ducts and of ellip- 
tical tubes are given in Figs.1 to4. Fig. 1 gives the heat-transfer 
rates of an equilateral triangular duct at various values of a. 
It shows a linear relationship between g and a. 
point which needs particular attention. This point is when a = 

-3/20, which may be called the critical point. On two sides 
of this point the heat-flow direction is different. In the case of 
elliptical tubes we can similarly find this critical point. How- 
ever, it depends cn the aspect ratio and hence is not reported in 
Fig. 3. From equation (86) we find that the critical point is at 
a — d2/4(1 + A?). 

Fig. 


Also there is one 


2 shows that for a —9/40 the Nusselt number ap- 

This does not mean that the heat-transfer 
As we examine equation (54), we find that the 
—9/40. The heat- 
transfer rate is proportional to the product of the heat-transfer 
coefficient and mixed mean temperature. 


proaches infinity. 
rate is infinity. 
mixed mean temperature 7'y vanishes at a = 


Therefore the heat- 
transfer coefficient or the Nusselt number is infinity even though 
the heat-transfer rate is finite as shown in Fig. 1. The same argu- 
ment applies to other cases. 

In Figs. 3 and 4 the values of the heat-transfer rate and the 
Nusselt number at A 
However, those at 4 = 0 do not have any physical meaning. 
They do not represent the case of flow between parallel plates 
with a gap. 


1 correspond to those of circular tubes. 


When the aspect ratio \ is zero, we may have either 
b = 0 (parallel plates with no gap) or a— = (parallel plates with 
a gap). From equations (83) and (84) we see that the values of 
q and 7'y are either zero or infinite. Hence neither of these two 
conditions represents any physical problem. In problems of 
flow between parallel plates with a gap they should be deter- 
mined from equations (100) and (101). 

At last, we conclude that the complex-variable method can be 
In this 
The solutions can be 
straightly determined from the boundary conditions. Since the 
problem is only the determination of some analytic functions 
satisfying the given boundary conditions, the method of con- 
formal mapping is directly applicable. When conformal mapping 
is used, the problem is further simplified to the finding of certain 
mapping function. However, the required mapping functions 
of the problems given in this paper are usually not simple. For 
example, the mapping function of the interior of an ellipse onto 
the interior of a circle is an expression involving Jacobi’s elliptical 
function. Hence they are lengthy and not elementary. In 


adopted to studies of some forced-convection problems. 
paper few basic cases are examined. 
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foreed-convection problems of some other configurations where 
no simple polynomial solution is obtainable, the use of conformal 
mapping is definitely favorable. A study in this direction is 


presently in progress 
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Unsteady Laminar Free Convection 
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The unsteady, laminar, free-convection boundary layer is analyzed with the Grashof 
number considered to be time-dependent through either the uniform wall temperature 
or the acceleration field. Two geometries are considered; the vertical plate and the 
horizontal circular cylinder. A set of parameters is derived through which it is possible 
to describe the unsteady behavior of the boundary layer. These parameters allow solu- 
tions of the pertinent differential equations to be expressed in series form and an infinite 
number of sets of perturbation equations result. Numerical integrations of the first few 
sets are shown graphically. These results enable one to visualize and to calculate, quite 
readtly, the time-dependent deviations from the quasi-steady velocity and temperature 
profiles as well as the deviation in heat transfer. 


Introduction 


located parallel to and for a circular cylinder normal to the ac- 
celeration field. The solution obtained applies when either the 
uniform wall temperature or the acceleration field is arbitrarily 
time-dependent. 


Formulation of Problem 


Consider a plate or circular cylinder of unsteady but uniform 
temperature located in a constant-property fluid of a different tem- 
perature, Fig. 1. Now consider that a uniform but time- 


REE CONVECTION under unsteady conditions occurs 
in many engineering problems. In the past, the unsteady situa- 
tion has been caused by time-dependent variation of the surface 
or ambient temperatures only. No general solution to this prob- 
lem has been obtained previously; however, a recent study for 
an unsteady, laminar, free-convection boundary layer over a 
vertical plate has been reported.'!. It was found that similarity 
solutions of the boundary-layer equations could be obtained only 
when the surface temperature varied with time and position in a 
few specific ways. With the current interest in space tech- 
nology, a factor in addition to unsteady temperatures may be- 
come important to unsteady free convection; that is, the un- 
steady force field which prevails in a rocket vehicle during ac- 
celeration and deceleration. 

In this paper, the behavior of the unsteady, laminar, free- 
convection, boundary-layer equations are analyzed for a plate 


1 K.-T. Yang, ‘Possible Similarity Solutions for Laminar Free Con- 
vection on Vertical Plates and Cylinders,’’ Journal of Applied Me- 
chanics, vol. 27, Trans. ASME, Series E, vol. 82, June, 1960, pp. 2306 ———— 
236. ! Boundary loyer 

Contributed by the Heat Transfer Division and presented at the edge 
Winter Annual Meeting, New York, N. Y., November 27—December 
2, 1960, of THe American Society or MecuanicaL ENGINEERS. 
Manuscript received at ASME Headquarters, August 22, 1960. 
Paper No. 60—-WA-211. Fig. 1 Models considered 





T,(t)> TT. 


Nomenclature 





specific heat at constant pres- os T 
sure = time 
steady-state dimensionless 


kinematic viscosity 
infinite set of dimensionless 


stream function 

unsteady-state dimensionless 
stream function defined by 
equation (8) 

perturbed dimensionless 
stream functions 

‘ acceleration 

standard acceleration 
(32.2 ft/sec*) 

Grashof number, gA78L*/v? 

thermal conductivity 

characteristic length (Fig. 1) 

Nusselt number, ¢,/ATk 

Prandtl number, yuc,/k 

heat flux away from wall 


absolute temperature 
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z-component of velocity 

y-component of velocity 

z/L 

streamwise distance long body 
surface (Fig. 1) 

y/L 

normal distance from body sur- 
face 

thermal expansion coefficient 

function of X in 7 

similarity variable, defined by 
equation (9) 

steady-state dimensionless 
temperature 

T — T/T, — To 

perturbed dimensionless tem- 
peratures 

dynamic viscosity 


Subscripts 


parameters, defined by equa- 
tion (20) 

function of X in f 

stream function, defined by 
equation (5) 

angle of inclination of body sur- 
face with a normal to ac- 
celeration field 


n = 0, 1, refers to order of &, 


9 


my eee 


w = wall 
o = ambient 


Superscripts 


, 


= (prime) total differentiation 
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dependent acceleration field is applied to the system in such a 
way that the direction of the force field is parallel to the plate or 
normal to the cylinder. The following conservation equations 
then describe the behavior of the unsteady, laminar, free-convec- 
tion boundary layer over the surfaces: 


Continuity 


Momentum 


Ou Ou , O*u 
+2 gATB@ sin w + v 
ol o oy? 


Energy 


06 9 AT 06 06 
~ §£ ~~ ~ 
ot Al or oy 


The boundary conditions are as follows: 


Che angle w represents the inclination of the surface concerned to 
a plane normal to the direction of the acceleration field. The 
function, sin w, is then unity for the plate and is equal to sin X for 
the circular cylinder 


Solution of Equations 


\ study of the literature on transient free convection, such as 
by Sugawara and Itaru,? showed that the response of the boundary 
laver to a sudden variation of the boundary conditions is ex- 
tremely fast. This fact suggested the seeking of an unsteady 
solution in the form of perturbations to the quasi-steady solution. 

First a stream function W is defined to satisfy the continuity 

iation by the relationships 


oy 

“= 

a 2 
or } 


The momentum and the energy equations (2) and (3) are now 
rewritten, with the aid of the stream function, as follows: 
Momentum 


ay oy d*y 


otody Oy Ordy - 


ww ay 


AT9@8 sin w + v (6 
oz dy? g y* 
Energy 


of g oT" , oy 06 Oy 8 
of AT Oy Oz Or Oy 


y 0°76 
Pr dy? 
Equations (6) and (7) will now be transformed to a pair of 
equations which are more suitable to the perturbation type of 


Sugao Sugawara and Michiyoshi Itaru, “The Heat Transfer by 
Natural Convection in the Unsteady State on a Vertical Flat Wall,”’ 
Proceedings of the Firat Japanese National Congress for A pplied 
Vex hance, 1951 
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solution sought. A new nondimensional stream function f is 
first introduced, and it is, a priori, assumed to be a function of the 
usual steady-state similarity variable 7 and an infinite set of non- 
dimensional variables {£,(z, t)|, which together would express 
the unsteady characteristics of the boundary layer. The non- 
dimensional temperature @ is also assumed to be a function of 


the same variables. Now if the transformations 
V(z, y, t) > f(n, £, é,, eee * tee 
and 


O(z, y, t) — O(n, &o, &, ... &, - - -) 


are carried out in equations (6) and (7), and if the resulting equa- 
tions could be made to be functions of the variables 7 and {£,} 
only, then the initial assumptions would have been proved to be 
self-consistent. Let the function f be related to the original 
stream function W by the equation 

¥(z, y, 0) 


ere TL me (8) 


Fin, &, 8 v(Gr(t)]'/“@C(X) 


Let. 7 be defined by 
n = Y[Gr(t)]'“T(X) (9) 


The set {£,} and the functions [ and @ are left undetermined for 
the moment. The Grashof number 


_ gATBL* 
py? 
is a function of time through g or 7',, which are time-dependent. 


The stream function f and the new variables yield expressions 
for the velocity components as 


and 


v I’ of 
~~ G ‘ "ft 4. 
t L r | &: t o(7 ” on + 


=~ of =) , 
Do ae. =) ae 


The momentum and the energy equations (6) and (7) are trans- 
formed to the following equations: 
Momentum 


or? of Th’ , OF ror’ + Td’) (2 ’ 

sin w On z sin w © On? sin w on 
Tf L? (Gr'/)’ ) 2 

. = S5 (2 y +9 =) 
sinw v Gr’ on on? 

or L? of 6, 

4, Onde, OL 


+0 


PT? af —. «(OY Ok, 
, a > . ‘. 
sin w On + dndé,, OX 


272 292 = 
a o*f > of of (12) 
& £4 d€, ox 


+ j 
sin w vy Gr“? 
n 


sin w On 

Energy 
100 06 or Ll? (Gr'/*)’ 06 
Pr dn? as ot on osinw vy Gr’/* "Sy 
ar L 


sin w yGr'/? 


00 0 «= OL? AT” 
a, d&, d4 ‘/t AT 


, or 2 of $1? 00 — af dé, 
sin w dn 4 > ~ gin w on du o&, oX 


+ 


sin w vGr 


06 dé, 
d&, OX 
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The left-hand sides of equations (12) and (13) will be in the 
same form as the steady-state, free-convection equations for the 
plate and the cylinder if a unique solution to the following set of 
equations can be obtained: 


(17 


There are four equations for the determination of the functions 
I and ®. When sin w is set to unity, it can be shown that only 
two of the four equations are actually independent, and thus the 
following unique solution of the equations are derived for the 
plate: 


@ = 2°" (19 


For the circular cylinder, Hermann* found that an approximate 
but engineeringwise acceptable unique solution could be obtained 
except for small values of X. However, the boundary-layer as- 
sumptions themselves may be questionable for small X. It has 
been accepted generally that the failure to find a unique solution 
of equations (14) through (17) in this region will not introduce 
errors in the heat transfer significantly different from those 
already present in the boundary-layer analyses. 
values of T and ® for the circular cylinder. 
Now consider the right-hand side of the momentum and energ) 
equations. 


Fig. 2 shows the 


A study of these equations reveals that they become 
functions of 7 and {}£,} only when &, is defined as 


d**\(Gr'/*) d"*'(Gr'/*) 
( L*oT \** dt™*} L? \**1 dt**! - 
™ - 4 = (ona: (< 
i vy sin w Grn +3)/4 vl? Gr@n+9)/4 
Here the Grashof number is assumed to be infinitely differentiable 
This implies that either AT or g is infinitely differentiable with 


*R. Hermann, “Heat Transfer by Free Convection From Horizon 
tal Cylinders in Diatomic Gases," NACA TM 1366, November, 1954 
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Fig. 2. Functions I’ and ® for circular cylinders’ 
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respect to time. When the wall temperature alone is unsteady, 
the foregoing definition of {£n} and equations (14) through (17) 
allow equations (12) and (13) to be transformed to the following 
equations: 

Momentum 


o*f o*f of \? of °? 
Ley y-2(%)' 40-6 (22 + 2 
on* on? on on on? 


o*f : 
ii > : _ (9 ‘ £1 
E [Ent (2n + 3)&&, ] 


n=O 
of o*f of 92 
»(? a €, (21) 
dn ONdE, =O? DE, 


energy 


1 076 06 
swe e e ( >, + 4) 
Pr on? on \ On 


i peta ; 
+ 2d. 2E, [Ens — (2n + 3)6E, 


ec 06 0 of 
2 (n + 1) &-—2 (n + 1) 
on n=0 d&,, 


~ on n=0 0&,, 


When the boundary layer is unsteady due to the acceleration 
alone, the same momentum equation (21) is valid, but the term 
6(AT’/AT) in equation (13) is zero and the following energy 
equation results. 


1 076 06 08 — 6 
3f = & 
baat aé, 


+ ; E41 — (2n + 3)£h8, 
Pr On? " On on [St bof 


n=0 


- 


ec 06 00 of 
+2- (n + 1) &-—2- (n + 1) — &, 
on 2d, d&,, on > dé, 


n=0 


(23) 


The boundary conditions (4) become, for both cases: 


Atyn = 0 


Equations (21), (22), and (23) are functions of 7 and { &,} only, 
and furthermore, {£,} is determined in terms of z and ¢ alone by 
equation (20). It is now clear that the initia! assumptions on f 
and 6, and the choice of the independent variables are self-con- 
sistent. 

The transformed equations (21), (22), and (23) are solved here 
for f and @ by expanding them in power series of &, as 


& ) 
“> Smyp ++ 


in, 0, bi, . « 
= F(n) + Sofoln) + Efi(n) +. 
+ £ofoo() + £,°fiu(n) + coe EE for(n) cee 


and 


» » r 
4(n, Sa» Sis o o o &.. bees 
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O(n) + EBoln) + E60) +... 


+ § Bool) + £76() + 


+ E,EOu(n) 4+ (26) 


When the foregoing series are substituted into equations (21) and 
(22) which are for unsteady wall temperature, and terms of equal 
order of &, are collected, an infinite number of sets of equations 
result, the first few of which are 


F’”’ + 3FR" — 2(F’)? + © 


l 
0” + 3FO’ 
Pr 


‘+ SFfy’’ — 6F'fo’ + 5F''fo + Op = 2F’ + nF” | 

> (28a) 
p 6,’ + 3F0,' — 2F’8, (ny — 5f.)0’ + 40 
r 


SF’f,’ 


+ 7F’'f, + 0, 


3F8, iF’ 


nf 


iF’O 


| 
(30a) 
| 


5f.)0 Tho’ + (2fo’ + 1) 


When the acceleration field is unsteady the following first few 
sets result, with some of the equations being the same: 


(30d) 
‘ — 4P'B, 
if — 5f 8," 


Tho’ + (2fo’ — 3)0, 


The boundary conditions are, for both cases: 
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ro 

a 
The first set (27), are the well-known steady-state equations, 
and their solutions are found elsewhere.‘ The solutions of the 
sets (28), (29), and (30) are obtained in the present analysis 


numerically, using an IBM 704 digital computer. Figs. 3 through 
6 show the solutions for Pr = 0.72. 


Heat Transfer 


The heat transfer to the fluid from a particular position z on the 
surface of the plate or the circular cylinder at a given time ¢ is 
given by 


Nu(z, t) 
(Gr(t)]'/* 


a ~ 
~ ATk{Gr(t)}'/* 


= —I'(X)[O,’ + 0,’ + £0 


4 E,7oo,,.’ 4 


*E. Schmidt and W. Beckmann, “Das Temperatur- und Gesch- 
windigkeitsfeld vor einer Wirmeabgebenden senkrechten Platte 
bei naturlicher Konvektion,"’ Technische Mechanik und Thermody- 
namik, vol. 1, 1930. pp. 391-406. 
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Fig. 3 Nondimensional stream functions for unsteady wall temperature 
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Equation (33) can be rewritten with the aid of the numerical re- 
sults shown in Fig. 4 for unsteady wall temperature as 

Nu — aa 

—7, = T(X)[0.5046 + 1.55228, 


- - 0.1893, + 
Gr fi 


— 0.1203? + .. 


Pr. *0.72 
Unsteady T, 
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Fig. 5 Nondimensional stream functi ‘ation field 
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and in Fig. 6 for unsteady acceleration field as 
Nu aes . ne 
rm I'(X) {0.5046 — 0.3357& + 0.11458 +... 
sr /* 

—0.3671£? + ...] (35) 


The function I'(X) is given by equation (18) for the plate and in 

Fig. 2 for the circular cylinder. The set {£,} is defined by equa- 

(20), from which & and &, are for the unsteady-wall-tem- 
AT’ 


perature case 
ss (| 
So iT? \ Bg AT’: 
as | rar. (AT’) 
' 414 Bg LAT? * ATs 
and for unsteady-acceleration-field case 
t, = 1 (; L \' g’ 
° 47? \Bar g/t 


id L g” 
4I4 BAT g* 


tion 


f, = 


Discussion 


Consider, as an example, a case in which the uniform wall tem- 
perature or the acceleration field vary so that Gr'/* varies linearly 
with time; then £,(n > 0 0. Now assume that & = 0.2. 
From equations (34) and (35) we see that for unsteady wall tem- 
perature, the heat transfer is increased about 61 per cent from the 
quasi-steady value, whereas for an unsteady-acceleration field the 
heat transfer is decreased by about 17 per cent from the quasi- 
steady value. Both of these effects are, of course, brought about 
by the time lag of the boundary layer. In the case of the increas- 
ing AT (therefore increasing 7',,) the average temperature in the 
boundary layer lags behind the increasing T’,,, and the boundary 
layer during the transition is cooler than the temperature it would 
reach if the system were to reach a steady state at the increased 
value of T,. Therefore the unsteady heat-transfer rate caused 
by an increasing 7’, is greater than the instantaneous steady-state 


value. In the case of the increasing g, the average velocity of the 
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Fig. 6 Nondimensional temperatures for unsteady acceleration field 
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fluid in the boundary layer lags behind the value it would reach if 
the system were to reach a steady state at the instantaneous value 
of g. Thus the unsteady heat-transfer rate due to increasing g 
is below the instantaneous steady-state value. This shows that 
the cause of the variation of the Grashof number with time, as 
well as the magnitude of the variation, is critical in unsteady heat- 
transfer calculations. 

The foregoing value of & is quite realistic and occurs, for in- 
stance, in the following circumstances: 
2 in. diam at X < 160 deg or a flat plate at z = 4in., with AT = 
50 deg R, g and 8 1/560 deg R, & ~~ 0.2 if, for unsteady 
wall temperature, AT’’ 


tion field, if g 1.2 go/sec 


On a circular cylinder of 


59 deg R/sec or, for unsteady accelera- 
If g were 5g, in the foregoing example, 
then for an unsteady acceleration field & ~~ 0.2 when g’ = 13 


se¢ 


If £& were large, one would not expect the present method to be 
applicable, 


however, a transient analysis, for instance one 
similar to that of an earlier reference,* could probably be used. 

In addition to the geometries discussed here this method may 
used for any geometry for which I’ and ® can be determined to 


satisfy equations (14) through (17). 
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Concluding Remarks 


The laminar, free-convection boundary layer over a vertical 
plate or a horizontal cylinder was analyzed under unsteady condi- 
tions. Time variation of either the uniform wall temperature or 
the acceleration field was considered. The first-order deviations 
of the velocity and temperature profiles and the heat transfer, 
from the quasi-steady state, were computed for Pr = 0.72. The 
associated universal functions were presented graphically. 

It was found that the deviations from quasi-steady state could 
be expressed in terms of a set of parameters { £,(z, t)} given by 
equation (20), of which & and &, are specifically given by equa- 
tions (36) through (39). When &, is sufficiently small the actual 
heat transfer can be calculated from equations (34) and (35). 

It was found that, for Pr = 0.72, if the wall temperature in- 
creases with time, the heat transfer is increased from the quasi- 
steady value, whereas the heat transfer is decreased when the ac- 
celeration field is increased with time. It was further found that 
for a given value of the parameter & the heat transfer deviates 
from the quasi-steady value much more drastically when the wall 
temperature is unsteady than when the acceleration field is 
unsteady. 
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Buoyancy Effects in Forced Laminar 


YASUO MORI: 


Graduate School of 
Aeronautical Engineering, 
Cornell University, 
Ithaca, N. Y. 


Convection Flow Over a Horizontal Flat Plate 


Effects of buoyancy forces in a forced laminar convection flow over a horizontal flat plate 
is analyzed. It is shown that the solutions may be expanded into power series in 


Gr,/Re,*-* whose first terms express the solution for the purely forced convection flow. 
A numerical example is given to show the effects of Grashof number on the velocity pro- 
file, the temperature profile, and the Nusselt number. 


Introduction 


EAT-TRANSFER PROBLEMS of combined free and 
forced convection flow have been an attractive and important 
subject of investigation for several years. Combined convection 
flows in vertical channels have been studied by many researchers. 
Buoyancy effects on forced laminar convection flow have been 
analyzed for a flow around a vertical flat plate by Sparrow and 
Gregg [1]? and for a flow in a horizontal tube by Morton [2]. 

Many practical applications require a very high heat flux in 
forced laminar convection flow. This leads to the requirement 
of a large temperature difference between the surface and the main 
flow. It might also be said that the laminar forced convec- 
tion flow is one of the most fundamental and important prob- 
lems in heat transfer 

The purpose of this paper is to analyze the effects of buoyancy, 
that is, a large Grashof number on forced laminar convective 
heat transfer and to find when and how the Grashot number must 
be taken into account in this case. 


Analysis 


To formulate the problem, a co-ordinate system is taken as 
shown in Fig. 1. We assume a steady, incompressible laminar 
flow with constant fluid properties. When the temperature dif- 
ference between the wall and the basic flow is large, we have to 
take into account the effects of variations of physical properties, 
for instance, viscosity and thermal conductivity. However, these 
effects may be discussed independently of the effects of buoyancy, 
because as seen from the following fundamental equations, the 
buoyancy is not explicitly influenced by the variation of viscosity 


' Visiting Professor from Tokyo Institute of Technology, 
Ku, Tokyo, Japan 

* Numbers in brackets designate References at end of paper. 
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Meguro- 


Nomenclature 


or of thermal conductivity. Therefore the variation of fluid 
properties is neglected in this report. 

In order to formulate the boundary-layer equations, we have 
to discuss the order of magnitude of the quantities in the momen- 
tum equation in the vertical direction. The Navier-Stokes Equa- 
tion in that direction may be expressed as 


Pe, PCY OR 
ox oe Ba ° 


ov OV) a 
+ Vv — - 
ox? * oy? 


For the flow above the plate the direction of Y-axis in Fig. 1 is 
taken opposite to that of gravity and the positive sign in equation 
(1) must be used, while for the flow below the plate the negative 
sign is adopted by coinciding the direction of Y-axis with that of 
gravity. The plate temperature may be either higher or lower 
than that of the fluid, but we will discuss the case when 7’, > To. 

Assuming the Reynolds number to be sufficiently large, we can 
introduce the following variable according to the boundary-layer 
theory: 

= VRet**/U, 2 =X/L, y = YRe*-4/L, 

p= P/pU,? (2) 

where L is a reference length and Re and Gr are defined by 


UoL TT. - 3 
Re = = Gr = gB(T — ToL 
y? 


The order of magnitude of u, v, z, y, and p are unity. 


T 


° 





Fig. 1 Co-ordinate system 





gravitational acceleration 

reference length of the plate 

static pressure 

temperature in the 
layer 

temperature in the basic flow 

temperature of the surface 

velocity in X-direction iT, = 

velocity in the basic flow _ = 


boundary 


Reynolds 
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velocity in Y-direction 

distance taken along the 
from the leading edge 

distance taken from the 
perpendicular to it 

Grashof number 

local Grashof number 


number = 


local Reynolds number 
surface Blasius nondimensional similarity 
variable 
surface coefficient of thermal expansion 
(T — To)/(T, — To) 
stream function 
density 
kinematic viscosity 
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Using the relations (2) and (3) we can deduce from equation 
(1) the following nondimensional equation: 


1 ov ov op 3 
u +v—) = —Re&s — + — 
Re®:5 oz oy oy Re? 


,_1 (1 do» 
Re \Re dz* 


o*y 
——} (4) 
oy? 


where @ is given by 
6 = (T — 7T,)/(T. — To) (5) 


If we restrict our discussion to the region of Gr/Re! > 1, the 
left side of equation (4) and the terms in the parentheses on the 
right side of the same equation can be neglected. Therefore in 
this case equation (1) may be written as 


2 


re) 
0 = —— + pghi(T — T>) (6) 
o} 
In addition to equation (6) the equations expressing conserva- 
tion of mass, momentum, and energy for a laminar boundary- 


layer flow around a horizontal flat plate are 


ou ov 


P= - G@ 
ox o} 


_ ov 1 oP 


oY p ox 

oT _ or vy OT 
ox oY Pr oY? 
where 0P/O0X = 0 ina basic flow, because we are discussing a flow 
around a flat plate. 

Differentiating equation (8) by Y and equation (6) by X, and 
eliminating the pressure terms from these equations, we get 

OU 
oXoY 


orl 
oy: 


oU = AT — 
ay? F gB(T, Ts) - 


—. (10) 
ox 


iation (7) may be satisfied by a stream function W, defined by 


ga, oe cu 
oy ox 
Using equation (11), equations (9) and (10) may be reduced to the 
following two simultaneous differential equations: 


ww oO w 20 v 


07 
~ Pr oY? 


oY ox ov oY 


, EE re) 06 
ov “4 ~~ ~ 4 v =y v ¥ gB(T, — To -- 
oY oXoy® ox oY? oY* ox 


(13 


Except for the last term of equation (13), equation (12) and the 
integrated form of equation (13) with respect to Y are the same 
as those for the purely forced laminar convection flow over a 
flat plate. Therefore as was done in Blasius’ boundary-layer 
solution over a flat plate, we introduce the independent variable 
as 


(14) 


In order to find the buoyancy produced deviation from the purely 
forced laminar convection flow and to satisfy equations (12) and 
(13), we write ¥ and @ as follows by assuming AX < 1: 
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¥ = VUexX [fe(n) + (AX)*fi(n) + (AX) ™ Alm) +. - 2] (15) 


@ = O(n) + (AX)"0,(n) + (AX)*6,(n) +... = (16) 


where AX is a nondimensional parameter and A is independent 
of y and X. The positive sign in equations (15) and (16) cor- 
responds to the flow above the plate, while the negative to that 
below it. Substituting equations (15) and (16) into equations 
(12) and (13), the parameter AX and the power m are shown to be 
given by 
axe 2 ae 
Re L Re, 


(17) 
In the relation (17), Gr, and Re, are, respectively, the local 
Grashof number and the local Reynolds number and are defined 
by 

UX 


_ gh(T, — T.)X? 


‘ 
Gr, a 


, Re, = (18) 


while Gr and Re are defined by equation (3). 

Substituting equations (15) and (16) into equations (12) and 
(13) and equating the coefficients of the like powers of AX, the 
following differential equations are obtained: 


fal!” + fofe'” + fo'fo” = 0 
Oo’ + Prfdo’ = 0 
fill” + Soh’ + fol'hi’ + 2fe!"r = 8b’ 
0,"’ + Pr(foi’ — fo'A,) = —2Prf,Oo' 


(19) 


(20) 


The boundary conditions are easily obtained from the condition 
that at the wall surface U and V vanish and T is equal to 7’,,, 
and that at infinity U tends to U, and T to 75. 

This leads to the following boundary conditions: 


atn = 0 f,(0) = (0) = 1 


j 


fo'(0) = 0, 
fi0) =f;'O) =0, 60) = 
aty—~mo fy'(« 

fi'(-) = 0, 


Integrating equations (19) and (21) to satisfy 


ditions, we get 


the boundary con- 


fo’”’ +hofr” = 0 


(27) 
fi’ + Ih" —fe'fi’ + 2fo''h, = 8000 + sf- Ody. (28) 
" 


The solution of equation (27) for the boundary conditions (23 
and (25) is that obtained by Blasius. The solution of equation 
20) is that of E. Pohlhausen. Equations (22) and (28) are linear 
ordinary equations for 0, and f, with variable coefficients. Equa- 
tions (22) and (28) may be numerically integrated by the Runge- 
Kutta method, but for this purpose fo, fo’, fo”, 4, and 09’ must be 
given to greater accuracy. The more accurate numerical solution 
of equation (27) than that by Blasius was reported by I. Tani [3]. 
Using Tani’s result with six significant figures, 9 and 4’ are 
numerically calculated for a given Prandtl number. Using fo 
and 6 thus obtained, the integration of equation (28) is begun 
from 7 = 0 with the boundary conditions f,(0) = f,'(0) = 0 and 
an assumed value of f,'’(0). This value of f,’’(0) is reassumed 
in such a way that the boundary condition at infinity, f,;' (@) = 
0, is satisfied. The same procedure is carried out for 0,. The 
results for f, and @, for Prandtl number = 0.72 are tabulated in 
Table 1. 
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Table 1 
fi f,’ f," 6, 6,’ 

0.0000 0000 ). 7888 .0000 .7116 
—0.4603 2.0923 3.6645 . 2796 .6644 
—1.5073 9382 6154 . 5025 .4087 
— 2.6624 .6818 6941 .5819 .0224 
—3.5675 7907 4793 4947 .3753 
—4.0947 . 8860 8901 3181 .4559 
—4.3240 .3254 9351 1570 3264 
—4.3987 0896 5720 0605 . 1639 
—4.4171 0188 0802 0188 0629 
—4.4: 0031 .0152 .0050 .0201 
—4.4 .0004 .0023 0013 0061 
—4.4; .0000 0.0003 0.0002 0021 
—4,4: 0000 0.0000 0.0000 0000 


Results 


The velocity may be calculated from the stream function. It 
is expressed nondimensionally as follows: 


U(m) _ fo'(n) 


Ur 2 é 


- + (29) 
2 Re,? 

The velocity profiles in the boundary layer above the plate for 
Pr = 0.72 are shown in Fig. 2 where AX = 0 corresponds to a 
Blasius flow, while those below the plate for the same Prandtl 
number are shown in Fig. 3. 

The local shear stress 7 at the plate surface may be computed 
from the equation (29). Denoting the local shear stress for the 
purely forced convection flow by To, we obtain 

T f,"’(O Gr 


ais —— - + 
To fo’’(0) Re,?-* 


z 


(30 


In the flow above the plate for Pr = 0.72, r vanishes when Gr,/ 
te,*5 is —f,’’(0)/f,’"(0) = 0.195, and the velocity profile of this 
limiting case is shown in Fig. 2. 

The nondimensional temperature may be calculated by equa- 
tion (16) and is given by 


‘ 
Gr, 


; T — To 
(yn) = Re,* 4 


= 6( t §,( 
T. — Te An) = n 


(31) 
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Fig. 2 Velocity profiles of the flow above the plate 
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This nondimensional temperature in the flow above the plate 
for Pr = 0.72 is shown in Fig. 4. 

The ratio of the local Nusselt number Nu in the presence of 
buoyancy to that Nu in the absence of buoyancy is obtained by 
using the relation (31) and Table 1 for Pr = 0.72 as follows: 

Nu 6,'(0) Gr, 


Gr, 
8,'(0) Re, +...=21F 1.202 Re,?5 . re 


Nuo 
(32) 


This ratio is plotted with the solid line for the flow above the 
plate against Gr,/Re,? in Fig. 5 for Pr = 0.72 and T, > To, 
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Fig. 3 Velocity profiles of the flow below the plate 
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Fig. 4 Nondimensional temperature profiles of the flow above the plate 
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0.1 0.2 Gr, /Re, 0.3 


Fig. 5 Ratios of Nusselt numbers 


vhile that for the flow below the plate is shown by the broken 
Fig. 5 shows that the transferred heat in the flow above 
the plate is reduced by the buoyancy effects until Gr,/Re,?* 
tends toward 0.195, the point beyond which this theory cannot 


be applied. 


ine 


Discussion 
The analysis developed in the foregoing can be only applied 
for the flow above the plate in the region of 
f.’’(O) 
. e, 
f,“"(0 


Gr, 

> 
» | 
Re,' 


vhere the upper limit is required for no acceptance of a reverse 
flow along the surface. 


tion (6 


The lower limit permits the use of equa- 
This region for the flow below the plate is 


Gr, 


Re, > > 
Re," 


(34) 


1 its upper limit is required for the convergence of equation 
15 

I'he boundary-layer theory around a flat plate may be applied 
in the region of Reynolds number from 3 X 10? to the transition 
Therefore as far as the buoyancy effect on the forced laminar con- 
vection flow is concerned, we need to take into account only the 
ipper limit of the relation (33) or (34) since in the case when the 
lower limit must be considered, the buoyancy effect is com- 
pletely negligible 
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Other important problems in the study of buoyancy effects in 
forced laminar convection flow are the effects on transition and the 
nature of secondary flows. There is no published information 
concerning the effect of buoyancy upon the transition Reynolds 
number and Grashof number. Judging from the velocity profile 
shown in Fig. 2, the transition Reynolds number of the flow above 
the flat plate would be reduced by buoyancy when the tempera- 
ture of the wall is higher than that of the fluid. However, for 
more precise information additional experimental or theoretical 
investigations are required. 

Buoyancy is also considered to bring about a secondary flow as 
proposed by Gértler [4]; there has been no quantitative treat- 
ment about how the secondary flow affects the fundamental flow. 
However, additional study is also necessary concerning these 
effects. 


Conclusion 


In forced laminar boundary-layer flow over a horizontal flat 
plate buoyancy has been taken into account in the equation of 
motion in the direction perpendicular to the plate. The magni- 
tude of the effects of buoyancy on the velocity and temperature 
field are shown to be proportional to Gr,/Re,?*, where Gr, is 
the local Grashof number and Re, is the local Reynolds number. 
When the temperature of the plate is higher than that of the 
fluid, it is shown that both the shear stress and the heat transfer 
at the surface are reduced by buoyancy in the flow above the 
plate, while they are increased in the flow below it. 
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Local Mass Transfer From Circular 
Cylinders in Cross Flow 


This is an investigation of the distribution of the local rate of mass transfer from 4.2-in- 
diam naphthalene cylinders to air at ordinary temperature and pressure, flowing normal 
The air speeds are near and within the critical zone of the drag. 
results in the laminar region are compared with approximate boundary-layer calcula- 


The 


tions of H. Schuh and of H. J. Merk and with corresponding heat and mass-transfer 


experimentation in the literature. 


It is shown that the calculations afier Merk are 


reliable from the point of stagnation to the predicted point of separation. 


Introduction 


= CIRCULAR CYLINDER has long been a convenient 
model for fundamental studies in heat and mass transfer by 
forced convection. Yet when the literature is combed precious 
little definitive information remains for evaluating either experi- 
mental techniques or boundary-layer solutions. Winding and 
Cheney [1]? provide a fair comparative study of experimental 
investigations up to 1948, notably omitting the classical work 
by Schmidt and Wenner [2]. A recent review has been provided 
by Knudsen and Katz [3]. The work of Schmidt and Wenner 
has been particularly important because only they included both 
local isothermal heat-transfer and pressure distributions. In- 
deed, Eckert [4] in 1942, Schuh [5] in 1953, and Merk [6] in 
1959, seeking to corroborate their calculations for isothermal sur- 
faces, used only the work of Schmidt and Wenner. 

Their tests were made on three cylinders of different diameters 
for Reynolds numbers in the range from 8290 to 426,000. The 
‘local’ heat transfer was measured by using an electrically heated 
copper bar which formed a narrow segment of the cylinder wall. 
The procedure required that the remaining portion of the wall be 
kept at the same temperature as the bar; this was done by con- 
densing steam at practically atmospheric pressure. The cylinder 
could be turned about its axis to any angular position. The 
authors’ “local’’ determinations, in fact, amounted to average 
values measured along a short arc, but not sufficiently short to 


define the salient features of the distributions. They correlated 
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Nomenclature 


their data on a constant-property basis, arbitrarily employing 
integrated mean values of the thermal conductivity and the 
kinematic viscosity. 

Since the details of the heat transfer in the region of separation 
were unresolved in the experimentation and since the constant- 
property, boundary-layer calculations were left open to an arbi- 
trary temperature datum, it is not surprising that differences 
occur between their experimental results and the theoretical re- 
sults based on their pressure distributions. The present work 
avoids the lack of resolution and the arbitrariness of tempera- 
ture datum by using the sublimation of naphthalene. 

Froessling [7] introduced the technique of measuring local mass 
transfer with his work on small naphthalene spheres. Somewhat 
later [8], he completely formulated the analogical relationships 
between constant-property incompressible heat transfer and low- 
concentration incompressible mass transfer. Since that time the 
technique has been used to estimate mean coefficients of heat 
transfer in complex configurations such as packed and fluidized 
beds. Winding and Cheney [1], incidentally to their studies on 
tube banks, investigated the local mass-transfer rates from single 
naphthalene circular cylinders to air in normal flow at Re = 32,- 
800. No pressure distribution was reported, and the blockage 
ratio was quite high. Christian [9] measured local rates of mass 
transfer from the outer surfaces of hollow naphthalene cylinders 
in axisymmetric flow. The local rates of mass transfer were ob- 
tained by accurate determination of the changes in radius of the 
subliming surfaces at points along the elements of the cylinders 

In the present investigation the technique used by Christian 
was employed to measure the local rates of mass transfer from 
naphthalene cylinders to air in cross flow. The measurements 
were made at Reynolds number of 122,000, 218,000, and 342,000; 
also, at Reynolds number 218,000 a turbulence grid was em- 
ployed. Pressure distributions were measured at the same values 
of the Reynolds number, permitting direct comparisons with the 





radius of cylinder 

local coefficient of mass transfer 

dimensionless coefficient 

pressure coefficient 

concentration of vapor 

diameter of cylinder 

coefficient of diffusion of naphtha~ 
lene vapor in air cylinder 

mass flux 


Nusselt number 
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Prandtl number 

Reynolds number, UD/v 

Schmidt number, v/D 

Sherwood number, bD/D 

undisturbed air speed in tunnel 

z, y-velocity components 

distance from forward stagnation 
point along 


distance from surface 
kinematic viscosity 


density 
time 
angle subtended at center of cylin- 
der, measured from stagnation 
point 
Subscripts 
circumference of solid 
stagnation 
outer edge of boundary layer 
wall 
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approximate boundary-layer solutions formulated by Schuh and 
by Merk. 


Apparatus and Procedure 


The wind tunnei [10] test section was rectangular, 32 in. wide 
and 22 in. high. The test section was closed but the circuit was 
The cylinders were oriented vertically. 

The naphthalene was cast in a mold [11] that produced a 
cylindrical naphthalene shell of 4.2-in. OD, '/s-in. wall thickness, 
and 6-in. height. The main surfaces of the mold were lightly 
coated with silicone grease so that the frozen naphthalene shells 
could be pressed out and then off the center core. Suitable holes 
and passages were provided in the several parts of the mold so 
that they could be heated electrically and water cooled for 
necessary temperature regulation during the pouring and freez- 
ing processes. Three longitudinal keyways milled in the core 
were fitted with magnesium keys that were inserted into the mold 
before pouring and that became integral parts of the casting. 
The keys were used to mount and index the specimens on the 
profilometer and wind-tunnel mandrels, which had been ma- 
chined with keyways to match. 

In order to control the density of the solid naphthalene, the 
mold was filled by aspiration. For this purpose the entire mold 
was sealed so that it could be immersed in a hot-water bath at 
ibout 185 deg F and evacuated to a few millimeters mercury. 

The density was determined by weighing the casting as soon 
is it was removed from the mold; it was assumed that the net 
volume was the volume of the cavity. 
ments yielded nr = 


open 


The repeated measure- 
1.11 g per ce, reproducible within +1 per 
The specimens thus prepared appeared to retain their 
smoothness during exposure to the air stream. One specimen 
prepared without suction on the mold displayed definite effects 
of porosity. 


cent 


The profilometer mandrel was mounted between two centers 
on & comparator stand. Three calibrated dial gages fixed in a 
row were used simultaneously to measure profiles in three planes 
normal to the cylinder axis, one at the center, a second '/; in. 
from one end, and the third ’/; in. from the other end. The 
divisions of the gages were 0.0001 in. 

The test cylinder was weighed and then measured to establish 
datum profiles. The cylinder was removed from the mandrel and 
weighed a second time before being mounted in the wind tunnel. 
These measurements were repeated in reverse order, at the end 
of the exposure, so that the local and mean coefficients could be 
evaluated from the difference between the initial and final de- 
terminations 

\ single profile survey required about 17 min, during which time 
the specimen lost about one per cent of the total mass transferred 
during the main exposure; no correction was made for this loss. 

The tunnel mandrel was assembled with the test cylinder and 
spacers at either end to form a continuous cylinder of 4.2-in. OD 
and 22-in. height. The center plane of the test cylinder was 
coincident with the horizontal plane of symmetry in the wind- 
tunnel test section 

\ steel tube served as a windshield while the air was being 
accelerated or decelerated. The time of exposure was measured 
from ‘the instant that the shield was raised to its upper position 
until the instant it was lowered to its protective position. An 
end run indicated that the transient losses were even less than 
the free-convection loss during the profile measurements and, 
therefore, no correction was applied. 

During each run the dynamic head was measured by means 
of a static-pitot tube and the air speed was controlled. The 
stagnation temperature was measured at frequent intervals by 
means of four calibrated, shielded thermocouples and an average 
value was determined for the run. 
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Pressure Distributions 


Pressure distributions are needed for the boundary-layer calcu- 
lations and for applying small corrections to allow for aerody- 
namic heating. Also, since the drag depends primarily on the 
pressure distribution, it provides a means of qualitatively orlent- 
ing the nature of the flow with respect to the critical Reynolds 
number. 

For this purpose a vertical brass cylinder of the same diameter 
as the naphthalene model was used. Three pressure taps were 
located on one element of the tube so that distributions could be 
measured in three horizontal planes at once as the cylinder was 
rotated from one angular setting to another. The center tap was 
approximately at the center plane of the tunnel and the other two 
were located symmetrically 8 in. above and below. 

The center-tap data have been reduced to a pressure coefficient 
C,, and the results are plotted in Fig. 1. The distributions at the 
other two planes were nearly the same as the ones shown, the 
major differences occurring at the stagnation region. The center- 
tap readings were employed to be consistent with the mass- 
transfer distributions determined by the center gage of the 
profilometer. The distributions of the local velocity u, at the 
outer edge of the boundary layer were determined after Bernoulli’s 
theorem: 


(1) 


The results for the leading portions at the values of the 
Reynolds number used in this study are plotted in Figs. 2, 3, and 
4. The lines through the experimental points are curves of the 


type 
z Zz 
bs Ac ( ) m Aa ( ) 
a a 


Table | lists the coefficients evaluated in this investigation and in- 
cludes the ones by Hiemenz, reference [12], and by Schmidt and 
Wenner. 

Drag coefficients are calculated according to 


drag per unit span 
” D- p,U?/2 


=f, C, - cos g * dp 


Here frictional drag is neglected, and the mean value of C, at 


D 


each element is employed [11]. The results are plotted in Fig. 5, 
where they are compared with the direct measurements of Wiesels- 
berger [13]. From the graph it is concluded that the flow at the 
lowest Reynolds number is subcritical while the others are in 
the critical zone. This is corroborated by the general form 
of the mass-transfer distributions, as will be seen. 

The turbulence intensity ¢€ is here defined to be the root-mean 
square of the longitudinal velocity fluctuations expressed as a 
percentage of the main-stream mean velocity U. It was meas- 
ured‘ by means of a modified Flow Corporation constant-current 

* In this tunnel the measured stagnation pressures on blunt models 
have always been found slightly lower than the main-stream total 
pressure measured with impact tubes. For convenience, we have re- 
ferred the individual pressures to the one at the stagnation element 
on the models. Eckert [4], for apparently a similar reason, had to 
adjust the pressure distributions measured by Schmidt and Wenner; 
he chose to move the origin of the angular displacement about 1.5 deg. 
The reason for these slight differences may possibly be related to the 
reason why the pressure distributions around the three circumferences 
are not identical. For example, the differences may arise from a 
secondary motion due to any nonuniformity in the velocity dis- 
tribution across the main stream. 


* The authors are grateful to Prof. John Ward for these measure- 
ments. 
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Fig. 1 Pressure distributions 


Table 1 Coefficients A;, A;, and A; in equation (2) 
Re A, A; As Investigator 
18400 8157 0.2714 0.047325 Hiemenz [12] 
122000 .820 0.40 0.0 present work 
170000 .8155 0.4094 0.005247 from Eckert [4], 
after Schmidt- 
Wenner [2] 
218000 -1.826 0.43 0.0 present work 
342000 1.890 0.39 0.0 present work 
218000 1.9015 0.3227 —0.0062 present work 
with grid 


hot-wire anemometer. The results, presented in Table 2, are 
certainly accurate within +10 per cent. Distances in Table 2 
are referred to the cylinder axis. The grid used in this investiga- 
tion is the same as the coarse one used by Kestin and Maeder 
10], the one which they designated as ‘‘screen 1 at 2 ft.”’ Its 
mesh was */; in., and the wire size 0.148 in. The distance from 
the cylinder axis to the screen was 24 in. 
Kestin and Maeder measured the turbulence intensity at the 
plane of the cylinder axis. Their results are shown in Table 2 for 
Fig. 2 Distribution of Sherwood number and v./U at Re = 122,000 comparison. The values for the normal stream at the lower 
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Table 2 Results of 
Distance 

from 
cylinder 

axis to 
Test hot-wire 
configuration probe, in. 





—e, per cent—. 
speed, Present Ref. 
U,fps 10-*Re ~~ work {10} 

Normal tunnel (without grid) 
Empty test sec- 
tion & 58 122 0.8 
104 218 0.8 
166 342 0.95 
Cylinder in place 8 166 342 1.05 


Tunnel with grid 24 in. from cylinder axis 

Empty test sec- 
eee 8 104 218 3.4 
0 104 218 2.4 
ei 


Cylinderin place 8 104 218 3 


Table 3. Values of E) in equation (13) 

A Pr = 0.71 Se 

. 1988 0.2939 0.4 
j ie 0! 
3761 0 
3875 0.! 
4139 0. 
4312 0 
4441 0 
4542 0.7: 
4655 0 
4762 0.7 
4798 0 
.4871 0.7 
4964 

5044 

5177 

5284 

5393 


mOANSCHRURwWIe 


speeds are in reasonably good agreement, but the present value 
at the higher speed and the one for the tunnel with the grid are 
nearly double the values obtained earlier. The reason for the 
difference is unknown. The major change of facility since the 
time of the earlier tests is that the wind tunnel is now enclosed 
by partitions. Also, the distances between the screens in the 
settling chamber have been increased. 


Theoretical Predictions of Local Rates of Mass Transfer 


The present state of knowledge permits us to make predictions 
only about the region of the cylinder between the points of stag- 
nation and separation, where the flow islaminar. The diffusion of 
the concentration occurs in a thin region near the wall, and so the 
usual boundary-layer assumptions are valid. Further, the vapor 
concentration is less than 0.1 per cent of the air density, so that 
its effects on the inertia and on the kinematic viscosity of air are 
negligibly small. Also, the air speeds are sufficiently low so that 
frictional dissipation plays a minor role. Accordingly, the 
governing differential equations for two-dimensional, steady-state 
flow relate the velocity components u(z, y), v(z, y), and the 
concentration c(z, y) as follows: 

Conservation of momentum 

ou ov du, ou 
u +0 — +» — 
or oy dz dy? 

Conservation of mixture 


ou + Ou 
ox oy 


Conservation of naphthalene vapor 
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u a +v Ld = D S 
oz oy oy? 
The boundary conditions are 
u(z, 0) = 0; u(z, ~) = u, (7) 
v(z, 0) = 0 (8) 
c(z, 0) = c,; c(z, ~) = 0 (9) 


If the symbol c were replaced by a temperature excess and D 
by the thermal diffusivity, the equations would formulate the 
corresponding problem in steady-state constant-property heat 
transfer at low air speeds [8]. It is for this reason that the 
mathematical or experimental solutions of the foregoing mass- 
transfer problem provide information about the heat transfer on 
geometrically similar surfaces. 

The sublimation induces a finite blowing at the surface so that 
equation (8) is only approximate. However, the effect of the 
blowing can be disregarded here because the vapor concentration 
is very small compared to the air density [14]. 

In the experiments the concentration at the wall is virtually 
uniform so that an isothermally heated surface is analogically 
reproduced, except possibly at the highest air speeds where local 
frictional effects may become important. The wall concentration 
c, in equation (9) is assumed to equal the saturation value at the 
temperature of the wall. 

The function u,(z) is presumed to be known; in the present 
investigation it has been measured as explained in the preceding 
section. 

When the distribution of the concentration is known, the engi- 
neer can calculate local rates of mass transfer from the wall ac- 
cording to Fick’s fundamental equation of diffusion, which is one 
of the bases of equation (6). Thus the mass flux at the wall is 


oc 
--9(5) 
m dy ” 


For convenience, a coefficient of mass transfer b is defined accord- 
ing to 


(10) 


(11) 


and by eliminating m’, 


- 2 (=) 
D Cc. \ O° /y=0 


(12) 


The left-hand member of this equation is called the Sherwood 
number and is denoted by Sh. Its role in this sort of mass 
transfer is completely analogous to that of the Nusselt number 
in heat transfer. The sublimation experiments provide values 
of the left-hand member of equation (12), and the solution of 
equations (4) to (9) yields the right-hand member. 

If u, ~ z™ (m = const), then equations (4), (5), and (6) can be 
reduced to two ordinary differential equations, and the so-called 
similar or wedge solutions are obtained. Solutions of the general 
problem (e.g., the cylinder) are, however, far less tractable. Ap- 
proximate methods have been reviewed by Seban and Chan [15], 
and a relatively new approach has been formulated by Merk [6]. 

In this investigation two approximate methods have been 
selected. The first, due to Schuh [5], employs the wedge solu- 
tions on the basis of a physical argument of local similarity. The 
second method, due to Merk [6], uses the wedge solutions of the 
dynamic problem in a mathematical argument leading to a series 
expansion in which only the first term is retained. The pertinent 
result of Merk’s solution is briefly presented because of its sim- 
plicity and accuracy. The calculated distributions due to Schuh 
and Merk are then presented in conjunction with the experi- 
mental results. 
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Merk employs wedge solutions after Meksyn (see 
} ibliography). 


Merk’s 


The local Sherwood number is 
(7;) 
Vv 


Sh 


(13) 


dA 
(x, T 2é 


E, + ty V Re 


(14) 


rhe quantities Zy and E£, are functions of the Schmidt number 
ind the “wedge variable’”’ 


2é d(u,/U) is 
(u,/U)? d(z/D) a 
The function Ey for Se = 0.71 and 2.5 is presented in Table 3 
The two-dimensional stagnation value corresponds to A = 1, and 
the separation value to A = —0.1988. Values of E, are unavaila- 
Terms beyond the first in equation (13) are relatively small 
f £ and/or dA/dé are small. In neglecting them, Merk calls the 
ipproximation “‘Meksyn’s wedge method.” Until Z, is tabulated, 
experimentation must determine whether the first term suffices 
In any case, the solution is in exact agreement with any of the 
well-known solutions for the stagnation region. 

Merk was unable to reach conclusions about the reliability of 
his solution, particularly in the neighborhood of separation, where 
there were neither exact solutions of the general problem nor re- 
iable data 


Reduction of Experimental Data 


From the initial and final profile measurements, the distribu- 
ms of the depth sublimed have been calculated. A representa- 
tive set of data for one test at 104 fps is shown in Fig. 6. Averag- 
ng the measurements from the three gages, as was done originally 
11], generally distorts the salient features of the distributions 
ind, therefore, all the results have been calculated from the 
measurements made only with the center gage, except as noted 
1 the figures. 

Since the profiles are symmetrical with respect to the plane of 

mmetry through the cylinder axis, the data are reduced using 
the averages of the two measurements at +¢, and henceforth the 
profile measurements are referred to those averages. 


aie 


The local Sherwood number has been calculated in accordance 
with its operational definition, i.e., equations (11) and (12), as 
follows: 

Ay D ps 


Sh = —-—-Se- 


16 
Ar p c (16) 


The kinematic viscosity is evaluated at the pressure and tempera- 
ture of the air in the wind-tunnel test section after [16]. The 
vapor at the wall is assumed to be a thermally perfect gas in 
equilibrium with the solid at the wall temperature and the con- 
centration c, is evaluated as in [17]. Local corrections for 
sublimation cooling and aerodynamic heating, which were usually 
less than 3 per cent, were evaluated similarly as in [18]. 

Mean Sherwood numbers, presented in Figs. 2, 3, and 4 are 
based on averages of the weight measurements and on the con- 
centration of the vapor saturated at the stagnation temperature. 
But these should be regarded as only approximately equal to the 
values that would be obtained by integrating the curves depicted 
in the graphs, for they represent only the center distributions and 
include the local corrections. The actual differences are about 6 
per cent 


Results 


Since the laminar region is of particular interest with regard to 
the boundary-layer predictions, attention is mainly directed 
toward the upstream distributions. These results are fu’ her 
compared with those of other local measurements in the liter: | ire. 

The individual distributions of Sherwood number on th _for- 
ward surface of the cylinder are shown in Figs. 2, 3, and 4‘ : the 
Reynolds number 122,000, 218,000, and 342,000, respeccively. 
Shown in each graph are the empirical curve representing u,/U, 
and two solid curves representing the results of the mass-transfer 
calculations, using Sc = 2 
Schuh and of Merk. 

At any location, the spread >t the data obtained from repeated 
tests at the same Reynolds number falls within 0.001 in., as 
can be seen by comparison with the distances marked “Ap- 
prox. 0.001 in.’”’ The systematic displacement of the data 
indicates that additional controls have to be established to govern 
the air flow and its temperature and to maintain each specimen 
in a rigid form. Thus the naphthalene cylinders might best have 
been cast on a structural sleeve at the expense of the over-all 
weight measurements. Also, a modification of the profilometer to 


5, after the approximate methods of 
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Fig. 6 Representative set of data from the three gages (U = 
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Fig. 7 Average center-gage values of Sherwood number 
allow for the hardness (i.e., softness) of the naphthalene and its gage results. 
response to the bearing pressure exerted by the spindle of the dial 
gage may be needed. 


Within these margins the results are significant, 
and conclusions may be drawn from them. 

With regard to Figs. 2, 3, and 4, the two calculated distributions 
of the mass transfer are in excellent agreement with each other, 
except near separation. In general, Merk’s curve falls abruptly, 


The extremes of the data at any location are systematically 


about 6 per cent above and below the mean values of the cente1 
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terminates several degrees upstream of Schuh’s point of separa- 
tion, and agrees favorably with the experimental points over the 
entire range. 

The mean values of the center-gage measurements at each 
Reynolds number have been plotted in Fig. 7 together with 
Merk’s curves. On the whole, the experimental results cor- 
roborate Merk’s solution. Two exceptions occur at Reynolds 
number 342,000: (a) At the stagnation region the experimental 
values consistently rise with increasing angular displacement, 
reaching a maximum at about 20 deg. This trend remains unex- 
plained and requires further study. (b) The values of the Sher- 
wood number at the minimum point are considerably higher than 
those predicted by Merk’s solution. This is further evidence, 
besides the low drag coefficient, that the boundary layer enters a 
transition just ahead of the theoretical point of laminar separa- 
tior 

Che effects of the turbulence grid, which changed the intensity 
from 0.8 to 2.4 per cent, are shown in Figs. 3 and 7 for Re = 
218,000. The ratio of the sublimation rate with the grid to the 
rate without the grid is about 1.5 and nearly uniform in the range 
of ¢ from 0 to 60 deg. The ratio of Zapp’s [19] heat-transfer 
data at Re = 110,000 for a change of turbulence intensity from 
0.9 to 3.0 per cent follows a similar trend down to ¢ = 60 deg, 
but the ratio is only about 1.33. In a more extensive investiga- 
tion involving the effects of turbulence produced by grids, Seban 
[20] measured local heat transfer on cylinders of uniform flux. 
He observed that the stagnation values increased from 25 to 47 
per cent at the stagnation region but found no correlation with 
turbulence intensity for the grids he employed. He observed the 
ratio 1.47 at Re = 225,000 with a grid of '/;-in. mesh, which gave 
a turbulence intensity of 2.6 per cent. There appears to be neither 
an adequate explanation nor satisfactory correlation of these re- 
sults to this date. In general, it can be said of Fig. 7 that the 
solid lines represent regions where our rationale is excellent while 
the regions subtended by the dashed lines require further study. 

In order to bring the results of different investigations in 
proximity where they can be readily compared, a correlating 
equation of the form 


Sh = C Re* Sc” (17) 


is employed. Values of m, usually found empirically, are about 

However, from his analysis of the stagnation point heat 
transfer Squire [12] found m ~ 0.4. In the present work the 
value 0.4 has been used, and the results at Re = 218,000 (without 
the grid) have been replotted accordingly, in Fig. 8. The closed 
points represent the mean values of the center gage, and the verti- 
cal bars represent the extremes of the individual distributions in 
Fig. 3. The solid line is Merk’s curve for Sec = 2.5. 

The flow characteristics in the experiments of Schmidt and 
Wenner at Re = 170,000 are quite comparable to those of the 
present investigation at Re = 218,000, as can be seen by com- 
paring the two distributions of u,/U in Fig. 3. The difference 
is undiseernible in the results calculated on the basis of each dis- 
tribution using Merk’s method at Pr = 0.7, and the predicted 
separation point is identical. These calculated results are repre- 
sented by the dashed line in Fig. 8. 

rhe original experimental points of Schmidt and Wenner at 
Re = 170,000 are represented in Fig. 8 by the open points with 
the flags. In correlating their data Schmidt and Wenner em- 
ployed the integrated mean values of the kinematic viscosity and 
the thermal conductivity over the temperature range of their 
tests. Their experimental points have been recorrelated as sug- 
gested by Sogin [21] who compared experimental results on 
steam-heated plates and naphthalene disks: The density was 
evaluated at the main-stream temperature, and the dynamic 
viscosity and the thermal conductivity of the air were evaluated 
at the mean film temperature (t, + t,)/2. The modified results 
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of Schmidt and Wenner are represented by the open circles with- 
out the flags.* They are 10 per cent lower than the original ones. 

The modified heat-transfer points, the mean mass-transfer 
points, and the two theoretical curves are in excellent agreement 
in the range of ¢ from 0 to 70 deg. 

The region of ¢ from 70 to 80 deg was unresolved in the heat- 
transfer experiments on account of the finite circumferential 
length of the electric heating element. The heat-transfer point 
at @ = 80 deg may belong to the transition branch of the dis- 
tribution; it appears too far downstream to be associated with 
separation predicted from the velocity distribution of Schmidt 
and Wenner. The experimental value of the mass transfer at 
separation is quite remarkable by comparison and illustrates the 
resolution that can be achieved. 

Distributions for rather extreme values of Reynolds number 
in the subcritical range are compared in Fig. 9. The curve is the 
result of calculations after Merk’s solution using Sc = 2.5 and 
the distribution of u,/U at Re = 122,000 of the present investiga- 


*The new value of the Reynolds number is 194,000; but the 
nominal value of 170,000 is retained in the discussion to avoid con- 
fusion. Henceforth, the nominal Reynolds number from the litera- 
ture is used in referring to all the heat-transfer results discussed in this 
paper. 


| PRESENT WORK Re = 216,000 
ORIGINAL SCHMIDT & WENNER 
MODIFIED, SCHMIDT & WENNER 

——— CALCULATED AFTER MERK Sc*25 
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Comparison of mass and heat transfer at Re = 218,000 
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Fig. 9 Comparison of mass and heat transfer at subcritical Reynolds 
numbers 
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tion. By comparison with Fig. 8, Merk’s curve for Pr = 0.7 
would be slightly higher. The mean values of the sublimation 
experiments at Re = 122,000 are mapped from Fig. 7. Also, 
the mass-transfer distribution of Winding and Cheney at Re = 
32,800 is shown. The heat-transfer distributions in Fig. 9 have 
been modified for property values as explained with reference to 
the work of Schmidt and Wenner in Fig. 8. The turbulence in- 
tensity in Zapp’s experiments was 0.9 per cent; also, that of 
Schmidt and Wenner has been estimated at 0.9 per cent [10]. 

In summary, Figs. 8 and 9 are evidence that Merk’s solution 
represents the experimental results almost within the accuracy 
with which they have been obtained. At separation the results 
of the present work follow the trend of Merk’s predictions while 
the results of the other investigations lack resolution. 

There is still no adequate analysis for the distribution beyond 
the separation point. P. D. Richardson [22] examined data in 
the literature and correlated heat and mass transfer at the rear 
stagnation region by means of equation (17) with n = 2/; and 
m= '/;. The value of C, however, was found to depend on the 
blockage ratio, and therefore, in this region it becomes rather 
difficult to compare results from different investigations on an 
absolute basis. This difficulty probably will remain until the 
nature of the flow at the rear interface is better understood. 

The general features of the mass-transfer distributions between 
separation and the rear stagnation region are the same as those 
found by Schmidt and Wenner for heat transfer. 


Conclusions 


The present status of the art of the experimental technique 
using naphthalene to measure local coefficients yields distribu- 
tions that are smooth but systematically and slightly displaced 
from each other in repeated tests. The exact reasons for the de- 
partures are still unknown, but some additional controls that may 
improve the reproducibility have been suggested. Since the 
measurements provide details that are rarely achieved by other 
techniques used in comparable problems and since the averages 
are in excellent agreement with the boundary-layer theory, the 
authors are of the opinion that the present results and the tech- 
nique itself serve a useful purpose. 

The effect of a turbulence grid which changed the intensity 
from 0.8 to 2.4 per cent was to increase the mass transfer in the 
laminar region nearly 50 per cent. 

The theoretical and experimental results for heat and mass 
transfer in the laminar range can be put in proximity for prac- 
tical purposes if it is assumed that the Sherwood and Nusselt 
numbers vary with the 0.4 power of the Schmidt and 
Prandtl numbers, respectively. 

Laminar heat-transfer results in the literature can be well cor- 
related with constant property theory if the mass velocity of the 
main stream is used in the Reynolds number, and if the dynamic 
viscosity in the Reynolds number and the thermal conductivity 
in the Nusselt number are evaluated at the mean film tempera- 
ture. This scheme has yet to be checked against a solution based 
on variable property theory. 

The results of the approximate methods of Schuh and of Merk 
for Sc = 2.5 are in satisfactory agreement down to ¢ = 60 deg, 
but Schuh’s curve predicts values that are too high in the ap- 
parent region of separation. The results of Merk’s solution and 
of the present experimentation agree satisfactorily in the entire 
region from stagnation to predicted separation. In general, 
Merk’s solution is highly recommended for both its rapidity 
and its accuracy. 
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DISCUSSION 
James G. Knudsen® 


Che authors are to be commended for the research described 
in this paper. Their work adds considerably to our knowledge of 
mass transfer from cylinders as well as substantiating previous 
heat and mass-transfer studies on this system. The technique of 
using a volatile material such as naphthalene is a good one, and 
as the authors indicate, has the advantage of permitting deter- 
mination of true local coefficients. It was used very successfully 
by Schnautz,’ who determined local mass-transfer coefficients 
on flat plates, cylinders, and spheres at various turbulence levels 

The authors have also shown the effect of main-stream turbu- 
lence, but as yet no correlation is proposed to account for this 
variable in a quantitative manner. It is to be hoped that efforts 
will continue in this direction. 


rhe authors correlate their data with the equation 


Sh CRe*™Sc™ 


The exponents n and m are open to question. At a constant 
rather than 0.4, results in a 
somewhat better agreement between heat and mass-transfer data 
It also appears that the exponent on the Reynolds number (n 


0.5) does not adequately correlate the data. 


Reynolds number, taking m = '/; 


Fig. 10 shows some 
mass-transfer data obtained by Schnautz at a turbulence level of 1 
per cent at Reynolds numbers between 97,000 and 44,000. A 
definite variation with Reynolds number is still evident since 
Schmidt The same trend appears in the 
authors’ data when Figs. 8 and 9 are compared. 

The writer questions if the authors’ data in Fig. 8 at a 
Reynolds number of 218,000 might not be affected by the fact 
that transition appears to be occurring on the cylinder. Fig. 7 
shows a rapid rise in the mass-transfer coefficient at about @ = 80 
deg. This is typical of what occurs with laminar to turbulent 
transition in the boundary layer on the cylinder. The authors’ 
Fig. 5 definitely shows the Reynolds number to be in the initial 
part of the critical region even without the grid in the air stream 

A problem of interest to the writer is one of the analogy be- 


number is constant. 


Have the authors 
compared average j-factors for their cylinder with average values 
I J : 


tween mass, heat, and momentum transfer 


of the local friction coefficient normally reported in the literature? 


* Assistant Dean of Engineering, Oregon State College, Corvallis, 
Ore. 

7 J. A. Schnautz, “Effect of Turbulence Intensity on Mass Transfer 
From Plates, Cylinders, and Spheres in Air Streams,” PhD thesis 
Oregon State College, June, 1958. Available on microfilm from Uni- 
versity Microfilms, Ann Arbor, Mich. 





Fig. 10 Schnavtz's date for transfer of naphthalene from a cylinder te 
air in cross flow 
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R. A. Seban*® 


These results show, for the region in which laminar flow occurs 
on the cylinders, the expected correlation of the mass-transfer co- 
efficients with heat-transfer coefficients, provided, of course, that 
the distributions of the free stream velocity are the same for the 
systems for which the comparison is made. The possibility of 
predicting the mass transfer is therefore also anticipated, for 
there exist numerous examples in which various methods of pre- 
diction have been shown to forecast successfully the heat transfer 
on the front of a circular cylinder, and the rather general success 
is due to the relative simplicity of the velocity distribution, which 
departs significantly from the stagnation-flow situation only for 
@ > 40 deg. Two of these methods are illustrated in the paper 
and demonstrate real success in giving even fine detail about 
the local variation of the heat-transfer coefficient near the separa- 
tion point 

Those of the present results obtained downstream of the 
screen have been indicated to be of the same order as similar heat- 
transfer results given in the authors’ reference |20], and indeed 
the correspondence is remarkably close to that shown in greater 
detail by Seban.® There, as in the present results, is shown the 
reduced effect of the increased turbulence level as the acceleration 
of the free stream diminishes, and the apparent retardation of 
separation to a rearward position characteristic of super critical 
flow 
to turbulent flow in the rapid increase in the heat-transfer co- 
efficient. 


Near the end of the region there is evidence of a transition 


A rapid increase in the local heat-transfer coefficient is shown 
also in the results for a Reynolds number of 3.42 105, without 
the screen, but the form of the pressure coefficient is so altered in 
this case as to perhaps make plausible the assumption of a separa- 
tion bubble between about 80 and 110 deg. Viewed in this way, 
the less rapid rise in the heat-transfer coefficient in this region 
is of the nature of coefficients which have been found to be typical 
of separated regions. Thus the maxima in the heat-transfer eo- 
efficients, occurring near 110 deg in Fig. 7, might be due to dif- 
ferent hydrodynamic conditions 


Authors’ Closure 


We are grateful to Dr. Knudsen for his contribution and ques- 
tions and to Dr. Seban for his elucidation of the results in the 
regions of transition and separation. 

No comparisons of the sort that Dr. Knudsen mentions in his 
last question were made. We respond to his remarks on ex- 
ponents m and n. 

In correlating the experimental data we were guided by the 
theory. The recommended m = 0.4 focuses on the stagnation 
Pr< 
‘,. Compare the last three columns in the 
following tabulation for A = | 


point and interpolates EZ, in the range 0.7 - 
factorily than m = 


2.5 more satis- 


Pr E,(Pr Yo Pr)/Eo( 1) Pr.‘ 
0.71 0.4964 0.873 0.872 0.892 
1.00 0.5689 1.000 1.000 1.000 
2. 50 0. 8080 1.420 1.443 1.358 


Pr'/s 


Figs. 8 and 9 indicate that Merk’s solution adequately de- 
scribes the heat and mass transfer in the idealized conditions of 
flow for which it is intended. The deviations must be ascribed 
to the effects of second order variables which the current theory 
ignores. In regarding deviations of the exponent n from the 
theoretical value, 0.5, it is best to compare results within in- 


® University of California 
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A. Seban, “‘The Influence of Free Stream Turbulence on the 
Local Heat Transfer From Cylinders,” Journat or Heat TRANSFER, 
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dividual investigations; for second order variables are usually 
under better control in a single investigation than they are in 
several. From this viewpoint, Schnautz’s data, which we see 
here for the first time, compound the mystery surrounding ex- 
ponent n. 


For while they indicate n < 0.5 and the data herein 


reported fairly show n = 0.5, other evidence gathered by the senior 


author shows n > 0.5: 


First,’ on a heated 4.2-in-diam cylinder in the Brown tunnel, the 


stagnation-point value of Nu/+v Re increased 10 per cent as Re 
was changed from 130,000 to 260,000, even though the distribu- 
tion of the pressure coefficient in this region changed hardly at 
all and the mainstream turbulence intensity reportedly di- 
minished. And second,'! on a heated 6.73-in-wide flat-plate strip 
facing the stream, distributions shown in Fig. 11 were obtained 
The distribution of the pressure coefficient on the forward surface, 
virtually independent of Re and of the grid, could be well repre- 
sented by 


u, 1.2(2/L) 


a (0 < |z/L| < 0.4) 
U Vi 


— 3(2/L)? 
Hence, after Merk, 


Nu +/L){[4.96 + (2/L)? 
V Re 3(2/L)*] [1 


19) 


V1 — 3(x/L)*| | 


Clearly, the measured stagnation-point heat transfer increases 
from 15 to 40 per cent above the theory as Re increases from 
122,000 to 331,000; the grid adds another 50 per cent. The 
second order effects are relatively large in this harsh, very blunt, 
configuration. 

Thus we agree with Dr. Knudsen that equation (17) is not 
entirely satisfactory. The theory needs refinement, possibly to 
wccount for the time-dependent disturbances in regions of ac- 
celerating flow as outlined, for example, in [10] In this con- 
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Fig. 11 
nection, Dr. Seban’s observation of “the reduced effect of the 
increased turbulence level as the acceleration of the free stream 
diminishes’ should not be regarded as a broad generalization 
since there is a reduced effect on the flat-plate strip, also, as the 
acceleration of the free stream increases. These observations in- 
dicate that we ought to further examine the causes and effects of 
disturbances upstream, in the retarded, unstable, and unsteady 
flow that surrounds the idealized stagnation-point streamline 
vhence the boundary layer and the free stream draw their 


sustenance. 
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Introduction 


a practical interest in radiation heat 


Radiant Interchange Between Circular Disks 
Having Arbitrarily Different Temperatures 


The problem of radiant heat transfer between parallel disks has been analyzed by gen- 
eralizing the standard gray-body enclosure theory. In particular, the assumption that 
the radiant flux leaving a surface and the local heat flux are uniformly distributed over 
the surface has been lifted by an integral equation formulation. It has been shown 
that the general problem of disks at arbitrarily different temperatures can be conven- 
tently broken down into two subproblems, each of which can be solved independently of 
the temperature level. Numerical solutions of the governing integral equations have been 
carried out for spacing ratios h/R (h = spacing, R = disk radius) ranging from 5.0 
to 0.05 and for emissivities ranging from 0.1 to 0.9. Local heat-transfer results have 
been presented which, depending on spacing and emissivity, display marked variations 
over the disk surface. Over-all heat-transfer results have been calculated and compared 
with the predictions of the standard simplified enclosure theory. These predictions of 
the simplified theory were found to be unexpectedly good, especially in view of the large 
surface variations of the local heat transfer. 


assumptions implicit in this treatment? is that for any given sur- 
face in the enclosure, the radiant energy leaving the surface and 
the heat flux are uniform over that surface. Except for very open 


transfer has been stimulated by space vehicle applications, both 
in connection with the disposal of waste heat and with the collec- 
tion of solar energy. Along with these new applications, there 
has arisen a motivation to re-evaluate and refine the calculation 
procedures which are commonly used to determine the radiant 
interchange between surfaces. In addition, there is a need for 
radiant heat-transfer information on a number of basic geometri- 
cal configurations. 

In calculating the heat radiation between surfaces, the first 
thought is to use the standard gray-body enclosure theory as set 
forth by Eckert and Drake [1],? pp. 408-412, or by Hottel [2], pp. 
72-76. The recommending feature of this procedure is that the 
desired results may be obtained by dealing with nothing more 
One of the 


complicated than a set of linear algebraic equations. 


'The research reported here was supported in part by National 
Science Foundation grant G10177. 

* Numbers in brackets designate References at end of paper. 
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Winter Annual Meeting, New York, N. Y., November 27—December 
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Manuscript received at ASME Headquarters, July 11, 1960. Paper 
No. 60—WA-75. 
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geometrical configurations, it is expected that this assumption 
would be violated since the radiant incidence can vary substantially 
over the surface, with corresponding surface variations in the 
reflected energy. There thus arise questions as to the accuracy 
of the results thus obtained. In addition, such a calculation 
cannot provide the sometimes-needed information on the local 
heat transfer at various positions on a surface. To generalize the 
formulation by including the details of variations over the surface 
involves the use of integral equations rather than algebraic 
equations. 

In a previous study [3], the radiant interchange in some simple 
gray-body systems was analyzed using the integral equation 
formulation. Consideration was directed to systems made up of 
pairs of rectangular surfaces, with each rectangle having one di- 
mension of infinite extent. For the situation where both surfaces 
are maintained at the same uniform temperature, it was found 
that large nonuniformities in incident radiation and local heat 
flux could occur as the spacing between the surfaces diminished. 
The over-all heat loss obtained from these solutions was compared 
with the predictions of the simple analysis based on uniform 


* For a fuller discussion of the other simplifying assumptions, see 
reference [3]. 





A surface area 
B combined radiant flux (emitted area 
plus reflected) leaving a position 


per unit time and area; radios- disk radius 


ity absolute temperature 


angle factor reduced 


radiant incident on a 
position per unit time and area 


energy 


r/R 
spacing between disks 


over-all net heat loss rate from a 
disk surface 
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local net heat loss rate per unit 


radial co-ordinate 


temperature, 
(Tt — T,*]'/ 7 

dimensionless radial co-ordinate, 

gray-body absorptivity 


dimensionless radiosity, B/eaT* 
spacing ratio, h/R 


€ = gray-body emissivity 
p = gray-body reflectivity 
a0 = Boltzmann’s constant 
Subscripts 
1 = disk | 
2 = disk 2 
Superscripts 
a = subproblem (a): both disks at tem- 
perature 7; 
b = subproblem (6): disk 1 at zero temp, 
disk 2 at temp 7'* 


Transactions of the ASME 





radiation conditions. It was found that in spite of the large local 
variations, the over-all heat transfer predicted by the simple 
theory was surprisingly accurate. Only for low emissivity sur 
faces and close spacings were there substantial deviations. These 
findings have practical implications. Reference [3] also pro 
vided heat-transfer data which can be applied to specific situa- 
tions (e.g., the upper limit of the heat transfer for longitudinal 
radiating fins). 

In the present study, consideration is given to a somewhat more 
general situation than that analyzed in reference [3]. Attention 
will be directed to finite surfaces rather than semi-infinite sur- 
faces, and the temperatures of the radiating surfaces are allowed 
to be arbitrarily different. The specific system chosen for 
study is a pair of parallel circular disks as shown in Fig. 1. The 
surfaces are diffuse gray-body emitters and reflectors which may 
have different temperatures 7; and 7;. Both surfaces have 
the same emissivity value «. Radiant energy is exchanged be- 
tween the disks, and in addition, radiation may escape to the 
environment. In the main body of the analysis, radiation in- 
ward from the environment will not be considered; but as shown 
at the end, this can always be added into the solution since the 
problem is linear. The problem is formulated in terms of integral 
equations taking into account the variation of the radiation over 
the surface. The governing equations are solved for a range 
of spacing to radius ratios h/R extending from 5.0 to 0.05 for 
emissivities of 0.1, 0.5, and 0.9. The solutions yield the net 
local heat transfer as a function of position on the disk surface. 
Over-all heat loss values are computed and compared with those 
of the simple theory in order to determine if the findings of refer- 
ence [3] also apply to finite geometries. The specific heat- 
transfer results have application in space vehicle radiators and 
sun shields, ete., as well as to other branches of technology. 
For instance, for a set of circumferential fins whose tip radius is 
much larger than that of the base surface cylinder, the present 
results provide an upper bound for the heat loss. 


Analysis 


The Radiation Balance Equation. The equations governing the 
radiant interchange between the surfaces may be derived using 
the same general approach which was employed in reference [1] 
(pp. 416-418) and in reference [3]. Attention is directed to an 
elementary annular ring at r; on disk 1 (see Fig. 1). The radiant 
energy leaving such an elementary area is composed of two parts: 
A direct emission; and a reflection of the incident radiation. The 
energy emitted per unit area is given by eo7'*. Next, denoting 
the incident energy per unit area by H, the reflected energy is 
simplypH. With these, the combined radiant flux B—often called 
the radiosity—leaving the elementary ring per unit area is 


B, (ry) = eoT;* + pH,(r) (1) 


In writing this expression, we attach subscripts 1 to B and H in 
order to indicate that reference is being made to disk 1. Further 
cognizance is taken of the fact that B, and H, are functions of 
radial position r;. The temperature 7’; is taken to be independent 
of position; but in general, prescribed variations of the surface 
temperature can also be included. 

As it stands, equation (1) contains two unknowns, B, and H, 
So, additional relationships are required. It is easy to see that the 
energy H, which is incident on the ring at 7; is related to 
the energy which leaves the surface of the other disk. Following 
the same line of reasoning as in reference [3], equations (2)-(3), 
an expression for H, in terms of the radiosity distribution on disk 
2 is found to be 


m=R 
Hi,(r) - ff 
u(r: aia 


where F 4,,- 4, is the angle factor appropriate to a system of two 


Bx(r2) Fa, — dry 
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Fig. 1 Parallel disk configuration 


elementary rings. 
balance (1) leads to 


re=R 
Bi(ri) = eoTy* + of. . Ba(r2) F ary— arg (3) 


n= 


Finally, introducing this into the radiation 


Equation (3) remains incomplete until the angle factor F 4,,- er; 
has been evaluated. The most direct way of determining the 
angle factor is to start with the basic definition (e.g., equation 
(14-6), reference [1]) and integrate over the appropriate angles. 
However, such an integration can prove to be quite difficult. It is 
equally satisfactory and much easier to find F4,,- a, by differentiat- 
ing the angle factor which appears in the literature for finite disks, 
reference [4], equation (31-45). The detailed manipulations 
are given in the Appendix and only the end results are used here. 
However, it may be pointed out that this type of short-cut can be 
used in other problems and is worth remembering. 

Taking the angle factor F4,,-4,, from equation (36) and sub- 
stituting in equation (3) provides the following relationship be- 
tween the radiosities B;(r;) and B2(rz): 


R 
Bi(ri) = eoT;* + (1 — ©) f, B:(r2) 


ws 2h‘ + 2h*r,? + 2h*r2? | 
[(h? + ry? + 112)? — 4ry7r9*] 





7, Ted, (4) 


where the reflectivity p has been replaced by 1 —¢. The spacing 
between the disks is denoted by h. Equation (4) has been derived 
by starting with an elementary area on disk 1 and writing a radia- 
tion balance equation. A second equation can be derived by 
starting with an element on disk 2, and by following the same 
steps, there is obtained 


R 
Bre) = eo T2* + (1 — €) f, B,(r;) 


__2ht + 2hin® + Qhire* 
[(h? + ri? + 14%)* — 4rj%r_7]"/* 





r,dr; (5) 


Taken together, equations (4) and (5) constitute a simultaneous 
system for determining the unknown radiosities B, and B, as a 
function of the co-ordinates r; and re. Since the unknowns appear 
under the integral signs as well as in other parts of the equations, 
(4) and (5) are called integral equations. 

Although the radiosity B is of interest from the viewpoint of 
pyrometry, it is the heat transfer which is the quantity of greatest 
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It will be shown later that once the dis- 
tributions of B, and B; have been found, then the heat transfer 
can be computed by simple arithmetic operations. So, the de- 
termination of the radiosity is the key to the entire problem. 
By inspection of equations (4) and (5), it might appear that a 
specific solution would have to be determined for every specific 
pair of temperatures 7', and 7; which might be of interest. For- 
tunately, it is possible to rephrase the problem in a manner which 
It is to 


engineering importance 


eliminates the dependence on the specific temperatures. 
this task which we now turn 

Subdivision of the Problem. 
linear in 7, it is possible to subdivide the general problem in 
which the surfaces have different temperatures 7, and 7; (T; > 
T’,) into two simpler problems as follows: 


Since equations (4) and (5 are 


a) Asituation where the two disks have the same temperature 


b) A situation where disk 1 has zero temperature and disk 2 


us temperature 
6 


The summing of problems (a) and (6) precisely describes the 


general problem 
We can now specialize equations (4) and (5) to apply to the 
For problem a), 


1 and surface 2, 


subproblems there is no distinction between 


surface and so 


B = B(r:) = B*(r when mr) = rz 7 


where we use the superscript a to denote problem a There is 


thus only one unknown can be 


und either of equations (4) or (5 


2(1 ov f, Bc 


reduced to 


B* = B*/eoT;', =h/R 9 


It is interesting to note that the use of dimensionless variables 
as completely removed the temperature from the problem and 
has consolidated the effects of spacing and disk size into a single 
parameter ¥ 
Turning next to problem (5), it is clear that because of the in- 
juality in disk temperatures, the radiosities B, and B, will not 
be equal. Replacing T, by zero, T; by 7*, and introducing the 


superscript 6, the governing equation as specialized from (4) and 


B° = B’/eoT** 11 


Once again, 
the introduction of dimensionless radiosities 8," 


the explicit temperatures have been eliminated by 
b 
and p, 
To recapitulate, the solution of equation (8) gives the radiosity 
distribution for the problem of two disks at the same temperature; 
while equations (10) provide the radiosities for the situation where 
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disk 1 is at zero temperature and disk 2 is at some temperature 
different from zero. Once the solutions for the subproblems have 
been found, the radiosities for the general problem of two disks at 
different temperatures 7, and T, may be found by simple addition 
as follows 


B*(r,) + ByY(r:) = €0[71*B*(21) + T*4B,°(2;)] (12) 


Bs(re) B*(r:) + By(r2) = eo [7 *B*(22) + T**B,*(z2)] (13) 


where 
T* = [T;‘ — T,‘)'/" 
Next, we want to relate the radiosities to the heat transfer. 
Heat Flux Formulas. The net local heat loss per unit area from 
any location on the disk surface is found as the difference between 
the leaving radiant flux (radiosity) B and the incident flux H, 
5.8... 


q=B-H (14) 
or equivalently, as the difference between the emitted and the ab- 
sorbed energy, ie 


’ 


q = eoT' — aH (15) 
The heat transfer arises both from radiant interchange between 
the disks and from energy which escapes from the enclosure into 
the environment. The incident flux H may be eliminated from 
either of these expressions by utilizing equation (1), giving 
€ . 
[o7* — B) 


= ¢ 
* 


(16) 


For typical positions r; and r; on surfaces 1 and 2, equation (16) 
: 1 


may be written as 
oT;* 


|oT;* 
€ 


B:(r2)| (17) 


So, from equations (17), it is clear that the local heat flux is im- 
mediately determined once radiosities B; and B; have been found. 

It is useful to rephrase the local heat-flux expressions in terms 
and (6). For problem (a), 
where both disks are at the same uniform temperature 7), it 
follows that g:°(r:) = q2"(re 


of the results of the subproblems (a 


= q*(r) when mr; = fa, 


and so 


q’ r 


€B*(r) 


eoT,* l—e 


Equation (18) compares the net local heat loss with the energy 
emitted per unit area. If only a single disk were present, then 
the ratio represented by equation (18) would be unity. So, the 
departure from the unity gives the effect of the second disk in 
reducing the heat transfer. Since the problem of two disks at 
the same temperature is of itself of considerable interest, the heat- 
transfer results furnished by equation (18) have their own utility 
apart from any use we will make of them in connection with the 
general problem of disks at different temperature. 

Next, turning to problem (6), the expressions for the local heat 
flux appropriate to typical positions on disks 1 and 2 are found 
by specializing equations (17) as follows: 


€ a’ (r € 
) qi bd i _ Bi>(r; 
eoT** —€ 


(19a) 
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€ qo? (re 
wre) = —— [eT — Bi(r)1, a 


(196 


1 — €B."(r2) 
l—e 


Since the temperature of disk 1 in problem (6) is zero, there will 
be absorption of energy without emission and, consequently; 
qv’ < 0. 

With the heat flux expressions for the subproblems at hand, we 
may return to the general problem of disks at different tempera- 
tures. Utilizing equations (12), (13), (18), and (19) successively, 
the heat flux expressions (17) for the general problem become 

g(r) = g(r) + u(r), qe(r2) = q*(r2) 4+ 


q2°(re) 20a 


q?(r1) = m°(ri) a 
= eo7',* + ea]'** 
Ed [2] 
q* (rs) qz’(r2) = 
: — eo7* + : — eoT'** 
eoT';* eoT'** 


So, the heat fluxes are additive. 


or 


It will later be found that the 
form of equation (20b) is extremely convenient for numerical com- 
putations. 

Once the local heat fluxes have been determined, the over-all 
heat fluxes can be computed by direct integration as follows: 


R 
Qv= f, q2mrdr 


From the findings of the previous paragraph, we can write that 


+ @),°, Q 


i = Q° de = Q.° + Q:? 


where 


eR 
f q*2nrdr 
R 
Q.’ = q2°2ardr 
( 


In summary, it has been shown that the heat-flux results are 


q:°2mrdr, 


Ih 


known once the radiosities have been determined.‘ Further, it 
has been demonstrated that the heat-transfer results for the 
general problem of two disks at different temperatures are additive 
combinations of those for the simpler subprobiems (a) and (0). 

Solutions. It has not been possible to obtain exact analytical 
solutions for the governing integral equations (8) and (10). In- 
stead, numerical means were used in conjunction with an elec- 
tronic digital computer. 
iteration. 


The procedure was essentially one of 
For instance, for equation (8), trial values of 8 cover- 
ing the range 0 Z xz. Z 1 wereselected. Then, for a fixed x, the 
integral on the right side of the equation was carried out nu- 
merically; and this yielded on the left side a new B-value cor- 
responding to that 2. 
0 <2 <1. In this way, an entire new set of B-values was 
generated which then served as input data to the right side of the 


This was repeated for each 2, in the range 


equation. The entire process was repeated until convergence was 
achieved. For equations (10), the situation was somewhat more 
complicated since two equations are involved in the iteration 
In this instance, the 6, output of the first equation was used as 


input for the right side of the second equation. Similarly, the 


4 As pointed out in reference [3], it is possible to solve for 8*, 61°, 
and #:° in terms of the corresponding q's from equations (18) and 
(19). The 8 may then be eliminated from the governing equations 


(8) and (10), leaving instead a set of integral equations for the heat 
fluxes q*, gi, and q:°. 
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8," values computed from the second equation were used as input 
for the first equation. 

It was generally found that the variation of 8 as a function of 
position x became greater as the spacing ratio y = h/R and the 
emissivity € decreased. For the larger y,¢ combinations, a step 
size Az of 0.01 over the interval 0 < z < 1 was found to give 
excellent results. For the smaller y, € combinations, the step size 
was decreased to 0.005. Thus for the former cases, each iteration 
required that an integration over 101 points be carried out 101 
times; while for the latter, 201 points were integrated 201 times 
for each iteration. It was generally found that the number of 
iterations required to achieve convergence increased as ‘y and € 
decreased. 

The numerical solutions were carried out for spacing ratios 
y = h/R of 5.0, 1.0, 0.5, 0.1, and 0.05 for emissivities of 0.1, 0.5, 
ind 0.9. Inasmuch as the heat transfer is generally of greater 
importance than the radiosity, the solutions will be reported here 
in terms of the local and average heat transfer. The radiosities 
can be derived from the local heat transfer by use of equations 

18) and (19). 

Simplified Theory. For the purpose of making comparisons with 
the present analysis, the predictions of the simplified theory 
which assumes uniform radiation conditions will be derived. The 
formulation parallels that which has been presented in the pre- 
vious sections, but now, B and H are assumed constant over the 
surface. We start with the radiant flux balance equation (1), and 
note that 


H, = Fr_-rB, (23) 


where Fp_p, the angle factor for two finite parallel disks of radius 
R, is given in terms of the spacing ratio y as follows [reference [4], 
equation (31-47)] 


y?+2 


Fr-r = 


-yVy+4 
9 


Introducing equation (23) into (1), there results 
= €)F r-rB2 
In an analogous way, a radiant flux balance on disk 2 yields 


B, = eoT,! + (1 on €)F r_rB, (26) 
Simultaneous solution of these linear algebraic equations can be 
carried out to find B; and By. 

However, since we are interested in comparisons, it is useful to 
solve equations (25) and (26) separately for the two subprob- 
lems (a) and (b) which were considered in the preceding sections 
of the paper. 

For problem (a) 
found that 


both disks at the same temperature 7';— it is 
eaT;* 


By = BY = — 
: ? 1 — ¢ —_ €)F g-r 


(27) 
With this, the local and over-all heat transfer may be evaluated 
by applying equations (16) and (22a), giving 


q* Q ‘eoT,* 


1 — Fr-r 
eoT;* wh? 


28) 
1 — qd = €)F rr ( 

For problem (b)—disk 1 at zero temperature, disk 2 at T* = 
| 7.4 — 7,*)'/—simultaneous solution of equations (25) and (26) 
leads to: 


B,> (1 — €-)Fr-r B,° 1 


eoT™ 1—-(1—©%¥ pe" oT 1 — (1 — €)*F pp? 
(29) 
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Then, substituting these findings into equations (19) and (22b), 
the local and over-all heat fluxes are found toe be 
q° Q,’ ‘eoT** eF p R 
~ = - = - . “ (30a) 
eoT** rR* — €)*F px” 


q:° Q,’/eoT** 1 — (1 — €)FR-x’ 

— = = (300) 
eoT'** wR? l 1 — €)*Fg-2” 

For the general problem where disks 1 and 2 have arbitrarily 
different temperatures 7, and 7:;, the local and over-all heat 
fluxes are found as before by adding together the results for the 
subproblems (a) and (6) in accordance with equations (20b) and 
22). The simplified theory predicts that the local heat transfer 
is constant over the disk surface 


{ 


The heat fluxes embodied in equations (28) and (30) have been 
evaluated for the same ‘y,e combinations as were considered in 
connection with the integral equation formulation, and the re- 
sults will be presented later when comparisons are made. 


Heat-Flux Results 


Lecal Heat Fiux: Both Disks at Temperature T,. 
both disks have the same temperature 


The situation where 
is itself 
The local heat-transfer results for this 
case have been evaluated from the solutions of the governing 
equation (8) in conjunction with (18). The local heat fluxes thus 
obtained have been plotted in Figs. 2, 3, and 4 as a function of 
position on the disk surface 


subproblem (a) 
of considerable interest 


The figures correspond, respectively, 
to emissivity values of 0.9, 0.5, and 0.1. In each figure, there are 
five curves depicting spacing ratios h/R from 5.0 to 0.05. The 
ordinate in all figures is the ratio of the net local heat flux to the 
energy emitted by the surface per unit area. By inspecting the 
figures, it is seen that there are certain general trends which are 
common to surfaces of any emissivity € and, in addition, there are 
systematic differences from figure-to-figure as a function of « 
First, let us consider the general trends. For very large spac- 
ings, A’ R > 5.0, the local heat flux is seen to be essentially uniform 
over the disk surface and very nearly equal to the emission ea7"¢. 
So, the presence of the second disk plays a very minor role. As 
the spacing decreases, the heat flux becomes increasingly nonuni- 
The heat flux at locations near the 
edge of the disk (large radii) may become much larger than that in 
the centeral region of the disk. For example, for y = 0.05 and 
e = 0.5, the value of ¢/eoT* ranges from .005 at r = 0 to 0.6 at 
r = R (Fig. 3). This implies that in order to maintain a uniform 
wall temperature, significantly different heat inputs will have to 
be supplied as a function of position. 


form and its level decreases. 


From this, we can draw 
some interesting inferences about other thermal boundary con- 
ditions; for example, if a uniform heat flux were supplied to the 
surface, then there could be a significant hot-spot area in the cen- 
tral region of the disk. 

The effect of decreasing spacing in creating nonuniformities and 
The net heat 
transfer from the surface is equal to the emission minus the 


in diminishing the heat flux is easy to understand 
absorbed incidence. The greater the incidence, the smaller the 
heat transfer. Now, the amount of radiant energy incident on 
any location depends upon the field of view from that location 
The field of vision from any place on the disk surface consists of 
The external environment, from which 
2 the opposite disk, from which radiant 
As the spacing is decreased, more and more of 


two general regions: | 
no energy is received; 
energy is received. 
the field of view is occupied by the opposite disk, and hence the 
heat transfer decreases. Furthermore, for any given spacing, 
locations in the central region of the disk see more of the opposite 
disk in their field of view than do points near the edge. So, the 
energy incident on the central region is greater and consequently 
the heat transfer is lower. 
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Fig. 2 Local heat-filux variation for situation where both disks have same 
temperature T), « = 0.9 


Next, we want to consider the influence of the emissivity on the 
heat-transfer results. From the figures, it is seen that relative to 
the emission eoT*, the heat flux is lower for the surfaces of higher 
emissivity. This can be understood by remembering that for 
gray-body conditions, a highly emitting surface is also a highly 
absorbing surface. So, for a given spacing, a surface with high « 
absorbs more of the incident energy than does a surface with low 
e. Consequently, the heat transfer relative to the emission is 
diminished. It is seen from Fig. 2 (¢ = 0.9) that there is a large 
central region from which there is very little heat transfer when 
the disks are closely spaced. For such highly absorbing, closely 
spaced surfaces, the central region begins to approximate an iso- 
thermal enclosure. So, the incident radiation H is nearly black; 
und since a = €¢, it follows that q ~ eoT* — acT* = 0. For 
lesser (e.g., Fig. 4), closer spacings are 
needed to achieve this condition. 


absorbing surfaces 

The qualitative findings of Figs. 2, 3, and 4 with respect to spac- 
ing and emissivity are in agreement with those of reference [3]. 
There, consideration was given to a system composed of two 
identical parallel rectangular plates, with each rectangle having 
one dimension of infinite extent. It is interesting to know that 
the qualitative trends are not altered as we pass from a semi- 
infinite to a finite geometry 
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Fig. 3 Local heat-fiux variation for situation where both disks have 
same temperature 7), « = 0.5 


The simplified enclosure theory as applied in equation (28 
cannot predict local heat flux variations as a function of radial 
position.’ So, as far as the local heat flux is concerned, the 
simplified theory has utility only for widely spaced surfaces. The 
predictions of the simplified theory in the form ¢/a7;‘ are listed 
in Table 1 under the heading simpl. 

Local Heat Flux: Disk 1 at Zero Temperature, Disk 2at T*. The local 
heat transfer for subproblem (6) has been evaluated from the solu- 
tions of equations (10) in conjunction with (19a) and (19b). The 
results thus obtained have been plotted in Figs. 5, 6, and 7 as a 
function of position, respectively, for ¢ = 0.9,0.5, and 0.1. Each 
figure contains two sets of curves. The upper set corresponds 
to the disk 2 (temperature 7'*), while the lower set corresponds to 
disk 1 (zero temperature). Within each set, there are curves for 
spacing ratios of 5.0, 1.0, 0.5, 0.1, and 0.05. The ordinate variable 
for disk 2 is the ratio of the actual heat transfer from the disk to 
its emission eo7'** per unit area. For disk 1, the ordinate gives 
the heat transfer (—gq) to the surface relative to the emission of 
disk 2. 


‘The simplified theory could be generalized to provide an ap- 
proximation to the local heat-flux variation by applying it to several 


subregions on the disk surface. The limit of this subdividing process 
would yield the integral equations used here. 
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Fig. 4 Local heat-flux variation for situction where both disks have same 
temperature 7, « = 0.1 


Let us begin by considering the general trends which are evi- 
dent from the figures. For the largest spacing ratio, h/R = 5.0, 
the heat transfer from disk 2 is essentially identical to its emis- 
sion eo 7'**, while the energy transferred to disk 1 is a small frac- 
tion of eo7'**. As the spacing between the disks decreases, the 
heat transferred from disk 2 decreases, while the heat transfer to 
disk 1 increases. Also, the variation of the heat transfer over both 
surfaces becomes more marked as the spacing becomes smaller. 

Again, we want to illuminate the mechanism by which changes 
in spacing effect the heat transfer. First of all, it should be noted 
that since the temperature of disk 1 is zero (no emission), the net 
heat transfer will always be (o this surface and will depend upon the 
amount of energy incident on it. Since the environment is as- 
sumed nonradiating, the incidence at any location on disk 1 will 
be determined by the extent to which disk 2 occupies the field of 
view. Clearly, as the spacing decreases, the incidence will be 
greater and so will the heat transfer to disk 1. Also, for a given 
spacing, locations in the central regions of disk 1 get a better view 
of the opposite disk than do locations near the edge. Hence 
there is greater incidence near the central regions and conse- 
quently the heat transfer to disk 1 is a maximum at r = 0 and 
decreases monotonically with increasing radius. 

In explaining the effect of spacing on the heat-transfer per- 
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Fig. 5 Lecal heat-fivx variation for situation where disk 1 is at zero 
temperature and disk 2 is at T*, « = 0.9 


ormance of disk 2, a discussion similar to that given for problem 
spplies. But now, the energy incident on disk 2 is merely due 
to reflection of its own output by the opposite disk. Conse- 
juently, the incidence on disk 2 will now be smaller than it was in 
problem (a). Since the heat transfer is found by subtracting the 
ibsorbed incidence from the emitted energy, the role of the inci- 
dence is smaller and, consequently, the effect of decreasing spacing 
will be less 
The surface emissivity € also plays an important part in deter- 
mining the heat-transfer results. From the figures, it is seen that 
us € increases, the heat absorbed by disk 1 (the cold surface) in- 
reases relative to the emission eo7'**. However, for disk 2, the 


trends are not so simply stated. For closely spaced surfaces 


q2 
h/R = 0.05 and 0.1), the curves of 
, eoT* 
But, for wider spacings (h/R = 0.5 and 1.0) it is 
een that the curves for € = 0.1 and 0.9 both lie above the curve 


: increase their level with 
increasing € 
for € = 0.5. So, the trends in the behavior of q./eo7'** with ¢ 
lepend upon the spacing. This finding is very likely connected 
with the opposite effects of a decrease in the relative incidence on 
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Fig. 6 Local heat-flux variation for situation where disk 1 is at zero 
temperature and disk 2 is at T*, « = 0.5 


disk 2 and an increase in the absorptivity(a = €). However, for 
all cases, the absolute level of gq, increases with e. 

For highly absorbing, closely spaced surfaces, it is seen from 
Fig. 5 that over a large portion of the surface, the heat transferred 
from disk 2 is almost entirely absorbed by disk 1, and little escapes 
to the surroundings. 

The local heat-transfer predictions of the simplified enclosure 
theory are of utility only for situations where the variation of q¢ 
over the surface is small. Such situations are usually encountered 
when the spacing between the radiating surfaces is large. How- 
ever, Fig. 5 shows that for highly absorbing surfaces under the 
conditions of subproblem (6), qg is relatively constant over disk 2 
(the hot surface) even for close spacings. So, for these conditions, 
the results of the simplified theory should also apply quite well to 
disk 2 for a wide range of spacings. The local heat-transfer pre- 
dictions of the simplified theory are listed in the form q/o7T'** in 
Tables 2(i) and (2:1) for disks 1 and 2, respectively. 

Over-All Heat Transfer: Both Disks at Temperature T;. The over-all 
heat transfer from the disk surface has been evaluated by inte- 
grating the local heat transfer in accordance with equation (22a). 
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Fig. 7 Local heat-filux variation for situation where disk 1 is at zero 
temperature and disk 2 is at T*, « = 0.1 


The results thus obtained are listed in Table 1 under the heading 
exact. The over-all heat transfer from either disk corresponds 
to half of the radiant energy which escapes from the enclosure 
into the environment. As expected on physical grounds, the 
over-all heat transfer decreases as the spacing decreases. Further 
it is seen that the over-all heat transfer decreases as the emissivity 
decreases, a result which is also physically reasonable. 

It is of considerable interest to compare the over-all heat- 
transfer results of the integral equation formulation with those 
from the simplified theory. The latter have been evaluated from 
equation (28) and are listed in Table 1 under the heading simpl. 
Inspection of the table reveals that, as expected, the over-all heat 
transfer is predicted very accurately for the larger spacings 
But, it is quite surprising that for close spacing and high emis- 
sivity, these predictions continue to be very good. For example, 
for h/R = 0.05 and € = 0.9, the over-all heat transfer as given by 
the simplified theory is only about 2 per cent high. This is re- 
markable agreement in view of the variations in local heat trans- 
fer as shown in Fig. 2. As the emissivity decreases, the predic- 
tions of the simplified theory becomes markedly poorer at the 
small spacings. For ¢€ = 0.1 and a spacing ratio of 0.05, the de- 


Journal of Heat Transfer 


Q*/oT,'* 
rR? 
For both disks at temperature T; 

e = 0.1 

R Exact 
0.09962 
0.09408 

5 0.08558 
0.04196 
0.02398 


Table 1 Over-all heat transfer, 


e = 0.5 e = 0.Y 
Simpl 
0.8698 
0.5783 
0.3742 
0.09413 
0.04850 


Exact 
0.4906 
0.3811 
0.2761 
0.07840 
0.04090 


Simpl 
0.09962 
0.09418 
0.08649 
0.05125 
0.03389 


Simpl Exact 
0.4906 0.8698 
0.3820 0.5780 
0.2808 0.3726 
0.08686 0.09261 


0.05 0.04650 0.04756 


viation is 40 per cent. But even this may be considered as quite 
good in view of the extreme surface variations in incident energy 
which occurs in such a situation. So, on the whole, the per- 
formance of the simplified theory in predicting the over-all heat- 
transfer results is considerably better than might have been ex- 
pected after viewing Figs. 2, 3, and 4 
It may also be of interest to compare the performance of the 
simplified theory in the parallel disk problem with that in the 
(semi-infinite) parallel plate problem of reference [3]. The com- 
parison is probably best made under the condition that the 
spacing ratio h/L for the plates (h = spacing, L = plate length) is 
the equal to h/2R for the disk system. Under such a condition, 
it is seen from Table 1 and from Table 2(a) of reference [3] that 
the simplified theory is more accurate for the double disk system 
Over-All Heat Transfer: Disk 1 at Zero Temperature, Disk 2 at T*. 
The over-all heat-transfer results from the integral equation 
formulation have been evaluated according to equation (22b) and 
Table 
2(7) corresponds to the disk 1 (zero temperature) and Table 2(77) 
corresponds to disk 2 (temperature 7'*). The over-all heat trans- 
ferred from disk 2 goes partly to disk 1 and partly to the external 
environment. 


are listed in Tables 2(7) and 2 (77) under the heading eract. 


The extent of the heat loss to the environment may 
be found by subtracting the heat absorbed by disk 1 (i.e., —€),°) 
from Q,° 

From Table 2(7), it can be seen that the heat absorbed by disk 1 
increases as the spacing decreases and the absorptivity (=e) in- 
creases. For disk 2, the heat transfer decreases with decreasing 
spacing and decreasing emissivity. The fraction of the heat trans- 
fer from disk 2 which goes to the environment decreases as the 
spacing decreases and as the emissivity increases. 

Again, it is of interest to compare the predictions of the simple 
enclosure theory with the results based on the solutions of the in- 
tegral equations. The over-all heat transfer as given by the sim- 
plified theory has been evaluated from equations (30) and ap- 
pears in Tables 2(7) and 2(77) under the heading simpl. For disk 1 

the zero temperature surface) the agreement is surprisingly good 

for all conditions. The greatest deviations again occur for small 
spacings and small emissivities, but these are no more than 15 
For disk 2, the predictions of the simple theory are 
even more accurate, with the largest errors only about 7 per cent. 
Once again, we are surprised by the performance of a theory which 
ignores the large variations of local heat transfer and provides 
accurate results for the over-all heat transfer. It is interesting 
to note that the predictions of the simple theory are more accurate 
in a system having surfaces at different temperatures, subproblem 
b), than in a system having surfaces at the same temperature, 
subproblem (a). 


per cent. 


Results for Two Disks at Different Temperatures. To find the local 
heat-transfer results for two disks at different temperatures 7’; 
and 7:(T; > 1;), it is only necessary to combine the results of 
Figs. 2 through 7 in an additive manner. For instance, if we are 
interested in disk 1, then the first of equations (20b) is used. The 
first square bracket is read directly from the appropriate curve in 
Figs. 2, 3, or 4; while the second square bracket is found among 
the lower set of curves in Figs. 5, 6, or 7. The temperature 7'* 


equals [7:4 — 7;*]'/4. The local heat transfer for locations on 
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Table 2 Over-all heat transfer 

Disk 1 at zero temp, Disk 2 at T* 

—Q,>/T** 
wR? 

e = 0.1 «= 0.5 « = 0.9 

Simpl Exact Simpl Exact Simpl 

00003713 0.0003712 0.009275 0.009274 0.03004 0.03004 
0.004370 0.004332 0.09930 0.09911 0.3100 0.3099 

5 0.009150 0.008721 0.1698 0.1680 0.4959 0.4956 

1 0.03151 0.02687 0.2883 0.2845 0.7393 0.7391 


05 0.04055 0.03562 0.3099 0.3073 0.7778 7775 


(i) Disk 1, 


Exact 


Q,'/ar** 
wk? 
e=0.5 
R Exact Simpl Exact Simpl 
0.09998 0.09999 4998 0.4998 
0.09846 0.09851 0.4805 0.4811 
5 0.09474 0.09522 .4459 0.4488 
l 0.07346 0.07812 3667 0.3713 
05 0.06454 0.06951 3508 0.3538 


(ii) Disk 2, 
«= 0.1 e=0.9 
Exact Simpl 
0.8998 0.8999 
0.8878 0.8882 
0.8685 0.8698 
0.8318 0.8331 
0.8253 0.8260 


disk 2 is obtained in a similar fashion by evaluating the second 
of equations (20b), but now, the upper curves of Figs. 5, 6, and 7 
are used, 

To compute the over-all heat transfer, equation (22) is evalu- 
ated using the information in Tables 1 and 2 


Extension to a Radiating Environment 


In the anaylsis which has been given here, it has been assumed 
that there is no radiation passing inward from the external en- 
vironment. The extension of the formulation to include a 
radiating environment can be carried out without difficulty. In 
fact, all that has been done here remains unchanged. It is only 
necessary to consider an additional subproblem (c) defined as 
follows: Both disks are maintained at zero temperature, and ex- 
ternal radiation enters the enclosure in some prescribed manner. 
Subproblem (c) may be solved completely independently of the 
others. In fact, if the external radiation were from a high tem- 
perature source, then the appropriate short-wave-length absorp- 
tivity values can be used without any regard for what has been 
done in treating the low temperature radiation due to T, and 7). 
Once the radiosities and heat-transfer results for subproblem (c) 
are available, they may be added to those which have been pre- 
sented here to give the complete solution 
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APPENDIX 
Derivation of Angle Factors 


It is desired to find an expression for the angle factor F 4,,— ary 
appropriate to radiation between the elementary annular rings 
dr, and dr, as pictured in Fig. 1. We start by noting that the 
angle factor F,,-,, appropriate to two finite circular disks with 
radii r,; and r; and separated by a distance A is reference [4], 
equation (31-45) 


nt + nt + ht — V(r? + nt + ht)? — Ann? 


, 
Pr-n = 2.3 
2r: 


(31) 


Then, referring to Fig. 1 and using angle factor algebra 


re) 
F an- as = PF an-(n+ i Pan-r > ar, (F ary—ry) re 
2 


But, from the reciprocity theorem 


A . r:* 


Pain @ ia .—— 
oe” 4, " Ohh 


F, ~ dry 
Once again, applying angle factor algebra it follows that 


re) 
F,, a = Fea m+dn) — FP -1 = a (Py—r,)dni (34) 


"2 
i 


Then introducing (34) into (33) and substituting the resulting ex- 
pression for F4,,-,, into (32), we have 


1 2 [wee | 
= = « r mon 
2r; Ore * on : 


Finally, the desired angle factor is obtained by differentiating 
F,,-r, equation (31), in accordance with (35), giving 


7 
P an- ar 


(35) 


2h* + 2h*r,? + hr? 


F ér,—ar,/ tts = ——— 
innan/ irs = Ts + nit + ra¥)* — anne] 


(36) 


Further, the reciprocal angle factor F ,,,- 4, immediately follows 
from 


r,dr; 


a ror, 


7 
F dry dr, 


dr, ~ dry 
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Two-Phase Frictional Pressure Drop Prediction From 
Levy’s Momentum Model 





J. F. MARCHATERRE' 


Nomenclature 


A = cross-sectional area 

a a constant 
D, = pipe diameter or equivalent diameter 

jf = friction factor 

G mass velocity 

g = local acceleration due to gravity 
Ge gravitational constant 

&, &’ constants 

P pressure 

V velocity 

w mass flow rate 

gas weight fraction or quality 

y distance along flow path 

a gas volume fraction 

6 angle of inclination 

p = density 


Subscripts 
g refers to gas 
GTP refers to gas-phase friction 
refers to liquid 
LTP refers to liquid-phase friction 
0 refers to liquid flow alone 
TPF refers to two-phase friction 


Levy [1]? HAS POINTED ouT that in a two-phase system each 
fluid phase should satisfy a momentum equation of the Bernoulli 
type. Using these equations, he obtained a theoretical prediction 
of vapor volume fractions in a flowing system. An examination 
of the same momentum model can lead to some important deduc- 
tions about frictional pressure losses in vertical two-phase flow. 
If the momentum equations for each phase are written, then for 
the liquid, 


VidV 


dP 
dP + p = ( ) dy — g pi sin 6 dy 
g dy/ LTP ge 


and for the gas 


dP +-- 


g. 


: d(A Pw) 


a 


iP g . 
= ( ) dy — ~p,sin@dy (2) 
dy /GTP We 


Equating the expressions for dP (static pressure constant across a 
tube cross section) and substituting for V, and V; gives:* 


l 
d(A,p,V,") + 
1, 
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(1 — zz Pr 1 2 — zx) 
1@ | (l—a)a@ pg 2(1 — a)? 


a gpi dy 


iP iP 
a ( ) on (*) , 9 (pi: — p,) sin @ (3) 
dy /GTPp dy /LTP Qe 


The assumption of Levy [1] was that the left-hand side of equa- 
tion (3) is equal to zero for steady-state conditions. This assump- 
tion, while it does not explain the experimental data completely, 
was borne out by comparison with the data of Cook [2] and 
Marachaterre [3]. Making this assumption, multiplying by a, 
and adding and subtracting (dP/dy),rp gives 


(**) (“*) ’ (“) (“) 
a —a + _ —_i— 
dy/ GTP dy/ LTP dy/ LTP dy/ LTP 


g 
+a 


Ge 


(=) dP’ dP 

) = a + (1 — @){- 
dy / TPF dy /GTP dy/ LTP 

(2) foG? 
dyJo 29-D.pi 

(7) (2 

dy] TPF dy 

dP (= 

dy Jo dy Jo 


(pi — p,) sin@ =O (4) 


Since’ 


dP : 
If the assumption is made that ( ) can be obtained in 
dy /LTP 


terms of the liquid flow conditions and some apparent friction 


factor f*, then 
iP f*G41 — xz)? 
) << (8) 
dy/LTP 2g-Denpl — a)? 


(=) 
dy LTP 


~-[ £Pe} Ocak 
(*) ~ LfDAD} CU — a)? 
0 


dy 


A“ ‘ = 
The ratio p23 is difficult to evaluate since the liquid phase 


foD £1) 
frictional pressure losses are made up of losses at both the wall and 
interface. For liquid over the entire pipe perimeter, 


Dwi, = (1 — @)D, 


and the assumption is made that this can be generalized to D, 1 


= (1 — a)D, for the case where there are interfacial losses or some 
gas contacting the wall. For the case of large interfacial losses, 


? Numbers in brackets designate References at end of paper. 
? The derivation of these equations is given in detail by Levy [1]. 
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THEORY 


EXPER | MENT 


6=s.i3x 10° —@ 


6 = 3.3 x to? 


6 = 2.48 « 10° 


~ FRICTION FACTOR MULT 


t) 


a 


a 


| 


= 
en 


en 


0 


sec ca? 





Fig. 1 


6 = 8.26 x 10? 





0.8 0.5 0.6 
a ~ VOLUME FRACTION 


Fig. 2 Comperison of theory with data of Petrick at 3 diam and three 
flow rates in on air-water system at atmospheric pressure 


the apparent friction factor f* will be less than would be pre- 
dicted from a Reynolds number based on the average fluid con- 
ditions, since the force at the interface will be in the opposite 
direction from the force at the wall. The assumption is made that 
f* will vary as the liquid flow area since it must reduce to fy at 
= 0. Making this assumption 
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X- QALITY 


Comparison of theory with data of Sher and Green, 136 atm, steam water 


where a can be either positive or negative. A comparison with 


the data of Petrick [4] indicated that a should be ~ For this 


u be« omes 


(= 

dy ), TP 
dP 
(i). 


case equation 


Equation 7) becomes 


dP 
cs ss (1 
dP | 
zh 


It is important to note at this point that a variety of assumptions 


P,)pr a (sin 8)D, 
fo 


The formulation 
Better 
formulations or measurements should enable closer prediction of 


can be made for the form of the liquid friction 
chosen in this paper was chosen because of its simplicity. 
experimental data. In any case, an equation of the form of equa- 
tion (12) will be obtained and the second term will remain un- 
changed. 

Equation (12) has been compared with the data of Sher and 
und Petrick [4], Figs. 1 and 2, for the vertical upward 
flow of two-phase mixtures 


Green [5 
These data are indicative of the 
The 
data of Petrick compare well with the theory of high mass veloci- 
other 


type of mass velocity effect noted by these investigators 


ties and/or small channels but deviate considerably in 
ranges. 

The theory presented for friction factor multipliers represents 
the experimental data at least qualitatively and predicts the mass 
velocity effect noted by Petrick [4] 


Considering the nature of the assumptions made in formulating 
dP 
the expression for 


dy 

might be expected that the theory would deviate considerably if 
Also, 
this formulation does not preclude the existence of a mass flow 
rate effect in horizontal flow, since it is expected that changes 


and by Sher and Green [5] 
) the agreement is very good. It also 
LTP 


the flow pattern varies considerably from annular flow. 


in flow pattern could also cause changes in frictional pressure 
drop. It would appear that further advances in this area will be 
made only if flow patterns are carefully described and data and 


theoretical formulations restricted to each type of flow pattern 
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Transient Temperature Measurement Errors in Heated 
Slabs for Thermocouples Located at the Insulated Surface 





D. R. BURNETT’ 


A method is developed for estimating the error in ‘‘cold side” 
transient temperature measurements of slabs heated at one sur 
face which is due to conduction of heat away from the junction 
through a thermocouple wire. Results are presented for a range 
of slab thickness/wire diameter ratios 


Nomenclature 
wire radius 
slab thickness 
specific heat 
thermal conductivity 
heat rate per unit area 
time 
thermal diffusivity 
density 
at/b*, Fourier number (dimensionless) 


Subscripts 
s slab 


wire 


Introduction 


THE MEASUREMENT of transient temperatures by the use of 
thermocouples attached to the unheated surface of slabs in order 


1 Thermodynamics Department, Lockheed Aircraft Corporation, 
Missiles and Space Division, Sunnyvale, Calif. Assoc. Mem. ASME 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society or MecHanicaL Enaineers. Manuscript 
ASME Headquarters, January 31, 1961 


received at 


to estimate temperatures and heating rates at the heated surface 
is common in heat-transfer work. There is an error in these 
measurements due to the conduction of heat along the thermo- 
couple wire away from the junction. A method is described for 
estimating this error for the configuration shown in Fig. 1, and 
results calculated by this method for a wire and slab of the same 


material are shown in Fig. 2. 


Physical Model 

The configuration analyzed is that of a slab of infinite extent 
and finite thickness with a constant heat flux incident upon one 
surface and no heat flux across the other except in one circular 
area where a wire is attached. This wire is infinitely long and has 
heat flowing across its surface only at the area of attachment to 
the slab. 


Mathematical Analysis 

The method of Masters and Stein [1]? has been adapted to a 
new physical situation by utilizing information available in 
Carslaw and Jaeger [2]. The linearity of the heat-conduction 
equation enables the temperature in the slab to be expressed 
by equation (1). 


W(2z, r,t) = T(z, t) + U(z, 1, t) (1) 


I'(az, t) is the temperature rise due to surface heating at a constant 
rate at one surface, and U(z, r, t) is the temperature change due 
to the presence of a disk-shaped sink at the opposite surface. 
This sink simulates the effect of the wire. The expression for 
T(z, t) given by reference [2] with co-ordinates transformed 
to those of Fig. 1 is: 


[qb/k,] | a,t/b? + (327 — 6br + 2b*)/6b? 


— (2/n?) > (—1)"/n? exp (—a,tn?1?/b*) cos (n(b — z)/b) | (2) 
n=1 


In this analysis the series is neglected as it is insignificant for 
the values of the Fourier number considered (a@,t/b? = 1). Refer- 
ence [1] gives the general expression for the temperature field 
in a slab of finite thickness due to a disk-shaped sink in the form 
of a convolution integral 
strength in general form. 


This expression contains the sink 
In the case at hand the flux into a 
semi-infinite solid wh’. has a surface temperature equal to 
T(b, t) has been useu for the sink strength. T7(b, t) was taken 
from equation (2) with the series omitted. The convolution 
integral was then converted into closed form by the use of Laplace 


2 Numbers in brackets designate References at end of paper 
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Fig. 1 Problem geometry 
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transforms. With a,//b* set equal to y this expression is: 


— (qb/k, Mit 


be [y | 4a? erfe (n/(7)' 
n=O 


— 4i* erfe ([4n? + (a/b)*]’ 


Ub, 0. 2) = k,p,¢,)'” 


*) + 47? erfe ({n + 1] /(y)'”) 


*/2(7)'/*) — 44 erfe (((2n + 2)? 


+ (a/b)*}'/*/2(-y)'/*)} — (1/6) ferfe (n/(y)'”*) 


+ erfe ({n + 1] /(y)'”) — erfe ([4n? + (a/b)*]'2/2(y)'”*) 
— erfe ([(2n + 2)* + (a/b)*]'/2/2(y)'")}] (3) 


This series is made up of the algebraic sum of eight terms each 
of which can be shown to form a convergent series. The com- 
plete series is therefore convergent. Since these series can be 
considered as finite difference integrations of the appropriate 
functions, a means is available for estimating the error due to 
omitting terms. This is because the actual values of the in- 
tegrals are available. The values shown are calculated to have 
an error no greater than +0.05 per cent on the scale used in 
Fig. 2. The required functions are tabulated in reference [2]. 

The conduction error is then approximated by the ratio of 
U(b, 0, t) to T(b, t) which is a function of (a/b), (a,t/b*), and 

k p.c./k,p,c,)'/* only. This is shown in Fig. 2 for the case of 
the wire and slab of the same material. The case of a slab and 
wire of different materials is obtained from these values by multi- 
plying values from the figure by the ratio (k,p,c,/k,p,c,)'*. If 
needed the value of (’(b, 0, 4) can be found by multiplying the 
figure obtained from the graph by 7(b, ¢) and dividing by one 
hundred 


Discussion 

The solution is conservative in that the flux into the wire (sink 
strength) is based on the temperature at the rear of the slab in the 
absence of the sink. This temperature is higher than that at 
the actual slab-wire junction. It is nonconservative in assuming 
In addition, the constant heat flux 
boundary condition of this solution is often not the case in prac- 
tical problems. It would be expected that rapidly fluctuating 
rates would lead to larger errors than those indicated herein. 
Although in many cases the sum of these effects would be small, 
it is felt that these results are suitable primarily for use as guid- 
ance in designing instrumentation rather than for attempting 
to predict errors for correction purposes. 


no heat loss from the wire 
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Heat Conduction in a Series Composite Wall 


J. J. BROGAN! and P. J. SCHNEIDER’ 


An exact solution for the temperature response of two-layer 
series coriposite wall, both materials of which have finite thermal 
conductivity, was originally obtained by E. Mayer in 1952 [1 }* 
for the case of sudden exposure to a uniform temperature en- 
vironment with a constant convective heat-transfer coefficient. 
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However, in that paper eigenvalues were calculated only for the 
ease where the conductivity of the layer exposed to heating is 
lower than the conductivity of the backup layer whose rear face is 
considered adiabatic. This is the case of an insulated structure 
in which the load-carrying skin is insulated against unattenuated 
heat gain by interposing a low conductivity material. 

An exact solution for the same system was discussed recently 
by R. Harris and J. Davidson {2}. This latter paper presents 
eigenvalues over a much more complete range of parameters 
than the former and, in addition, calculated temperature results 
are graphed. Once again, however, only the case of low conduc- 
tivity material over a high conductor is treated. 

We have worked with a number of thermal systems in which the 
inverse disposition of materials is present, namely, a good conduc- 
tor over an insulator. One example of such a material combina- 
tion is graphite over plastic. There is, accordingly, a need for the 
eigenvalues in this inverse case. 

Denoting the material exposed to heating as 1, and the backup 
material as 2, and letting x, and z- be the normal co-ordinate with 
origins at the rear face of each material, then the Harris and 
Davidson solution for the temperature response of each layer is 


-- — yn*For 1 
= 1+ 2 a sin 0 (sin = =) (1) 
n 1 


n=1 


th — t 
te — 


> em In*For ( %. 2 ) 
—_ COs’yY a ‘os a 
K, al 8B 56, 


1 


where 


K, —_ 


~f) & wei Y. l 
a COS . 
2 IL Bi, 8 8°Bi, 


(s sin - + Yn COS - ) + sin 5 | COS Ya (2) 
Yn — £ 
+ cos 8 + 
8 BBi, 


Y Yn . 
(s cos 8 - VV, 8 |i Yn t 


in which 
Bi, = Biot number based on exposed material = hé,/k,; = 
1/f 
C = material specific heat 
Fourier number based on backup material = a,0/6. 
unit convective surface conductance 
material thermal conductivity 
temperature of exposed layer 
temperature of backup layer 
environmental gas temperature 
initial temperature of both layers 
material density 
material thermal diffusivity = k/wC 
V o/é 
material thickness 
time 
= kb,/kib. 
= Cyb./Cw,d, 


. 


and where the y, are eigenvalues representing roots of the 
transcendental equation 
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1 in Table 1 we give the first five corresponding roots for the 


Roots of equation (3) are tabulated in reference [2] for & 


inverse case of — < 1 
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Heat Conduction Through Walls During Fire 





LIE TIAM TJOAN' s 


sston ts given for the temperature rise of a wall exposed on 
It appears that calculated and experi 
ge : ' , 

sults agree with each other when a theoretical thermal 


fy 145s assumed wht h is a power of the thermal con 


1 standard fire 


lt room temperature 
Introduction 


DwuRING a few years a series of tests has been performed on walls 


to examine the behavior of the walls when one side is exposed to a 
fire. Especially the temperature rise on the unexposed surface of 
the wall was of interest. This temperature determines the fire 
resistance of the wall, which may be defined as the time taken for 
the temperature of the unexposed surface of the wall to increase 
130 deg C when the wall is exposed on one side to a standard 

] 2 
lo predict the fire resistance of walls, calculations have been 
made by using a solution of the equation of conduction of heat 
which prescribed conditions for the temperature at the ex- 
posed surface are satisfied by adjusting step by step the heat sup- 
plied to the wall The calculations have been made for a semi- 
vall because it was not possible to satisfy the boundary 
dition at the unexposed surface of a finite wall which loses 


Newtonian cooling : 


The Temperature in the Wall as a Function of Time 
The heat transfer by conduction through a wall is given by the 
juatior 
of 220 
= ¢ . 
ot oz? 
where @ 


the thermal diffusivity, and ¢ = 


= the temperature at distance z from exposed surface, 
the duration of the ex- 
When the wall is heated on one side (z = 0) according to 


o#eure 


ynditions of a standard fire,* the temperatures are as given in 


Prevention T.N.O., Rijswijk, the Netherlands 
bers in brackets designate References at end of paper 
temperatures are those according to Dutch Standard NEN 

and are almost identical with the temperatures of the specifica- 
tions used in other countries 
Contributed by the Heat 
Society or Mecwanicat Enoineers. Manuscript 
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Table 1 
0 


seconds 6 in deg C 
0 8 
300 500 
600 700 
1200 800 
1800 850 
3600 925 
7200 1000 
10800 1050 
14400 1100 
21600 1200 

—@ = % = ambient temperature. 


A solution of (1) which satisfies the foregoing conditions, valid 


in the time interval 0 < t < 600 s, is (2 


A, = Cit 


where 


= amount of heat absorbed by the wall per unit time and 
unit area 

= thermal conductivity of the material 

= density of the material 

= specific heat of the material 


general, the solution valid in the time interval 


From (2) and (3) it follows that the conditions for the tempera- 
ture on the exposed surface are satisfied if, assuming an ambient 
= 49.12; C; = 49.41: C; = 17.47: 


C, = 11.38; Cs; = 7.56; C. = 5.35; Cr = 4.65; Cy = 5.51; 


temperature of 20 deg C, C;, 
= © 57 


Comparison of Calculated and Experimental Results 


Fire tests have been performed on walls of different kinds oi 
concrete and clay brick with densities in the range 0.6 K 10 
em’ to 2.4 X 10 The thicknesses of the walls varied 


from 5 cm to 17 ecm 


3 ke /em? 


On comparison of the results it appears that experimental! 
found fire resistances are lower than those calculated. If, however 
(A/Xo)'** A where Apo is 
a constant and A the thermal conductivity at room temperatur 
the calculated fire with 
mental results. It is likely that the differences between ex 
perimental and calculated results are mainly due to the increas: 


a thermal conductivity is employed A’ = 


resistances are in agreement exper!- 


of the thermal conductivity with temperature. 

In Fig. 1 calculated and experimental fire resistances of walls 
of several densities are given as function of the thickness of th« 
v all 


made: 


For simplicity the following approximations have been 


a) The thermal conductivity at room temperature is propor- 
tional to the density and roughly given by the relation A = 1.3-p 
b) The specific heat is about 250 @'/kg deg C. 
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o 
P=O6.IO° kg/cm? 


~ @ 
aa ny? 
p= LOIS kg/m? 


a 


> fire resisistance in hours 
Ww 





be 1.7.10" leyem 


p=2.410° kg/cm? 


shockcrete ¢ =2 


@=2. 
¢@=!. 


4 10°kg/em?) 
1S°kg/em’) 
= 3 
7.10" kg/em” ) 
=!.0 16*kg/em? ) 
(e=0. 8.10° kg/cm”) 
cell. concrete (p= 0.75 1° kg/cm) 
cell. concrete ¢ =0.610° kg/cm?) 


concrete 
brick 
brick 
brick 


temp. rise less than 130°C 





20 


»*x 


thickness in cm 


25 


Calculated and experimental fire resistances as function of thickness 


‘pall riroy kg/cm? 


uw 


w 


3 
< 
a 
54 
a7) 
3 
4 
4 
A 


LS 








15 
> x 
thickness in cm 


20 


Fig. 2 Comparison of calculated fire resistances with experimental 
results of Ingberg 


In Fig. 2 a comparison is made with the empirical relation of 
Ingberg [3] ¢ = (Bz)'? fire resistance ¢ and the 
thickness z The dotted lines are plotted for the values of the con- 
stant B of B = 4and B = 


and with concrete 


between the 


5.5 corresponding with expanded slag 
It can be seen that the line for expanded 
slag agrees with our calculated line for p = 1.4 10)~ 3ke 
the line for concrete agrees with our line for concrete 
density of 2.1 10 


In Fig. 3 a comparison is made between measured and calcu 


em?’ and 
with 


ke /em?, 


lated temperature rises. The temperature rises are given as a 


function of time and ® = * where x is the distance 
from the exposed surface and a’ is the adjusted thermal dif- 


fusivity 


‘/er/(a’) 


As can be seen, there are considerable differences be 
tween measured and calculated temperature rises for small values 
of ®, especially for ® < 9, which latter value applies to con- 
crete with thicknesses of [ 2 em 


~ 


Thus for very thin walls the 
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—— theoretical 
---- experimental 








Fig. 3 Temperature rise as a function of the duration of exposure for 


x 
several values of P 


Va 


solution for a semi-infinite solid with adjusted thermal conduc- 
tivity as given before is not sufficiently accurate. However, for 
larger values of ®, corresponding with wall-thicknesses of about 10 
em there is fair agreement between measured and calculated 
temperature rises. 


Conclusions 


Fire tests on walls of clay brick and different kinds of concrete 
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show an increase of heat transmission during heating. The in- 
crease can be described by a thermal conductivity which is a 
power of the thermal conductivity at room temperature. When 
such a thermal conductivity is used, calculated fire resistances 
are in close agreement with experimental fire resistances. The 
fire resistance of walls can be predicted by means of a solution of 
the equation of conduction of heat, in which the conditions for the 
temperature on the exposed surface are satisfied by choosing 
suitable heat supplies during each of the nine time periods in 
which the course of a fire may be divided 
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Heat Conduction in an Eccentrically 
Hollow, Infinitely Long Cylinder 
With Internal Heat Generation 





M. R. EL-SADEN' 


This paper discusses the steady temperature distribution in an 
infinitely long, eccentrically hollow cylinder with uniform rate 
of internat heat generation. An exact theoretical solution is pre- 
sented. The result is applied to the special case of no internal 
heat yeneration, and the rate of heat conduction is obtained. 


Nomenclature 
= radius of inner circle 
= radius of outer circle 
= distance between the centers of the inner and outer 
circles 
unit thermal conductivity 
rate of heat generation per unit volume 
rate of heat conduction per unit of time 
temperature at any point 
temperature on the inner circle 
temperature on the outer circle 
= dimensionless constants 
e/b - a 
dimensionless variables 
b/a 


Introduction 


Ine Geometry of the problem under consideration is shown in 
Fig. 1 

The steady heat conduction equation in two dimensions with 
uniform internal heat generation is 


eT 


 s (1) 


or 
oz? 


The boundary conditions for the present problem are 
T = 7; on the inner circle (2) 


T = T; on the outer circle (3) 
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Also, the temperature distribution must be symmetrical about 
the z-axis. Cylindrical co-ordinates are not used here because 
the method of separation yields a solution that does not satisfy 
the nonlinear boundary conditions, equations (2) and (3). What 
is needed is a transformation that linearises the boundary condi- 
tions without complicating the partial differential equation (1). 


Solution 
The use of bipolar co-ordinates [1]? is very convenient in this 


problem. Let 


§ 
z = ic ctn rs 


fS=—§+in 
z=2+ iy 
Substituting in equation (1), 
i 4 
dé? dn? k (cosh 4 — cos £)? 





From equation (4), 
en- Pa gre att? Etoty 
z-—c (x —c) + ty 
The constant c is not yet determined. From equation (8), 


(z + c)? + y* 
e2” a - : 
(x — c)? + y* 
and 
2cy 
& = tan= 
z+ y?—¢ 


Equation (9) can be written as 


c 
(zx —cetnhn)?+y =- 
sinh? 7 


2 Numbers in brackets designate References at end of paper. 





Fig. 1 
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Equation (11) is that of a circle with the center off the origin. 
Hence, on the inner circle, 


l=cctnha (12) 


c 
> aa (13) 
sinh a 
where a is the value of 7 on the inner circle, and | is the z-co- 
ordinate of the center of the inner circle. On the outer circle, 


m =cctnhB (14) 


Cc 


= 15 
sinh 8 (15) 


where m is the z-co-ordinate of the outer circle and 8 is the value 
of 7 on it. 
From equations (12) and (14), 


e=m-—Il-=cctnh 8 —cctnha (16) 


where ¢ is the distance between the centers of the two circles. 
Equations (13), (15), and (16) constitute three equations in 
three unknowns: a, 8, and c, which give 


cosh a = 5 (17) 


2€ 


A+ 1) — &A — 1) 
ens 0 ag ka ete (18) 


2e 
c = asinha = bsinh 8 (19) 
where 
A ad b, a, 


e=e/b—a 


(20) 


This gives the boundary conditions on 7. The boundary con- 
ditions on £ can be obtained from equation (10), which shows that 
due to the symmetry, when 

y=0, §=0O,orr 
Therefore the transformed problem is 
oT 077’ q 
- 2 A os 
og? on? k (cosh 9 — cos £)? 


Subject to the boundary conditions 


T(t, a) = T 


=) 
o& t=-7 


The complementary solution to equation (22) is 
T, = An + B+ (G’e™ + D’'e~™\(E cos n€ + F sin n&) 
while the particular solution is 
gc? cosh 
*2* a cosh 7 met 
Hence the total solution is 
T =An+ B+ (G’e™ + D’e~"™)(E cos né + F sin né) 


gc? cosh 9 


2k cosh n — cos = 
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Applying the boundary condition, 


equations (25) and (26), 
gives 


F=0 


Therefore, 


T=An+B+ > > (Ge™ + De~™") cos n& 
1 


gc? _ cosh 7 (28) 
2k coshn —cos— ~— 


In order to apply the boundary conditions of equations (23) and 
(24), the last term in equation (28) should be expressed as 
follows 


cosh 7 


cosh 7 — cos = 


= ctnh 7 (: +2 > e~ ™" cos nt) (29) 


1 


Therefore equation (28) can be written as 


@ 


io? 
T=An+BH+ = etnh 4 4+ > (Ge™" + De~™) cos n& 


| o 
+ . etnh 7] » e~™ cos nt (30) 


Applying equations (23) and (24), 
ic? bad 
T, = Aa+B+ = etnh a + > (Ge"* + De-"%) cos né 
gc? = : 
t . ctnh a 2d e~"*cos né (31) 


and 


io? 
T2 = AB+ B+ a etnh 8 + > (Ge™® + De~™*) cos né 


@o 
! qc? / —np 29 
te ctnh 8 > e cosn& (32) 
1 


Equations (31) and (32) yield 


gc? ctnh a — ctnh 8B 


k 2(B — a) 


7, —T7: 

(B — a) 

BT; — aT: 
B-—«a 


ital ge? a ctnh 6 — Bctnha 
k 2(8 — a) 


gc? ctnh a — ctnh 8 


G = - as 


(35) 


— gene 
> 


9 
2n@ otnh B — e*™ ctnh a 


eons (36) 


ae e2na 
Equation (28) or equation (30), along with equations (33), 
(34), (35), and (36) gives the complete temperature distribution. 
The values of 7 and £ at any point (z, y) can be obtained from 
equations (9) and (10). 


Special Case (q = 0) 


If there is no heat generation, then 
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r Tr: Oo! aT, 
re a 7 8 a 
rhe transformed problem is that of one-dimensional, steady- 
heat conduction through a slab of length (8 — a) and width 
equal to the limits on &, that is 27, as shown in Fig. 2 
rhe rate of heat conduction per unit thickness re 


equations 
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On Some Analytic Solutions of Steady Heat Conduction in 
Composite Slabs of Various Cross Sections 





PAU-CHANG LU! 


It 1s well known that the elementary problem of steady heat 
onduction in a composite slab with infinite lateral extent be- 
comes rather complicated once the restriction of time inde 
pendence is removed 


Is no i 


A similar situation arises when the slab 
mnger of unlimited extent. 
Referring to Fig. 1, we 


consider in this note the following 
problen 


v4, + 0 


V0, + 0. 


—l: #6 =0 
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z= lb: 6, = & 


0: kiO1 = kOe, = H(0, — 0) 


P 8, 06, 
er mixed with 


n on 


Onl: 4, 


where 6 is the temperature difference referred to the temperature 
on z —l,, and H is the contact heat-transfer coefficient at the 
Other symbols are all self-evident. 

To solve the equations (1) and (2) with boundary conditions 


to (6), we apply suitable integral transforms with respect to 
z, and z, as follows: 


es es = 
O*(E, n, 2) f J Wa, ro 2)K\(£, 1: )Keln, r2)dadzrz. (7 
a 7 


With proper choice of the kernels K; and K, and the upper and 


lower limits a, 8, y, and 6, the original system can be reduced to 
the subsidiary system 


interface 


o 


Hié 


where f is a group of terms independent of z 
The solution of this subsidiary system is 
6,* fay, sinh ((z) + ay cosh (fF 


A 


2 sinh (2) + Glog ¢ osh 


whe re 
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= H¢[k, sinh (¢/,)cosh (¢1,) + k sinh ({¢1,)cosh ({1,)] 
+ Kykef? cosh ({1,) cosh (fle) 


u = keHt{e* cosh (th) + (f/€*) [cosh (£12) 
— cosh (£)1} 


k2Hfe9* sinh (¢1,) — (f/£?)[kiHE sinh (fl) 

+ keH¢ sinh (¢l,) + kikeof? cosh ({1,)] 
k,H¢{eo* cosh (th) + (f/f?) [cosh (fl) 

— cosh (¢h)]} 


kofeo*(H sinh (1) + kf cosh (¢1,)) 
—(f/t*)|keH¢ sinh ({1,) + k, HE sinh (fl) 
+ Kikeg? cosh (tl, )] 20 


6; and @, are then obtained from 6,* and @,* by the inversion 
formulas of the transforms used. All these inversion formulas 
are in the form of an infinite series or a real integral, hence the re 
sults can be directly employed for numerical calculations of tem- 
perature distributions or heat-transfer parameters. 

Results obtained in this way are listed in the following for six 
cases. In each case, to save space, items listed are of the following 
order: (a) Shape of D and boundary conditionson I’. (b) Trans- 
for.n used. (c) Expressions for ¢, f, e0*. (d) The expressions for 
6, or 6, (represented by 4,,2) in terms of 6,* and @,* which are to be 
regarded simply as quantities defined by equations (13) to (20). 

Case l. Rectangle 0 < z < a,0 < y <b, with # 
on zt 


= €1, €2, C3, C4 


0, a, y = 0, b, respectively. 
Double finite Fourier sine transform :? 


rb fa . nar, mary 
6 6 sin sin drdy 
0 0 a b 


mr? n2? 
> 


abeo 
é* = [ 
mnt? 


4 _ nw 
6,,2 = > ) 6;,2* sin sin 
ab a 
m=ln=1 


Case il. 
transform?: 


= (—§) 


mY 


) 


Circle r < a with 0 és on r Finite Hanke] 


a 
A* f AJ nN T irdr 
0 


. 


» 


= adzesJi(A,a 
e9/X.) Jy(A,a 


Jor) 
J ;* a 


? , summed over all the positive 


roots of Jo A,a) 0 


Case ill. 
respectively. 
Finite Hankel transform :? 


Circular ring a < r < 6 with 6 = e, eonr 


2 See, e.g., I. N. Sneddon, “Functional Analysis,” 
der Physik, vol. 2, Springer Verlag, Berlin, Germany, 1955 
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Handbuch 


b 
0* = f OBo(Agr)rdr 
a 


where 


Bo A,r) Yo(A,a)Jo( Ayr) — JolAa) Yo(A,r) 


JJo(A,a mee L 
\Jo(A,b) : * 


2€o pd \,a) 
Tr;? Joi \,b) 


ry A207 A:b)01,2* Bol Ayr 


2 |G JorAja) — Jo%(A,d) 
roots of Bo A,b ) 0, 


6:,. = , summed over-all positive 


Case IV. 
finite Hankel transform: 


b 
6* = f OC of Ayr )rdr 
a 


Ji \,a Vol Xr 


Same as III, but insulated on r a. Generalized 


Co AGr) = — ¥i(A,a)Jo(Ayr) 


2 J\(A,a) 
wile: é 
T Jo(A,b) 


6 


2 y Ji(\,a) 
WA? Jo(A,b) 


i 


: 3? > A 0%(A,b) 


61,2 . 
2 5 JiXA,a) 


6,,2*C of A,r) 


summed over-all the posi- 


tive roots of Co \,b) = (), 


Case V. Same as III, but insulated on r 


Generalized finite Hankel transform:® 


b 
6* f AB X.r)rdr 


rT? 3 : 
>= » \,74,2*Bo(A,;r), summed over Bo’(A,;b) = 0 


Case VI. Region outside the circle » a with 6 és on the 


circle. @ vanishes when r > b. 


Weber transform:‘ 
6Bol Ar )rdr 
A 


This transform can be established from the general theory of 
Sturm-Liouville transforms as explained in R. V. Churchill, ‘“Exten- 
sions of Operational Mathematics,” Proceedings of the Conference 
on Differential Equations, University of Maryland, College Park, 
Md., 1955 

4 This transform can be deduced from Weber's integral theorem 
as proved by Titchmarsh; see E. C. Titchmarsh, ‘‘Weber’s Integral 
Theorem,” Proceedings London Mathematical Society, vol. 22, 1924, 
pp. 15-28. Hence it seems proper to name it after Weber. 
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© | \bBe(Ab) + = 
— | NbBe(b) + = 


f o 6,,2*Bo(Ar) 
7 0 Joa) ~~ Yo* ha) 

The method of integral transforms is basically limited by the 
restrictions on the classical method of separation of varia- 
Thus with the available transforms in mind (i.e., general- 
ized Fourier, generalized finite Fourier, generalized finite Hankel, 
and Weber), the co-ordinate system zx, and z; must be either 
rectangular Cartesian or polar. Furthermore, I must be com- 
posed of co-ordinate lines; and the boundary condition must 
not be mixed along each one of these lines. This then requires 
that D be a half plane, an infinite strip, a semi-infinite strip, a 


same 


bles 


rectangle, a circle, a circular ring, a full circular sector, a circular 
ring sector, and an infinite plane with a circular hole. As to the 
boundary condition on I’, the general “radiation’’ or heat-flux 
condition must be excluded because of the difference between 
k, and kj. However, er is not necessarily constant as in all the 
cases quoted. If I is entirely insulated, the problem becomes 
trivial 

—1,, k need not be constant (in case 
As a matter 
adiation condition is admissible on these two 
Finally, the problem of a composite slab with more than 
two layers can be solved in a similar manner, only the solution of 
the subsidiary system is more complicated 


The temperatures on z 
VI, we have already introduced a step change in 62) 
of fact, even 


fac es 


Siah (1 + 1) 
(1 + ix 
Sinh (1 + ix for Periodic Heat Conduction Calculations 


x 
, and (1 + ix 


Tables of Cosh (1 + |x, 





D. G. STEPHENSON’ and C. J. SHIRTLIFFE' 


[HE CALCULATION of periodic heat conduction in one dimension 
For 
a homogeneous slab of finite thickness with periodic boundary 


is greatly simplified by using the matrix formulation [1].? 


conditions, the harmonic components of the surface tempera- 
tures and heat flows are related by 


| * | - ry ; sf 
L q1 C/R, A 


where 
6 harmonic component with period P of periodic tem- 
perature 
harmonic component with period P of periodic heat flow 
subscripts 1 and 2 refer to the two surfaces of the 
slab 
Cosh(1 + 


1 National 
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us 
Lyz, 


L/k 

slab thickness 
thermal conductivity 
thermal diffusivity 


For multilayer slabs the square matrix relating input and output 
is just the product of the matrices of the individual layers multi- 
plied in the same order as they occur in the composite slab. 

To simplify the computation of the matrix elements, tables have 
been prepared [2] for A, B, and C in both Cartesian and polar 
co-ordinate form for X = 0 (0.01) 3.00 and 3.00 (0.10) 6.00. The 
arguments of the numbers in polar form are given in degrees to 
3 decimal places, while the modulus and both the real and imagi- 
nary values are given to 6 decimal places. : The second differences 
of the tabulated values are included to indicate where linear in- 
terpolation is adequate, and to facilitate accurate interpolation 
with Everett’s formula. The tables were prepared on a Bendix 
G-15D digital computer which carried out the arithmetic to 12 
significant figures and then rounded the results to the specified 
number of decimal places. The tables occupy 70 pages and are 
not thought to be of sufficient general interest to justify extensive 
distribution. A limited number of photostatic copies have been 
published by the Division of Building Research of the National 
Research Council of Canada and can be obtained for a nominal 
charge. 

These tables have been found to be very useful in calculating 
the thermal conductivity and diffusivity of materials from the re- 
results of periodic heat flow tests. This note is intended to inform 
others of the existence of these tables. 
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Mass Transfer in Laminar Flow About a Rotating Cone 





Cc. L. TIEN’ 


THE PRESENT NOTE is to indicate the applicability of the mass- 
transfer results in laminar flow about a rotating disk [1]? to the 
case of a rotating cone. When the cone angle is not too small [2] 
and the blowing velocity from the cone surface is not too large 
[1], the boundary-layer character exists in the region adjacent 
to the cone surface. Under the boundary-layer approximations, 
except for the pressure distribution [3], the same governing equa- 
tions and boundary conditions on the velocity, temperature, and 
diffusion fields as (la) through (6a) and (126) in reference [1] 
may be obtained by use of the following transformations [2]: 

V, = (wr sin a)F(n V. = (wr sin a)G(n 
‘SoH n) 
a Wie — Wie 


V, = (wy sin a 
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w sin a\'/2 
n = 2z| —— 
v 


where a is half of the cone angle, r is radial co-ordinate along the 
cone surface, ¢ is the angular co-ordinate around the cone axis, z 
is the co-ordinate normal to the cone surface, and the rest of the 
symbols have the same meaning as defined in reference [1]. All 
the results presented in reference [1] can therefore be extended 
for the case of mass transfer about a rotating cone. 
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Improved Computer Oriented Methods for Calculation of 
Steam Properties 


T. W. MARTIN! 





NEW METHODS, designed for implementation on digital com- 
puters, to approximate certain thermodynamic properties of 
steam and water are presented. These methods have been in- 
corporated into published subroutines which arrive at results 
equivalent to those obtained by routines using previously pub- 
lished methods, doing so with a considerable savings of elapsed 
computer time 


Introduction 


With the advent of the IBM 704 digital computer in 1956, an 
effort was undertaken to approximate the steam properties 
tabulated in Keenan and Keyes Steam Tables.?. The results of 
this project were published by Steltz and Silvestri.* Four years 
of extensive use proved the reliability and utility of these rou- 
tines. With the order of the IBM 7090 digital computer, it was 
decided to reprogram these steam table subroutines, not only to 
take advantage of some of the capabilities of the new computer, 
but also to include some revisions of the algorithms which had 
been developed but never fully put into use. A primary requisite 
of any modification was that it not in any way increase the devia- 
tion of computed results from the values tabulated in Keenan 
and Keyes.? This project was completed in August, 1960; and 
after a period of checkout, the routines, in the form of sub- 
routines for use in the FORTRAN‘ system, were distributed to 
SHARE' for publication and distribution to any interested parties 
in February, 1961. 

The new algorithms are reformulations of those used by Steltz 

1 Engineer, Advanced Systems Engineering and Analytical Depart- 
ment, Westinghouse Electric Corporation, East Pittsburgh, Pa. 

? Joseph H. Keenan and Frederick G. Keyes, “Thermodynamic 


Properties of Steam,”’ John Wiley & Sons, Inc., New York, N. Y., 
1951. 

* William G. Steltz and George J. Silvestri, ‘‘The Formulation of 
Steam Properties for Digital Computer Application,” Trans. ASME, 
vol. 80, 1958, p. 967. 

4 FORTRAN, an abbreviation for Formula Translator, is a coding 
system for digital computers which translates from a pseudoalgebraic 
format into machine instructions. 

‘SHARE, a co-operative organization of IBM 704, 709, and 7090 
computer users. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Socrety oF MecHANICAL ENGINEERS. Manuscript received at 
ASME Headquarters, July 18, 1961. 
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and Silvestri’ and arrive at essentially the same end results. The 
reader is referred to that paper for a complete discussion of the 
original programs and the remarkably small deviations from the 
tabulated values of Keenan and Keyes.? 


Methods 


The two primary methods of calculation used in the steam 
table subroutines are functional approximation and interpolation; 
further, certain routines make iterated use of other subroutines, 
using the foregoing two methods, to arrive at desired results by re- 
laxation methods. Studies indicated that the two most often 
used (both by direct and by iterated use) sets of calculations were 
those contained in the routines called HSS and HCL. HSS ecaleu- 
lates the enthalpy, entropy, and specific volume in the super- 
heated steam region as functions of pressure and temperature; 
and HCL calculates enthalpy and entropy in the compressed 
liquid region, again as functions of pressure and temperature. 
The HSS routine is an example of the use of functional approxima- 
tion, while the HCL routine arrives at results by an interpolation 
process. With these facts in mind, it was decided that the most 
fruitful approach to the problem of acceleration of the steam table 
calculations would be to optimize the interpolation processes and 
to investigate and reformulate, if possible, the algorithms used 
for the superheated steam calculations. 

Investigations indicated that the desired accuracy (absolute 
deviations from values tabulated by Keenan and Keyes less than 
0.10 Btu/lb for enthalpy and 0.0001 Btu/lb deg F for entropy) 
could be maintained in the compressed liquid routine by using 
interpolation tables based on equal increments of independent 
variables. To take advantage of this situation a special purpose 
fourth order Lagrangian interpolation subroutine was coded. 
The average execution time for the HCL routine on the 704 com- 
puter was 184 millisec; with the new interpolation subroutine on 
the 7090, this calculation now requires only 6.3 millisec. The 
usual ratio used to compare the internal processing speeds of the 
704 and the 7090 is 6.3:1, so the foregoing figures represent an 
actual acceleration of 4.65 times. 

A casual investigation of the algorithms used in the HSS rou- 
tine as published by Steltz and Silvestri? did not immediately 
reveal an easy solution to the acceleration problem. However, 
after many reformulations, the formulas which appear in the 
Appendix were derived. It can be verified that these new formu- 
las are mathematically equivalent to the previously published 
methods. 

A special situation arose in connection with this routine. It 
will be noted that several high order terms appear in these 
formulations. For many admissible values of pressure and tem- 
perature these terms were of such small significance that they 
could be dropped from consideration; indeed, Schnackel® has 
published a method which omits these terms from computation. 
An investigation was undertaken to determine, if possible, ex- 
actly which values of pressure and temperature lead to insig- 
nificance of the high order terms, and to develop an analytic ex- 
pression to allow a test. to be made economically before undertak- 
ing the rather time consuming calculations necessary to evaluate 
these terms. An expression involving only pressure and tem- 
perature was derived to express this test and is presented in the 
Appendix. 

The execution time for the original 704 HSS subroutines was 
50.15 millisec, while the average time for the new 7090 routine is 
2.28 milliseconds. Again applying the 6.3:1 ratio for machine 
speeds, it can be seen that this represents an actual acceleration 
of 3.5 times. 


Similar investigations were undertaken for several of the 


* H. C. Schnackel, “‘Formulations for the Thermodynamic Prop- 
erties of Steam and Water,”’ Trans ASME, vol. 80, 1958, p. 959. 
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routines used to evaluate properties along the saturation line 
Since these formulations were a good bit more simple than those 
found in the HSS calculation procedures, it was found that the 
riginal routines were already fairly well optimized except where 
y required interpolation procedures. In these cases, advantage 
vuld again be taken of tables using equal increments of independ- 
ent variable. The accelerations realized by the 7090 routines over 
the old 704 routines ranged from 1.3 to 1.9 times. Formulations 
or evaluating pressure and entropy as functions of temperature 
along the saturation line are presented since they differ from those 
presented by Steltz and Silvestri® due to a different internal scaling 


process 


Results 


lo test the effect of this programining, the revision of only the 
HSS subroutine introduced the Heat 
program on the 704. With only this change, a rerun of an 


was into Generalized 
Balances 
ilready completed series of calculations was made with a resulting 
savings of 15 per cent elapsed computer time over the original 


run using the old version of the superheated steam routine 
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APPENDIX 


In what follows below the following units are used: 


Pressure psia 
Temperature 


Enth ilpy 


deg F 
Btu/Ib 
Btu/Ib deg F 
ft*/lb 


| ntropy 


Speci 


volume 


lhe computations contained in the HSS routine are (given p 
5501 and ¢ such that 50 s ¢ s 1601 


that 0.2 < p =< 


{ + 459.688) /2.843781590 
= 0 0862139787 E 
= In (2, 
— E,/0.048615207 
= 0.73726 0.0170952671 E, 
= ().1286073p 
E, 
9.07243502 


2 = 


Doe te oe te i om os 


1.3582702 + 45.4653859 E, 

EF.) /0.79836127 

7.20909654 10-*/E 

186210.0562 E 

exp (Ey. + E i? 4 

k I 

EVE 

E 

464. 3704/4 
1.279514846 Ey, 

EA Ew + 41.273 

E.E, + O5E 


1.3342998 


Ev 


E, E,, bypass the following steps, skipping 


ution of (Otherwise, 


7/0.141431346 « 107%) 


Ex - 


6.71076923 K 10~*) 
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FE, Ex + 13E:; 
vp = 0.0302749643 (Ex — Ey + 83.47150448 F,)/E, 


It should be noted that v must be greater or equal 0.1603 ft*/Ib 
for the foregoing calculations to be valid. 


Ew = Ey + 2( 2,3 Ei2) 
= " T 
Ei, 
835.417534 — E, + E, + 0.04355685( Lip + Evo 
_ Eu + E, } 
E, — Es, — 0.00132049845 (472.24937 + Ex» — Ex 
— 2E\)/E: 


Exn — En — Ex 


h= 
$= 


2 To evaluate pressure p as a function of temperature ¢ along 
the saturated liquid line, 50 < ¢ Ss 705:4: 

+ Br + Cz? + Ex‘) 
(1 + Dzr\(t + 459.688) 


x(A 


= exp (so72ss02 + 


= ¢ — 705.398 and 


50<t< 200 200 <i < 705.4 


7.46908269 


7.70517043 
—7.50675994 Xx 5 


—5.29739118 K 107? 

— 0.46203229 « 1078 — 2.96725673 x 107° 

—0.1215470111 « 107? —0.766360055 « 10°? 
0 1.439870206 K 107" 


10-* 


3 To evaluate entropy s as a function of temperature ¢ along 
the saturated liquid line, 50 < t s 670: 


a= ¥ Ag where 
i= 


50 <t < 450 150 <¢t < 670 


Ao — 0.0696290356 
A 2.27832672 < 10 
As —3.91489491 x 10 
A 1.41615577 x 10 
Ag — 4.52669227 x 10 
As 9.15595102 « 10~'* 
As —9.95259058 x 10~-" 
A; 4.48759603 K 10°” 


— 228.79652 

3.00212553 

— 1.6822179 xk 107? 
5.2260294 « 107% 

—9.71693885 «x 1075 
1.08131391 xk 107%” 

— 6.66855103 & 107!' 
1.75836714 xk 10 


Comparison of the Implicit and Explicit Methods for 
Finite Difference Heat- Transfer Calculations 





J. T. ANDERSON,’ J. M. BOTJE,’ and W. K. KOFFEL’ 


In a recent publication,* Prof. G. M. Dusinberre has challenged 
the advantage of applying the implicit method of solving finite 
difference equations in heat-transfer problems. Specifically, 
doubts were expressed on (a) the accuracy and (b) the possibility 
of saving computer time 
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From the standpoint of accuracy it should be remembered that 
in the application of finite difference methods to heat-transfer 
problems, reasonable care must always be taken to choose dis- 
tance and time increments such that the truncation 
distance and time are kept within the acceptable limits. 


errors in 

Noting 
that both spatial and time truncation errors are a function of the 
second derivative of temperature with respect to distance and 
time, respectively, it is consequently immaterial whether the im 
plicit or explicit form of finite difference calculation is used; that 
is, for the same distance increment, location, and the same time 
increment, both methods will give essentially the same trunca- 
tion error, 

The example given by Professor Dusinberre shows a considera- 
ble amount of error associated with the implicit method; it 
should be noted, however, that the explicit method would have 
resulted in essentially the same truncation errors if the same 
abnormally long time steps had been employed, In addition, the 
explicit method would have an additional problem due to the 
possibility of instability of the solution, when such abnormally 
long time steps are used. 

The implicit method has the fundamental advantage that no 
restriction is placed on the length of time step from the stand 
point of stability of the solution. The length of the time step can, 
by judicious application, be employed to effect a savings of com 
puter time, without sacrificing accuracy of the solution; for ex- 
ample, Liebmann® using the implicit method set up an example 
problem using a graded set of time steps covering a transient in 
36 time increments with a maximum error less than 2 per cent 
The same problem using the explicit method would require 10,000 
time steps. 


G. Liebmann, “‘The Solution of Transient Heat Flow and Heat- 
Transfer Problems by Relaxation,”’ British Journal of Applied 
Physics, April, 1955. 
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\ more direct comparison of digital computer time may be ob- 
tained in the application of the implicit method to the solution of 
1 practical transient heat-transfer problem in the aircraft gas 
turbine. The presence of small nodes in the model network having 
limensions of the order of 0,06 in, was unavoidable, and it was 

ilculated that some three hours of IBM 704 time would be re- 
quired using the explicit method to solve a standard 200-node, 
three-minute transient problem, Using the implicit method to 
solve the same problem resulted in 12 min of computer time.® 

\ further example of comparative computation time may be 
seen if, in the example given by Dusinberre, it was necessary to 
include a thin node of thickness equal to one sixteenth of the 
radius, having a specific heat the same as the rest of the nodes and 
i thermal conductivity ten times as great as the rest of the nodes, 
rhe limiting time step for the system now becomes '/jgoth of the 
original time step which would result in the explicit method taking 
160 times as many time steps to solve the problem as the implicit 
method would take, 

It is concluded that the implicit method is just as accurate as 
the explicit method and is further capable of solving problems 
involving small nodes in considerably less time than the explicit 
method.* In addition, the implicit method has additional flexibil 
ity by permitting: 

Variation of node size where needed for accuracy without 
the accompanying penalty of a limiting time step. 

2 Variation of time step length to permit the use of computer 
time saving techniques such as the geometrical progression 
demonstrated by Liebmann 


3 Direct calculation of the steady-state temperature dis- 


bution 


‘J. T. Anderson, J. M. Botje, W. K. 
Solution of Complex Transient Heat 
ing Experiment Station Bulletin 


Koffel, *‘Digital Comprier 
lransfer Problems,” Engineer- 
West Virginia University, 1961. 
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